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Par$cle	with	mass	 	and	charge	m e :
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g = 2

Quantum	correc$ons:			 				anomalous	magne$c	momentg = 2(1 + a), a :
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First-order	QED	correc$on	calculated	
by	Schwinger:
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QED	correc$ons:
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Lepton	anomalous	magne$c	moments	in	the	Standard	Model:
<latexit sha1_base64="CnyPcqprayXiemIBxWRphyRiBIM="></latexit>

aSM
` = aQED
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` + astrong
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		sensi$vity	of		 	enhanced	by																																									rela$ve	to	→ aμ ae
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QED	contribu$on	has	been	worked	out	to	in	perturba$on	theory	to	5-loop	order:

SM  116 591 810 100 % #diagrams

QED(tot) 116 584 718.931 99,9939 %

2 116 140 973.321 99,6133 % 1
4 413 217.626 0,3544 % 9
6 30 141.902 0,0259 % 72
8 381.004 0,0003 % 891
10 5.078 4∙10-6 % 12672

2

I(a) I(b) I(c) I(d) II(a) II(c)II(b)

III IV(a) IV(b) IV(c) IV(d) V

FIG. 1. Vertex diagrams representing 13 gauge-invariant
subsets contributing to the lepton g − 2 at the eighth-order.
Solid and wavy lines represent lepton and photon lines, re-
spectively.

Mass dependence is known analytically for A(2n)
2 and

A(2n)
3 for n = 2, 3 [28–32]. We reevaluated them us-

ing the latest values of the muon-electron mass ratio
mµ/me = 206.768 2843 (52) and/or the muon-tau mass
ratio mµ/mτ = 5.946 49 (54) × 10−2 [33]. In the same
order of terms as shown on the right-hand-side of (8), the
results are summarized as follows:

a(2)µ = 0.5,

a(4)
µ

= −0.328 478 965 579 . . .+ 1.094 258 312 0 (83)

+ 0.780 79 (15)× 10−4

= 0.765 857 425 (17) ,

a(6)µ = 1.181 241 456 . . .+ 22.868 380 04 (23)

+ 0.360 70 (13)× 10−3 + 0.527 76 (11)× 10−3

= 24.050 509 96 (32) . (9)

The value of a(8)µ has been obtained mostly by nu-
merical integration [34–36]. They arise from 13 gauge-
invariant sets whose representative diagrams are shown
in Fig. 1. We have reevaluated some of them for further
check and improvement of numerical precision. The re-
sults for the mass-dependent terms are summarized in
Table I.
From the data listed in Table I and the value of A(8)

1

from Refs. [35–37], we obtain the following value for the

TABLE I. The eighth-order mass-dependent QED contribu-
tion from 12 gauge-invariant groups to muon g− 2, whose
representatives are shown in Fig. 1. The mass-dependence of
A(8)

3 is A(8)
3 (mµ/me,mµ/mτ ).

group A(8)
2 (mµ/me) A(8)

2 (mµ/mτ ) A(8)
3

I(a) 7.74547 (42) 0.000032 (0) 0.003209 (0)
I(b) 7.58201 (71) 0.000252 (0) 0.002611 (0)
I(c) 1.624307 (40) 0.000737 (0) 0.001807 (0)
I(d) −0.22982 (37) 0.000368 (0) 0
II(a) −2.77888 (38) −0.007329 (1) 0
II(b) −4.55277 (30) −0.002036 (0) −0.009008 (1)
II(c) −9.34180 (83) −0.005246 (1) −0.019642 (2)
III 10.7934 (27) 0.04504 (14) 0
IV(a) 123.78551 (44) 0.038513 (11) 0.083739 (36)
IV(b) −0.4170 (37) 0.006106 (31) 0
IV(c) 2.9072 (44) −0.01823 (11) 0
IV(d) −4.43243 (58) −0.015868 (37) 0

I(a) I(b) I(c) I(d) I(e)

I(f) I(g) I(h) I(i) I(j)

II(a) II(b) II(c) II(d) II(e)

II(f) III(a) III(b) III(c) IV

V VI(a) VI(b) VI(c) VI(d) VI(e)

VI(f) VI(g) VI(h) VI(i) VI(j) VI(k)

FIG. 2. Self-energy-like diagrams representing 32 gauge-
invariant subsets contributing to the lepton g−2 at the tenth
order. Solid lines represent lepton lines propagating in a weak
magnetic field.

eighth-order QED contribution a(8)µ :

a(8)
µ

= −1.9106 (20) + 132.685 2 (60)

+ 0.042 34 (12) + 0.062 72 (4)

= 130.879 6 (63). (10)

Over the period of more than nine years we have nu-
merically evaluated all 32 gauge-invariant sets of dia-

grams that contribute to a(10)µ [22, 37–40], whose rep-
resentative diagrams are shown in Fig. 2. The results
for mass-dependent terms are summarized in Table II.
Some simple diagrams were evaluated analytically or in
the asymptotic expansion in mµ/me [41–45]. The results
are consistent with our numerical ones.
From the data listed in this Table and the value of

A(10)
1 from Ref. [37], we obtain the complete tenth-order

result:

a(10)µ = 9.168 (571) + 742.18 (87)− 0.068 (5) + 2.011 (10)

= 753.29 (1.04). (11)

The uncertainty 1.04 is attributed entirely to the statis-
tical fluctuation in the Monte-Carlo integration of Feyn-
man amplitudes by VEGAS [46]. This is 20 times more
precise than the previous estimate, 663 (20), obtained
in the leading-logarithmic approximation [22]. This is
mainly because we had underestimated the magnitude of
the contribution of the Set III(a). Note also that (11) is
about 4.5 s.d. larger than the leading-log estimate. The

numerical values of (α/π)(n)a(2n)µ for n = 1, 2, · · · , 5 are
summarized in Table III.
In order to evaluate aµ(QED) using (7), a precise value

of α is needed. At present, the best non-QED α is the
one obtained from the measurement of h/mRb [47], com-
bined with the very precisely known Rydberg constant
and mRb/me [33]:

α−1(Rb) = 137.035 999 049 (90) [0.66 ppb]. (12)
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We report the result of our calculation of the complete tenth-order QED terms of the muon g! 2. Our
result is að10Þ! ¼ 753:29 (1.04) in units of ð"=#Þ5, which is about 4.5 s.d. larger than the leading-

logarithmic estimate 663(20). We also improve the precision of the eighth-order QED term of a!,
obtaining að8Þ! ¼ 130:8794 (63) in units of ð"=#Þ4. The new QED contribution is a!ðQEDÞ ¼
116 584 718 951 ð80Þ % 10!14, which does not resolve the existing discrepancy between the standard-

model prediction and measurement of a!.

DOI: 10.1103/PhysRevLett.109.111808 PACS numbers: 13.40.Em, 12.20.Ds, 14.60.Ef

The anomalous magnetic moment a! of the muon has
been studied extensively both experimentally and theoreti-
cally since it provides one of the promising paths in
exploring possible new physics beyond the standard model.
For this purpose it is crucial to know the prediction of the
standard model as precisely as possible.

On the experimental side the current world average of
the measured a! is [1,2]:

a!ðexpÞ ¼ 116 592 089 ð63Þ % 10!11 ½0:5 ppm': (1)

New experiments designed to improve the precision further
are being prepared at Fermilab [3] and J-PARC [4].

In the standard model, a! can be divided into electro-
magnetic, hadronic, and electroweak contributions

a! ¼ a!ðQEDÞ þ a!ðhadronicÞ þ a!ðelectroweakÞ: (2)

At present a! (hadronic) is the largest source of theoretical
uncertainty. The uncertainty comes mostly from the Oð"2Þ
hadronic vacuum-polarization (v.p.) term, " being the
fine-structure constant. The lattice QCD simulations
have attempted to evaluate this contribution [5–10]. At
present, most accurate evaluations must rely on the
experimental information. Three types of measurements
are available for this purpose: (1) eþe! ! hadrons,
(2) $) ! %þ #) þ #0, (3) eþe! ! &þ hadrons.
These processes have been investigated intensely by
many groups [11–13]. We list here one of them [13]:

a!ðhad:v:p:Þ¼6949:1ð37:2Þexpð21:0Þrad%10!11; (3)

which overlaps other values based on the eþe! data [11,12]
and makes the standard-model prediction closest to the
experiment (1). The next-to-leading-order (NLO) hadronic
vacuum-polarization contribution is also known [13]:

a!ðNLO had:v:p:Þ ¼ !98:4ð0:6Þexpð0:4Þrad % 10!11: (4)

The hadronic light-by-light scattering contribution (l-l) is
of similar size as a! (NLO had.v.p.), but has a much larger
theoretical uncertainty [14–17]

a!ðhad:l-lÞ ¼ 116ð40Þ % 10!11; (5)

where the uncertainty 40% 10!11 covers almost all values
obtained in different publications.
The electroweak contribution has been calculated up to

2-loop order [18–21]:

a!ðweakÞ ¼ 154ð2Þ % 10!11: (6)

Since this uncertainty is 30 times smaller than the experi-
mental precision of (1), it can be regarded as known
precisely.
The primary purpose of this letter is to report the com-

plete numerical evaluation of all tenth-order QED contri-
bution to a!. It leads to a sizable reduction of the
uncertainty of the previous estimate by the leading-log
approximations [22,23]. We have also improved the nu-
merical precision of the eighth-order QED contribution
including the newly evaluated tau-lepton contribution.
Together they represent a significant reduction in the theo-
retical uncertainty of the QED part of a!.
The QED contribution to a! can be evaluated by the

perturbative expansion in "=#:

a!ðQEDÞ ¼
X1

n¼1

!
"

#

"
n
að2nÞ! ; (7)

where að2nÞ! is finite thanks to the renormalizability of QED
and can be written as

að2nÞ! ¼ Að2nÞ
1 þ Að2nÞ

2 ðm!=meÞ þ Að2nÞ
2 ðm!=m$Þ

þ Að2nÞ
3 ðm!=me;m!=m$Þ: (8)
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Weak	contribu$ons	known	to	leading	three-loop	order

T. Aoyama, N. Asmussen, M. Benayoun et al. Physics Reports 887 (2020) 1–166

Fig. 100. One-loop Feynman diagrams contributing to aEWµ .

Fig. 101. Sample bosonic two-loop Feynman diagrams contributing to aEWµ .

Fig. 102. Sample fermionic two-loop Feynman diagrams contributing to aEWµ .

7.1. Introduction

In this section we describe the electroweak (EW) SM contributions to aµ. These contributions are defined as all SM
contributions that are not contained in the pure QED, the HVP, or the HLbL contributions. Equivalently, the EW SM
contributions are given by Feynman diagrams that contain at least one of the EW bosons W , Z , or the Higgs.

Figs. 100–102 show sample one-loop and two-loop diagrams. The EW contributions are strongly suppressed by the
heavy masses of the EW bosons; numerically they contribute at the same order as the HLbL correction. They involve
diverse and interesting physical effects. The heaviest SM particles including the top quark and Higgs boson enter, EW
gauge and Yukawa interactions and EW parameters are relevant. At higher orders large logarithmic corrections and
nonperturbative hadronic corrections need to be included.

In the following we first provide an overview of the EW contributions and their most interesting qualitative features.
Section 7.3 gives details on the logarithmically enhanced and the nonperturbative hadronic higher-order corrections.
Section 7.4 presents full up-to-date numerical results. Our presentation and the updated numerical evaluation is based
on Refs. [35,36]. For an extensive review we also refer to Ref. [476].

7.2. Brief overview

The EW one-loop contributions can be written as

aEW(1)
µ =

GF
p
2

m2
µ

8⇡2


5
3

+
1
3
(1 � 4s2W)2

�
= 194.79(1) ⇥ 10�11 , (7.1)

with the Fermi constant GF and the on-shell weak mixing angle s2W = (1�M2
W/M2

Z ) defined via the W - and Z-boson pole
masses. In the numerical evaluation the current values of the input parameters [259] have been used, including the SM

142

Sample	two-loop	diagrams:
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Fig. 101. Sample bosonic two-loop Feynman diagrams contributing to aEWµ .

Fig. 102. Sample fermionic two-loop Feynman diagrams contributing to aEWµ .
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contributions are given by Feynman diagrams that contain at least one of the EW bosons W , Z , or the Higgs.

Figs. 100–102 show sample one-loop and two-loop diagrams. The EW contributions are strongly suppressed by the
heavy masses of the EW bosons; numerically they contribute at the same order as the HLbL correction. They involve
diverse and interesting physical effects. The heaviest SM particles including the top quark and Higgs boson enter, EW
gauge and Yukawa interactions and EW parameters are relevant. At higher orders large logarithmic corrections and
nonperturbative hadronic corrections need to be included.

In the following we first provide an overview of the EW contributions and their most interesting qualitative features.
Section 7.3 gives details on the logarithmically enhanced and the nonperturbative hadronic higher-order corrections.
Section 7.4 presents full up-to-date numerical results. Our presentation and the updated numerical evaluation is based
on Refs. [35,36]. For an extensive review we also refer to Ref. [476].
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<latexit sha1_base64="LyGpVp4XkkmY5xBHU4zkeY3MYdQ="></latexit>

aweak
µ = (153.6 ± 1.0) ⇥ 10�11

T. Aoyama, N. Asmussen, M. Benayoun et al. Physics Reports 887 (2020) 1–166

Fig. 103. Update of Fig. 5 of Ref. [36] for the numerical result for aEWµ as a function of the Higgs boson mass. The vertical band indicates the
measured value of MH [259]. The dashed lines correspond to the uncertainty of the final result, quoted in Eq. (7.16).

as already given in Eq. (7.3). This value is mainly based on Refs. [35,36], which should be cited in any work that uses or
quotes Eq. (7.16). The result is illustrated in Fig. 103, which is an update of Fig. 5 from Ref. [36]. We assess the final theory
uncertainty of these contributions to be ±1.0⇥ 10�11, the estimate of Ref. [35] for the overall hadronic uncertainty from
the diagrams of Fig. 102b, which is now by far the dominant source of uncertainty of the EW contributions. The uncertainty
from unknown three-loop contributions and neglected two-loop terms suppressed by M2

Z /m
2
t and (1�4s2W) is significantly

smaller and the uncertainty due to the experimental uncertainty of the Higgs-boson, W -boson, and top-quark masses is
well below 10�12 and thus negligible.

8. Conclusions and outlook

In this paper we provide a detailed analysis and review of the SM calculation of the muon anomalous magnetic moment
aµ. The emphasis is on the hadronic contributions, since they dominate the final uncertainty, but the QED and electroweak
contributions are also discussed in detail and up-to-date numbers are provided.

The QED contribution, which has been calculated up to tenth order in the perturbative expansion, i.e., O(↵5), is
reviewed in Section 6. The final number depends on the input used for the fine-structure constant ↵ and at present
there are two independent determinations that differ by about 2.4 standard deviations. The impact of this discrepancy
on the final number for aµ is however well below the uncertainty of the QED contribution itself, which is dominated by
the estimated effect of the O(↵6) contribution. As final number we take the one based on the value of ↵ obtained from
atom-interferometry measurements of the Cs atom [117], see Eq. (6.30), and the latest QED calculations from Refs. [33,34]:

aQEDµ (↵(Cs)) = 116 584 718.931(104) ⇥ 10�11 . (8.1)

Electroweak contributions are reviewed in Section 7: they have been calculated up to two loops and an estimate of the
leading logarithmic contribution beyond two-loop level is also included in the final estimate. The hadronic loops, which
appear at two-loop level, are also included and dominate the uncertainty of the EW contribution. The final result Eq. (7.16)
(mainly based on Refs. [35,36]) reads

aEWµ = 153.6(1.0) ⇥ 10�11 , (8.2)

with an uncertainty ten times larger than the QED one, but still negligible with respect to the hadronic uncertainties.
In the section on data-driven evaluations of HVP we reviewed both the available data sets for the e+e� ! hadrons cross

section and the techniques applied for the evaluation of the HVP dispersive integral. In particular, we provide a detailed
discussion of the differences between these approaches and the current limitations of the dispersive HVP evaluation,
as they arise from the published experimental uncertainties as well as, crucially, from unresolved tensions among the
data sets, especially in the dominant ⇡⇡ channel. As the main result, Eq. (2.33), we devised a merging procedure that
adequately takes into account these tensions, which also drive the differences between the available HVP evaluations. The
resulting estimate, based on Refs. [2–7] as well as the main experimental input from Refs. [37–89],

aHVP, LOµ = 6931(40) ⇥ 10�11 (8.3)

should provide a conservative but realistic assessment of the current precision of data-driven HVP evaluations. In the
same framework, the LO result is complemented by NLO [7] and NNLO [8] HVP iterations, see Eq. (2.34) and Eq. (2.35),

aHVP, NLOµ = �98.3(7) ⇥ 10�11 , aHVP, NNLOµ = 12.4(1) ⇥ 10�11 , (8.4)

146

Dependence	on	the	Higgs	mass

[Gnendiger	et	al.,	arXiv:1306.5546]

[Aoyama	et	al.,	Phys.	Rep.	887	(2020)	1,	arXiv:2006.04822]
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QED+EW
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HVP
QED+EW

Strong

QED	and	electroweak	contribu$ons	account	for	99.994%	of	the	SM	predic$on	for	aμ

Error	is	dominated	by	strong	interac$on	effects

Two	main	approaches:	
• Dispersion	theory	using	experimentally	determined	
cross	sec$ons	(“data-driven”)	

• La_ce	QCD	calcula$ons	(“ab	ini$o”) Hadronic	light-by-light	sca`ering	(HLbL)

µ µ

γ

µ µ

γ

µ µ

γ

?

µ µ

γ

µ µ

γ

µ µ

γ

12

Hadronic	vacuum	polarisa$on	(HVP)
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Contribu$ons	to	the	muon	 	from	electromagne$sm,	weak	and	strong	interac$ons:g − 2

QED:
<latexit sha1_base64="L2zx+1AIWOkBhfof3IDOKLdDOkg="></latexit>

116 584 718.9 (1) ⇥ 10�11 <latexit sha1_base64="tut0SZxHDgj7LUS666TyChAIja8="></latexit>

0.001 ppm

Weak:
<latexit sha1_base64="9XHAZgR7NX/c6TCTLpXxo//F+ek="></latexit>

153.6(1.0) ⇥ 10�11 <latexit sha1_base64="00vlY3gxT0sItJPFZIQw++oWvC0="></latexit>

0.01 ppm

Hadronic	light-by-light	sca`ering:
<latexit sha1_base64="nLo/1hruI/9yieK/3TJrioDYnwM="></latexit>

92(18) ⇥ 10�11 <latexit sha1_base64="9aawWWyvp1/YWmjaa+jvzXF9UA0="></latexit>

0.15 ppm <latexit sha1_base64="Tuf2017jub9G+5f31ofkjx4hzPM="></latexit>

[20%]

<latexit sha1_base64="kcrJpeYrYbFVO+3JCJGEP3TxNFQ="></latexit>

aSM
µ = aQED

µ + aweak
µ + ahvp

µ + ahlbl
µ = 116 591 810(43) ⇥ 10�11

[Aoyama	et	al.,	Phys.	Rep.	887	(2020)	1,	arXiv:2006.04822]

Hadronic	vacuum	polarisa$on:
<latexit sha1_base64="XJPge3lIUpDO2FVYbfwY/vqInDk="></latexit>

6845(40) ⇥ 10�11 <latexit sha1_base64="13lJn8sQQdPMRU1FD0Cq5mQeWbI="></latexit>

[0.6%]
<latexit sha1_base64="K58JlQgdGVHIbEgUeR0nLHoC6fg="></latexit>

0.34 ppm

<latexit sha1_base64="/fYNLjN5BJpkzU+FIy35oUcGm18="></latexit>

0.37 ppm
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) aexp
µ � aSM

µ = 251(59) ⇥ 10�11 (4.2�)

SM	predic$on	(White	Paper):
<latexit sha1_base64="AA5UI3bWPqTkCpOs7MBxMvS9HxU="></latexit>

aSM
µ = 116 591 810(43) ⇥ 10�11

FNAL	E989	(2021):
<latexit sha1_base64="CkdNbS0DmkCvokLhac6mQAv8l/4="></latexit>

aE989
µ = 116 592 040(54) ⇥ 10�11

Combined	with	BNL	E821	(2004):
<latexit sha1_base64="AAT5+YdMkd9OwcqMrKkqPHDLBNg="></latexit>

aexp
µ = 116 592 061(41) ⇥ 10�11

[Aoyama	et	al.,	Phys.	Rep.	887	(2020)	1;	Colangelo	et	al.,	arXiv:2203.15810]
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ahlbl
µ = (106.8 ± 14.7) · 10�11

White	Paper:
<latexit sha1_base64="9wMZ9M7COaMUp3yjXGkrfs6RMoU="></latexit>

ahlbl
µ = (92 ± 18) · 10�11

[Chao	et	al., Eur.	Phys.	J.	C81	(2021)	7,	651;	
		arXiv:2204.08844]

<latexit sha1_base64="YUSDZea6z0xouA1ps8vs8s6xhPU="></latexit>

ahlbl, c
µ = (2.8 ± 0.5) · 10�11

Hadronic	light-by-light	scaNering	not	the	dominant	source	of	uncertainty!

[Aoyama	et	al.,	Phys.	Rep.	887	(2020)	1;	Colangelo	et	al.,	arXiv:2203.15810]
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Analy$city,	unitarity	&	op$cal	theorem	imply:
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Fig. 15. Comparison of results for aHVP, LO
µ [⇡⇡ ], evaluated between 0.6GeV and 0.9GeV for the various experiments..

Fig. 16. Ratios of cross sections [82] from KLOE-2012 to KLOE-2008 (top left), KLOE-2010 to KLOE-2008 (top right), and KLOE-2012 to
KLOE-2010 (bottom). The green bands indicate the uncommon systematic uncertainty in the respective ratios.

while KLOE-2010 is more in agreement. On the other hand, above 0.7GeV SND agrees well with BABAR, while both KLOE
measurements are below by 2–3%. If these observations could provide some hints for understanding the KLOE–BABAR
discrepancy, it is clear that still more experimental investigations with high precision are needed for further progress in
this crucial ⇡+⇡� contribution. The new SND results are not yet included in the data combinations discussed in this WP
version, but will be added later after they are carefully examined and accepted for publication.

Tensions in the K+K� channel. Tensions among data sets are also present in the K+K� channel (see top panel of Fig. 18
for a display of the available measurements). A discrepancy up to 20% between BABAR [142] and SND [155] was observed
for masses between 1.05 and 1.4GeV. Fortunately the problem has been resolved with the most recent SND result [77],
although the origin of the previous systematic shift is not discussed. It looks like the older SND results should be discarded.

22

• Tension	in	the	data	for		 	between	BaBar	and	KLOE	

• Extended	(re-)analysis	of	ISR	data:	BaBar	(in	progress)	and	KLOE	(planned)	

• New	data:	SND-3	(published),	CMD-3	(expected)	and	BESIII	

• Future	prospects	at	Belle	II

e+e− → π+π−

T. Aoyama, N. Asmussen, M. Benayoun et al. Physics Reports xxx (xxxx) xxx

Fig. 13. The ⇡+⇡� cross section from the KLOE combination compared to the BABAR, CMD-2, SND, and BESIII data points in the 0.6–0.9GeV
range [82]. The KLOE combination is represented by the yellow band. The uncertainties shown are the diagonal statistical and systematic uncertainties
summed in quadrature.
Source: Reprinted from Ref. [82].

Fig. 14. The ⇡+⇡� cross section from KLOE combination, BABAR, CMD-2, SND, and BESIII in the ⇢–! interference region [82].
Source: Reprinted from Ref. [82].

by the local scaling procedure [170], leading to what is likely an underestimated systematic uncertainty in the combined
result. Since these deviations largely cancel when integrating the spectrum, the integral values are consistent [82]. These
discrepancies are not present in the ratio between the KLOE-2012 and KLOE-2010 measurements, which is consistent
with unity in the whole energy range (see Fig. 16).

Very recently the SND collaboration has presented their results at VEPP-2000 on the ⇡+⇡� channel [171] with
increased statistics and reduced systematic uncertainties (0.8%) compared to their analysis at VEPP-2M discussed above.
They perform a fit of the pion form factor using a vector-meson dominance (VMD) ansatz for the ⇢ resonance together
with ! and ⇢ 0 contributions. This description of their data is used to compare with existing data in a convenient way. The
resulting comparison ratios are shown in Fig. 17 separately for BABAR, KLOE-2008, and KLOE-2010, and VEPP2M results
from SND and CMD-2. While there are some small deviations from the latter two results, more severe discrepancies are
found with KLOE and BABAR. On the one hand, below 0.7GeV both KLOE-2008 and BABAR are higher than SND by 2–4%,
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Fig. 3. The KLOE data sets on e+e� ! ⇡+⇡� in the ⇢ region obtained in the three experimental configurations described in the text [58,61,65].
Source: Adapted from Ref. [65].

of the final states and, therefore, considerably reducing the uncertainty on the overall efficiency arising from the
imperfect knowledge of the hadronic dynamics.
The largest multi-hadronic cross sections below 2GeV are for the 3-pion and 4-pion final states. The 3-pion cross
section is dominated at low energy by the ! (Fig. 8) and � resonances as measured by the CMD-2 [38,52] and
SND [42] experiments. Above the �, results are available from BABAR [44] and SND [156], which agree with each
other as seen in Fig. 9, while both disagree strongly with the earlier results from DM2 [157]. For the 2⇡+2⇡� [45,63]
and ⇡+⇡�2⇡0 [80] final states, the improvement provided by the ISR BABAR results is spectacular both in terms
of precision and mass coverage, as displayed in Fig. 9. Previous results from VEPP-2M [158–160] and VEPP-
2000 [161] only extended to 1.4GeV. Results on exclusive final states containing up to 6 quasi-stable hadrons are
available [47,66]. The limitation on hadron multiplicity, set largely by the difficulty to select and identify multi-⇡0

final states, does not permit a reliable reconstruction of the full hadronic rate above 2GeV as a sum over individually
measured exclusive cross sections.
Numerous processes with smaller cross sections have to be considered to saturate the total hadronic rate. Fig. 10
shows some results on final states including ⌘ mesons, namely ⌘⇡+⇡� from BABAR [54,85], CMD-2 [39], and
SND [71], and ⌘⇡+⇡�⇡0 from CMD-3 [79]. Further, more recent, data sets for ⌘⇡+⇡� exist from SND [162] and CMD-
3 [163]. For the ⌘4⇡ final states only results from BABAR are available, both for ⌘2⇡+2⇡� [54] and ⌘⇡+⇡�2⇡0 [88].
A lot of progress was recently achieved by BABAR on KK̄n pions final states with the complete set of measurements
for all charge configurations with n = 1, 2 [53,56,62,69,78], thanks to the detection of KS , KL, charged pions and
kaons, and multiple ⇡0. These results are shown in Fig. 11.
There are also additional measurements for some specific channels, K+K�⇡+⇡� [74] and KSKL⇡

0 [83]. Finally, cross
sections for K+K�⌘ [56] and KSKL⌘ [69] are available from BABAR.

Narrow resonances. The contributions of the very narrow resonances J/ and  (2S) are obtained by numerically
integrating their undressed Breit–Wigner line shapes. The uncertainties in the integrals are dominated by the knowledge
of their bare electronic widths available from experiment [165,166].

Inclusive R measurements. Above 2GeV the annihilation cross section has to be measured inclusively because of the
large number of open exclusive channels. Precise results in the 2–4.5GeV range are from BESII [37,41,59]. The KEDR
collaboration has recently published results from an inclusive R scan from

p
s = 1.84 to 3.05GeV [75,86], complementing

their previous measurements obtained between 3.12 and 3.72GeV [75]. This data is the most precise and complete in this
energy range with a typical systematic uncertainty of 3%. It constitutes a very valuable input to test the validity of the pQCD
estimate (cf. Fig. 12). Between 2GeV and the charm threshold, the R value (hadronic cross section scaled to the s-channel
pointlike fermion-pair lowest-order cross section) behaves smoothly with a weak energy dependence, and it agrees with
the pQCD prediction within experimental uncertainties. The results on R, based on the sum of exclusive channels below
2GeV [2] and the inclusive measurements above, are given in Fig. 12. The matching between the measurements in the
two regions is satisfactory and consistent with the quoted uncertainties.
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Many	different	groups	and	analyses	(DHMZ,	KNT,	FJ,	CHHKS,	BHLS,…)	
Disagreement	for	some	exclusive	channels
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Table 4

Full evaluations of aHVP, LO
µ from FJ17 [27], DHMZ19 [6], KNT19 [7], and BDJ19 [238]. The uncertainty in DHMZ19 includes an additional systematic

uncertainty to account for the tension between KLOE and BABAR.
BDJ19 DHMZ19 FJ17 KNT19

aHVP, LO
µ ⇥ 1010 687.1(3.0) 694.0(4.0) 688.1(4.1) 692.8(2.4)

Table 5

Selected exclusive-mode contributions to aHVP, LO
µ from DHMZ19 and KNT19, for the energy range  1.8GeV, in units of 10�10. Where three (or

more) uncertainties are given for DHMZ19, the first is statistical, the second channel-specific systematic, and the third common systematic, which is
correlated with at least one other channel. For the ⇡+⇡� channel, the uncertainty accounting for the tension between BABAR and KLOE (amounting
to 2.76 ⇥ 10�10) is included in the channel-specific systematic.

DHMZ19 KNT19 Difference
⇡+⇡� 507.85(0.83)(3.23)(0.55) 504.23(1.90) 3.62
⇡+⇡�⇡0 46.21(0.40)(1.10)(0.86) 46.63(94) �0.42
⇡+⇡�⇡+⇡� 13.68(0.03)(0.27)(0.14) 13.99(19) �0.31
⇡+⇡�⇡0⇡0 18.03(0.06)(0.48)(0.26) 18.15(74) �0.12
K+K� 23.08(0.20)(0.33)(0.21) 23.00(22) 0.08
KSKL 12.82(0.06)(0.18)(0.15) 13.04(19) �0.22
⇡0� 4.41(0.06)(0.04)(0.07) 4.58(10) �0.17
Sum of the above 626.08(0.95)(3.48)(1.47) 623.62(2.27) 2.46
[1.8, 3.7]GeV (without cc̄) 33.45(71) 34.45(56) �1.00
J/ ,  (2S) 7.76(12) 7.84(19) �0.08
[3.7, 1) GeV 17.15(31) 16.95(19) 0.20

Total aHVP, LO
µ 694.0(1.0)(3.5)(1.6)(0.1) (0.7)DV+QCD 692.8(2.4) 1.2

choice of the ranges is motivated by the gain of precision of the fit in the low-energy region compared to the combined
data integration. The fit result below 0.63GeV,

aHVP, LOµ [⇡⇡ ]
��
0.63GeV = 133.2(5)(4) ⇥ 10�10

= 133.2(6) ⇥ 10�10 , (2.32)

where the first error estimates experimental and the second model uncertainty (checked to be significant with respect to
fluctuations of the experimental uncertainties), agrees well with Eq. (2.29) and Eq. (2.31). While the slightly larger central
value could also be due to the differences in the data treatment, the smaller systematic uncertainty likely arises when no
inelastic effects need to be constrained in the fit.

2.3.5. Comparison of dispersive HVP evaluations
The different evaluations described in the previous sections all rely on data for e+e� ! hadrons, but differ in the

treatment of the data as well as the assumptions made on the functional form of the cross section. In short, the evaluations
from Section 2.3.1 (DHMZ19) and Section 2.3.2 (KNT19) directly use the bare cross section, the one from Section 2.3.3
(FJ17) assumes in addition a Breit–Wigner form for some of the resonances, and the evaluation from (BDJ19) relies on
a hidden-local-symmetry (HLS) model. For certain channels, most notably 2⇡ and 3⇡ , constraints from analyticity and
unitarity define a global fit function or optimal bounds that can be used in the dispersion integral to integrate the data,
see Section 2.3.4 (ACD18 and CHS18 for 2⇡ ). In this section, we compare the different evaluations and comment on
possible origins of the most notable differences in the numerical results.

Table 4 shows the results of recent global evaluations. We start with a more detailed comparison of DHMZ19 and
KNT19. At first sight, both evaluation appear in very good agreement, but the comparison in the individual channels, see
Table 5, shows significant differences, most notably in the 2⇡ channel, which differs at the level of the final uncertainty.
For the 3⇡ channel, both analyses are now in good agreement, between each other as well as with a fit using analyticity
and unitarity constraints [5], which produces 46.2(8) ⇥ 10�10, see Eq. (2.30). Previous tensions could be traced back to
different interpolating functions [5,271,272]: since the data is relatively scarce off-peak in the ! region (and similarly,
to a lesser extent, for the �), while the cross section is still sizable, a linear interpolation overestimates the integral.
Both DHMZ19 and KNT19 analyses include evaluations of the threshold region of the 2⇡ channel, either using ChPT or
dispersive fits, as well as, going back to Ref. [211], estimates for the threshold regions of ⇡0� and 3⇡ below the lowest
data points, based on the chiral anomaly for the normalization and ! dominance for the energy dependence (following
Ref. [273] for ⇡0� and Refs. [274,275] for 3⇡ ). The corresponding estimates, 0.12(1) ⇥ 10�10 for ⇡0� and 0.01 ⇥ 10�10

for 3⇡ , agree well with recent dispersive analyses, which lead to 0.13⇥ 10�10 [276] and 0.02⇥ 10�10 [5], respectively.17
Finally, a difference of about 1.0⇥10�10 arises from the energy region [1.8, 3.7]GeV depending on whether data (KNT19)
or pQCD (DHMZ19) is used. Summing up these three individual channels already leads to a significant cancellation among

17 Since the 3⇡ threshold contribution is very small, it does not matter for aµ that in this case ! dominance from Refs. [274,275] noticeably
underestimates the cross section.
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Merging	procedure:	average	of	individual	results	+	theore$cal	constraints	+	conserva$ve	
																																					error	es$mate	(reflec$ng	tensions	in	the	data,	differences	in	procedures)
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La_ce	QCD	does	NOT	determine	the	 -ra$o	from	first	principlesR
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Time-momentum	representa$on	(TMR) [Bernecker	&	Meyer	2011]
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• Long-distance	tail	of	the	light	quark	contribu$on	to	 :	
limi$ng	factor	for	overall	sta$s$cal	precision	

• Correlator	dominated	by	isovector	two-pion	contribu$on

G(t)

Strategies:

• Dedicated	calcula$ons	of	the	spectrum	in	isovector	channel	
and/or	pion	form	factor	Fπ(ω)

[Mainz	2019]
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Figure 10: Comparison of a conventional random source based technique, as we applied it in our earlier
work [47], and a low mode utilizing technique of this work on a � = 3.9200 4stout ensemble for the case
of [alight

µ
]0 upper and lower bounds (see Section 13).

where the kernelK(t; aQmax, amµ) is given by Equations (65) and (68). It depends on the gauge ensemble
only through the lattice spacing. The perturbative contribution is given by

apert
µ

= 1010↵2

Z 1

Q2
max

dQ2

m2
µ

!

✓
Q2

m2
µ

◆h
⇧̂pert(Q2)� ⇧̂pert(Q2

max)
i
. (70)

In Reference [47] we demonstrated on our 4stout data set that switching to the perturbative calculation
can be safely done for Q2

max & 2 GeV2, ie. from this point on aµ does not depend on the choice of Qmax.
In this work we use Q2

max = 3 GeV2. The perturbative part for this choice was computed in [47] and is
given in Section 24, where the final result for aµ is put together.

We also consider a modification of Equation (65), in which the current propagator is restricted to a
certain region in time, from t1 to t2. To achieve this, we multiply the propagator by a smooth window
function [48]

W (t; t1, t2) ⌘ ⇥(t; t1,�)�⇥(t; t2,�) with ⇥(t; t0,�) ⌘ 1
2 +

1
2 tanh[(t� t0)/�] (71)

or equivalently we replace the weight factor as K(t) ! K(t)W (t). We will focus on a particular window
defined in Reference [48], with parameters t1 = 0.4 fm, t2 = 1.0 fm and � = 0.15 fm. The corresponding
contribution to the magnetic moment of the muon is denoted by aLO�HVP

µ,win and for brevity we use aµ,win =

aLO�HVP
µ,win ⇥ 1010. We can do the same partitioning as we did with aµ in Equation (67). We will use those

notations extended by a win subscript.

12 Noise reduction techniques

In this section we consider quantities at the isospin-symmetric point; noise reduction techniques for the
isospin-breaking part are discussed in Section 14. For the strange and charm connected contributions,
Cstrange

0 and Ccharm
0 , and for the disconnected contribution Cdisc

0 we use the same measurements that
are presented in our previous work [47]. A new measurement procedure is implemented for the light

27

[BMWc	2020]
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, t � tc

• “Bounding	method”:

• Noise-reduc$on	methods:	
AMA,	LMA,	truncated	solver	
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<latexit sha1_base64="E5VXLm9nxFceRGPKOqIJ9vk1lRw="></latexit>

G(t, L) t!1
=
X

n

|An|2 e�!nt
<latexit sha1_base64="TBvrXStBDDRhkhyUtmKTBtYyV+s="></latexit>

G(t,1) =
Z 1

0
d!!2⇢(!2) e�!|t|

Both	 		and		 		can	be	related	to	the	pion	form	factor		 				 					|An | ρ(ω2) Fπ(ω) ⇒ G(t, ∞) − G(t, L)

[Meyer	2011,	Francis	et	al.	2013,	Della	Morte	et	al.	2017;	Lellouch	&	Lüscher	2001]Mainz	method	(aka	MLL):

Other	methods:
• Chiral	Perturba$on	Theory	

• Expansion	in	pion	winding	number [Hansen	&	Patella]

[Aubin	et	al.	2015,…]

Correc$on Comment
17.8 Gounaris-Sakurai	model	for	

15.7 ChPT	at	NNLO

16.3 Expansion	in	pion	winding	number

18.1(2.4) Direct	la_ce	calcula$on

Fπ(ω)

Direct	la_ce	calcula$on	by	BMWc:

Setup Scale FV Noise IB Cont. Window

FV: lattice

FV correction in two steps

aµ(∞,∞)− aµ(Lref ,Tref) =

= [aµ(Lbig,Tbig)− aµ(Lref ,Tref)]4HEX+

+[aµ(∞,∞)− aµ(Lbig,Tbig)]NNLO
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IB corrections to HVP

Overview of published results - contributions to aµ ◊ 1010

BMW ≠1.27(40)(33)
RBC/UKQCD 5.9(5.7)(1.7)
ETM 1.1(1.0)

BMW≠0.0095(86)(99) 0.42(20)(19)

BMW≠0.55(15)(11)
RBC/UKQCD≠6.9(2.1)(2.0)

BMW≠0.047(33)(23)0.011(24)(14)

BMW6.59(63)(53)
RBC/UKQCD10.6(4.3)(6.8)

ETM6.0(2.3)
FHM7.7(3.7) 9.0(2.3)

LM9.0(0.8)(1.2)

BMW≠4.63(54)(69)

BMW [arXiv:2002.12347]

RBC/UKQCD [Phys.Rev.Lett. 121 (2018) 2, 022003]

ETM [Phys. Rev. D 99, 114502 (2019)]

FHM [Phys.Rev.Lett. 120 (2018) 15, 152001]

LM [Phys.Rev.D 101 (2020) 074515]

Vera Gülpers (University of Edinburgh) HVP from LQCD - workshop 20 Nov 2020 2 / 3

(Compila\on	by	Vera	Gülpers,	La^ce-HVP	Workshop	Nov	2020)

0 5 10 15 20

�aIBµ · 1010

BMW 20

ETMC 19

RBC/UKQCD 18

BMW 17

FHM 17

Collec$on	of	published	results:

• Small	overall	value	result	of	cancella$ons	

• Large	sta$s$cal	uncertain$es:	

																		 	

• More	precise	calcula$ons	required

aIB
μ ≲ 1 % , δaIB

μ ≲ 100 %
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Rooted	staggered	quarks:	

• remnant	fermion	doublers	—	“tastes”	

• correct	analy$cally	for	taste-induced	
la_ce	artefacts	

• low	computa$onal	cost	

• used	by	BMWc,	FHM,	Lehner	&	Meyer,	
Aubin	et	al.,	 QCDχ

Wilson	quarks:	

• no	doublers;	chiral	symmetry	broken	explicitly	

• leading	la_ce	artefacts	of	 	ater	
Symanzik	improvement,	twisted-mass	formalism	

• moderate	computa$onal	cost	

• used	by	ETMC,	Mainz/CLS,	PACS

O(a2)

Domain	wall	/overlap	quarks	(Ginsparg-Wilson	quarks):	

• no	doublers;	chiral	symmetry	breaking	exponen$ally	small	

• live	in	five	dimensions	(dwf);	evaluate	sign	func$on	of	“conven$onal”	discre$sa$on	(ovlp)		

• leading	la_ce	artefacts	of	 	

• high	computa$onal	cost	

• used	by	RBC/UKQCD,	BMWc	(Ovlp	valence),		 QCD		(DWF	sea,	Ovlp	valence)

O(a2)

χ



Hartmut	Wittig

Extrapola$on	to	the	physical	point

23

m2
π /(4π fπ)2

[Mainz/CLS	2019]
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Extended Data Fig. 3 | Example continuum limits of a µ

ightl . The light-green 
triangles labelled ‘none’ correspond to our lattice results with no taste 
improvement. The blue squares repesent data that have undergone no taste 
improvement for t < 1.3 fm and SRHO improvement above. The blue curves 
correspond to example continuum extrapolations of improved data to 
polynomials in a2, up to and including a4. We note that extrapolations in 
a2αs(1/a)3, with αs(1/a) the strong coupling at the lattice scale, are also 
considered in our final result. The red circles and curves are the same as the 

blue points, but correspond to SRHO taste improvement for t ≥ 0.4 fm and no 
improvement for smaller t. The purple histogram results from fits using the 
SRHO improvement, and the corresponding central value and error is the 
purple band. The darker grey circles correspond to results corrected with 
SRHO in the range 0.4–1.3 fm and with NNLO SXPT for larger t. These latter fits 
serve to estimate the systematic uncertainty of the SRHO improvement. The 
grey band includes this uncertainty, and the corresponding histogram is shown 
with grey. Errors are s.e.m.

[BMWc	2020]

Staggered	quarks:	
correct	for	taste-breaking	effects

10

TABLE III. Light-quark connected contribution to aHVP
µ and the slope and curvature of the renormalized vacuum polarization

before and after applying finite-volume, discretization, and M⇡ corrections.

1010all
µ(conn.) ⇧ll

1 (conn.) (GeV2) ⇧ll
2 (conn.) (GeV4)

⇡ a (fm) raw corrected raw corrected raw corrected
0.15 572(12) 624(13) 0.0814(18) 0.0916(21) �0.1250(54) �0.217(11)
0.15 570(6) 623(8) 0.08117(94) 0.0913(14) �0.1271(30) �0.216(10)
0.12 580(9) 627(10) 0.0828(14) 0.0919(17) �0.1308(45) �0.216(10)
0.09 605(9) 634(10) 0.0868(15) 0.0929(16) �0.1463(51) �0.217(10)
0.06 608(15) 629(15) 0.0871(24) 0.0915(24) �0.1438(73) �0.196(10)
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FIG. 9. (color online.) Lattice-spacing dependence of
all
µ(conn.) before (open blue circles) and after (filled dark-

pink squares) finite-volume, taste-breaking, and M⇡ correc-
tions are applied. The dark-pink line shows the fit of all
corrected data points to the function in Eq. (3.1). The hor-
izontal light-pink band shows the continuum-limit result for
all
µ(conn.) from this fit.

continuum limit using the following fit function:

all
µ(latt.) = all

µ(conn.)

0

@1 + cs

X

f=l,l,s,c

�mf

⇤
+ ca2

(a⇤)2

⇡2

1

A ,

(3.1)

where �mf ⌘ mf�mphys
f , and ⇤ = 0.5 GeV is of order the

QCD scale. This is similar to the fit function employed
in Ref. [22], except that we no longer include terms to
extrapolate in the valence-quark mass because all of our
data are at the physical light-quark mass. The first term
in parentheses adjusts for small sea-quark mass mistun-
ing, while the second removes generic discretization er-
rors; we employ priors for the coe�cients cs = 0.0(3)
and ca2 = 0(1). The values of all

µ(conn.) on each en-
semble are statistically independent; we include in our
fit correlations between the two a ⇡ 0.15 fm ensembles
from using the same ZV , and between all ensembles from
the common value of w0 used to convert lattice-spacing
units to GeV. We obtain from fitting our full data set to

Eq. (3.1)

all
µ(conn.) = 630.1(8.3),

cs = 0.01(30),

ca2 = �0.50(79), (3.2)

with a �2/dof = 0.34 and p = 0.71. The fit posterior for
cs is tiny because the sea-quark masses are well tuned,
while ca2 is small and has a 100% uncertainty because we
already removed the dominant taste-breaking discretiza-
tion e↵ects from our data. Note that ca2 = �5(1) for the
raw values in Fig. 9.

To study the stability of the values and errors in
Eq. (3.2), we consider a number of fit variations including
adding higher-order terms in a2 and �mf , doubling the
prior widths on the fit parameters, and omitting the two
coarsest ensembles. All of the alternate fits yield results
for all

µ(conn.) that are statistically consistent with our

central fit. Further, the uncertainty on all
µ(conn.) does

not change except when the prior widths are doubled; in
this case the fit uncertainties are still only ⇠ 20% larger
than in Eq. (3.2). Because all

µ(conn.) is robust against
reasonable fit variations, we conclude that the fit error
captures the systematic uncertainty associated with the
continuum extrapolation.

We follow the same approach for the slope and cur-
vature of the renormalized vacuum polarization, first
applying finite-volume and taste-breaking discretiza-
tion corrections, and then extrapolating to the con-
tinuum limit using Eq. (3.1). We obtain for the
continuum-limit values ⇧ll

1 (conn.) = 0.0921(13) GeV2

and ⇧ll
2 (conn.) = �0.2104(56) GeV4. The p values of

the fits are 0.73 and 0.12, respectively. The lattice-
spacing dependence of the corrected Taylor coe�cients
is a bit milder than for aµ, and cannot be statistically
resolved. For ⇧1, we obtain ca2 = �0.30(83), which is
consistent with the result from the continuum extrap-
olation of all

µ(conn.) because the quantities are propor-
tional at lowest order in the Taylor expansion. For ⇧2,
we obtain ca2 = 0.36(97), which is consistent in magni-
tude, but opposite in sign because ⇧2 is negative. As
for all

µ(conn.) , the sea-quark mass dependence of ⇧1 and

⇧2 is tiny. Finally, the continuum-limit values ⇧ll
1 (conn.)

and ⇧ll
2 (conn.) are both stable against the fit variations

discussed above for all
µ(conn.).

[FHM	2019]

Wilson	quarks:	
chiral	&	con$nuum	extrapola$on

Domain	wall	quarks:	
						two	la_ce	spacings	at		 	and	es$mate	of	residual	discre$sa$on	errormphys

π [RBC/UKQCD	2018]
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White	Paper:

-ra$o:					 					R ahvp, LO
μ = (693.1 ± 4.0) ⋅ 10−10 [0.6%]

LQCD:								 		ahvp, LO
μ = (711.6 ± 18.4) ⋅ 10−10 [2.6%]

Requires	independent	confirma.on

BMW 17

RBC/UKQCD 18

ETMC 19

PACS 19

FHM 19

Mainz/CLS 19

BMW 20

LM 20

650 700 750

ahvpµ · 1010

FJ 19

BDJ 19

DHMZ 19

KNT 19

La_ce	QCD	result	by	BMW	Collab.:

[Borsányi	et	al.,	Nature	593	(2021)	7857,	arXiv:2002.12347v3]

				ahvp, LO
μ = (707.5 ± 2.3 ± 5.0) ⋅ 10−10 [0.8%]
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• 	of	rooted	staggered	quarks	

• Six	la_ce	spacings:		 ,	physical	pion	mass	

• Correct	for	taste-breaking	effects	using	EFTs:	SRHO	model,	combined	with	SChPT	

• Comprehensive	study	of	finite-volume	and	
isospin-breaking	correc$ons	

• Final	result	selected	from	distribu$on	
of	different	fits

Nf = 2 + 1 + 1
a = 0.132 − 0.064 fm

• Results	dominated	by	systema$c	error	
associated	with	con$nuum	extrapola$on

[Borsányi	et	al.,	Nature	593	(2021)	7857,	arXiv:2002.12347v3]

Can	parts	of	the	result	be	checked	with	
sub-percent	precision?
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Extended Data Fig. 3 | Example continuum limits of a µ

ightl . The light-green 
triangles labelled ‘none’ correspond to our lattice results with no taste 
improvement. The blue squares repesent data that have undergone no taste 
improvement for t < 1.3 fm and SRHO improvement above. The blue curves 
correspond to example continuum extrapolations of improved data to 
polynomials in a2, up to and including a4. We note that extrapolations in 
a2αs(1/a)3, with αs(1/a) the strong coupling at the lattice scale, are also 
considered in our final result. The red circles and curves are the same as the 

blue points, but correspond to SRHO taste improvement for t ≥ 0.4 fm and no 
improvement for smaller t. The purple histogram results from fits using the 
SRHO improvement, and the corresponding central value and error is the 
purple band. The darker grey circles correspond to results corrected with 
SRHO in the range 0.4–1.3 fm and with NNLO SXPT for larger t. These latter fits 
serve to estimate the systematic uncertainty of the SRHO improvement. The 
grey band includes this uncertainty, and the corresponding histogram is shown 
with grey. Errors are s.e.m.

Light-quark connected contribution
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Precision	test	of	different	la_ce	calcula$ons	

Comparison	with	corresponding	 -ra$o	es$mateR

Restrict	integra$on	over	Euclidean	$me	to	sub-intervals	
		 		reduce/enhance	sensi$vity	to	systema$c	effects→

<latexit sha1_base64="RZkSrxSX7M0m0SIdaFXvIxBtAEI="></latexit>

ahvp,win
µ =

✓↵
⇡

◆2 Z 1

0
dt K̃(t) G(t) W(t; t0, t1)

Short	distance:
<latexit sha1_base64="xgdpZMpcp8rV9Ka6WJ9p5hBGgKA="></latexit>

WSD(t; t0) = 1 � ⇥(t, t0,�)

Intermediate	distance:
<latexit sha1_base64="mXPnf6Q0yTt3Zm6UpEf/wXuXM2E="></latexit>

W ID(t; t0, t1) = ⇥(t, t0,�) � ⇥(t, t1,�)
<latexit sha1_base64="NVv4bsheoXwrNXVLs/nYU1XFiPg="></latexit>

WLD(t; t1) = ⇥(t, t1,�)Long	distance:

Window quantities
I Time-momentum representation

[Bernecker, Meyer ’11 ’13]
a
win
µ =

⇣
↵

⇡

⌘2X

t

G(t) eK(t) W (t; t0, t1) ,

• Short distances : W
SD(t; t0) = [1�⇥(t, t0,�)]

• Intermediate distances : W
ID(t; t0, t1) = [⇥(t, t0,�)�⇥(t, t1,�)]

• Long distances : W
LD(t; , t1) = ⇥(t, t1,�)

Smooth step function : ⇥(t, t0,�) = [1 + tanh[(t� t
0)/�]] /2
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Lattice data

I This talk focuses on the intermediate window

Antoine Gérardin 3 HVP contribution to (g � 2)µ : status of the Mainz calculation

Intermediate	window:
• Finite-volume	correc$on	reduced	from	3%	to	0.25%	

• Uncertainty	dominated	by	sta$s$cs

<latexit sha1_base64="MtZJ/lX0ry9Cg+vSBLSFwvNmMjo="></latexit>

⇥(t, t0,�) = 1
2
⇥
1 + tanh(t � t0)/�

⇤

“Standard”	choice:
<latexit sha1_base64="Sv/8LWEDjKlJu9QM9KZuRkHKfwg="></latexit>

t0 = 0.4 fm, t1 = 1.0 fm, � = 0.15 fm
[RBC/UKQCD	2018]
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Star$ng	point: [RBC/UKQCD	2018]
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W ID(
p

s; t0, t1) =
1

12⇡2 s
Z 1

0
dt K̃(t) W ID(t; t0, t1) e

p
st

Insert	 	into	expression	for	$me-momentum	representa$on:G(t)

Intermediate	window	from	 -ra$o	following	
procedure	for	WP	es$mate:

R
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Figure 1: Short-distance, intermediate, and long-distance weight functions in Euclidean time (left), and their correspondence in center-of-mass energy (right).

aHVP
SD aHVP

int aHVP
LD aHVP

total

All channels
68.4(5) 229.4(1.4) 395.1(2.4) 693.0(3.9)
[9.9%] [33.1%] [57.0%] [100%]

2⇡ below 1.0 GeV
13.7(1) 138.3(1.2) 342.3(2.3) 494.3(3.6)
[2.8%] [28.0%] [69.2%] [100%]

3⇡ below 1.8 GeV
2.5(1) 18.5(4) 25.3(6) 46.4(1.0)
[5.5%] [39.9%] [54.6%] [100%]

[1] – – – 693.1(4.0)
[24] – 231.9(1.5) – 715.4(18.7)
[36] – 236.7(1.4) – 707.5(5.5)

Table 1: Window quantities for HVP, based on Refs. [7–9, 11], using the merg-
ing procedure from Ref. [1] and the window parameters (11) (for all channels,
2⇡ below 1.0 GeV, and 3⇡ below 1.8 GeV; in each case indicating the decompo-
sition of the total in %). Previous results from lattice QCD and phenomenology
are shown for comparison where available. All numbers in units of 10�10.

available.
In Sec. 2, we provide such comparison numbers for the stan-

dard windows from Ref. [24], with e+e� uncertainties treated
in the same spirit as in Ref. [1]. In Sec. 3, we then consider a
set of modified window quantities that should allow for a more
detailed analysis of the energy dependence. The correlations
among the di↵erent windows are also evaluated and included.
Finally, we discuss the challenges in constructing optimized
window observables to isolate the origin of potential conflicts
between e+e� data and lattice QCD.

2. Euclidean windows

The master formula for the HVP contribution in the data-
driven approach reads [98, 99]

aHVP
µ =

✓↵mµ
3⇡

◆2 Z 1

sthr

ds
K̂(s)

s2 Rhad(s) ,

Rhad(s) =
3s

4⇡↵2�(e+e� ! hadrons(+�)) , (6)

with kernel function

K̂(s) =
3s
m2
µ

"
x2

2
�
2 � x2� +

1 + x
1 � x

x2 log x

+

�
1 + x2�(1 + x)2

x2

✓
log(1 + x) � x +

x2

2

◆#
,

x =
1 � �µ(s)
1 + �µ(s)

, �µ(s) =

s

1 �
4m2
µ

s
. (7)

The integration threshold takes the value sthr = M2
⇡0 , since the

⇡0� channel is included, by convention, in the photon-inclusive
cross section. In lattice QCD, most collaborations employ the
time-momentum representation [100–102]

aHVP
µ =

✓↵
⇡

◆2 Z 1

0
dt K̃(t)G(t) , (8)

with another known kernel function K̃(t) and G(t) given by the
correlator of two electromagnetic currents jem

µ

G(t) = �a3

3

3X

k=1

X

x
Gkk(t, x) ,

Gµ⌫(x) = h0| jem
µ (x) jem

⌫ (0)|0i , (9)

with the lattice spacing taken to the limit a ! 0. Windows in
Euclidean time are defined by an additional weight function in
Eq. (8). The ones proposed in Ref. [24]

⇥SD(t) = 1 � ⇥(t, t0,�) ,
⇥win(t) = ⇥(t, t0,�) � ⇥(t, t1,�) ,
⇥LD(t) = ⇥(t, t1,�) ,

⇥(t, t0,�) =
1
2

✓
1 + tanh

t � t0

�

◆
, (10)

were designed to separate short-distance, intermediate, and
long-distance contributions, respectively, with parameters

t0 = 0.4 fm , t1 = 1.0 fm , � = 0.15 fm . (11)

2

[Colangelo	et	al.,	arXiv:2205.12963]

Finer	decomposi$on	allows	for	more	detailed	
studies	of	energy	dependence	
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• 		flavours	of	 	improved	Wilson	fermions	

• Four	la_ce	spacings:		 ;		pion	masses		 	

• Two	discre$sa$ons	of	the	vector	current:	local	and	conserved	

• Simultaneous	chiral	and	con$nuum	extrapola$on

Nf = 2 + 1 O(a)
a = 0.085 − 0.050 fm mπ = 130 − 420 MeV

Wilson	fermions:	The	Mainz/CLS	results	for	 	and	ahvp
μ awin

μ

28
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ahvp, LO
μ = (720.0 ± 12.6 ± 9.9) ⋅ 10−10 [Gérardin	et	al.,	Phys.	Rev.	D	100	(2019)	014510]

• Extension	to	six	la_ce	spacings:		 ;	
addi$onal	ensembles	with	

a = 0.099 − 0.039 fm
mπ ≳ mphys

π

awin
μ = (237.30 ± 0.79 ± 1.22) ⋅ 10−10

awin, ud
μ = (207.00 ± 0.83 ± 1.20) ⋅ 10−10

[Cè	et	al.,	arXiv:2206.06582]

• Intermediate	window	observable:
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Mainz/CLS:		Scaling	test																																																						[Cè	et	al.,	arXiv:2206.06582]

• Two	independent	sets	of	improvement	coefficients	for	local	and	conserved	currents
<latexit sha1_base64="0TM8YA9aHkCEXbrpUq0/JydCYCQ="></latexit>

J(↵)
µ = j(↵)

µ + a cV(g0) @̃⌫⌃µ⌫, ↵ = L, C

		four	different	discre$sa$ons	of	the	current-current	correlator	→
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Mainz/CLS:		Results	at	the	physical	point																								[Cè	et	al.,	arXiv:2206.06582]
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by the quantities m
2
⇡0 , m2

K+ + m
2
K0 � m

2
⇡+ , m2

K+ � m
2
K0 � m

2
⇡+ + m

2
⇡0 and the fine-structure

constant ↵ [91]. The first three quantities are inspired by leading-order chiral perturbation
theory including leading-order mass and electromagnetic isospin-breaking corrections [67], and
correspond to proxies for the average light-quark mass, the strange-quark mass, and the light-
quark mass splitting. As we consider leading-order e↵ects only, the electromagnetic coupling
does not renormalize [90], i.e. we may set e

2 = 4⇡↵. The lattice scale is also a↵ected by
isospin breaking, which we however neglect at this stage. Making use of the isosymmetric
scale [56], we match m

2
⇡0 and m

2
K+ + m

2
K0 � m

2
⇡+ in both theories on each ensemble and set

m
2
K+ � m

2
K0 � m

2
⇡+ +m

2
⇡0 to its experimental value.

We have computed the leading-order QCD+QED quark-connected contribution to a
win
µ as

well as the pseudoscalar meson massesm⇡0 , m⇡+ , mK0 andmK+ required for the hadronic renor-
malization scheme on the ensembles D450, N200, N451 and H102, neglecting quark-disconnected
diagrams as well as isospin-breaking e↵ects in sea-quark contributions. The considered quark-
connected diagrams are evaluated using stochastic U(1) quark sources with support on a single
timeslice whereas the all-to-all photon propagator in Coulomb gauge is estimated stochastically
by means of Z2 photon sources. Covariant approximation averaging [96] in combination with
the truncated solver method [97] is applied to reduce the stochastic noise. We treat the noise
problem of the vector-vector correlation function at large time separations by means of a recon-
struction based on a single exponential function. A more detailed description of the computation
can be found in Refs. [91, 92, 98]. The renormalization procedure of the local vector current
in the QCD+QED computation is based on a comparison of the local-local and the conserved-
local discretizations of the vector-vector correlation function and hence di↵ers from the purely
isosymmetric QCD calculation [58] described in Section III B. We therefore determine the rela-
tive correction by isospin breaking in the QCD+QED setup. For f⇡-rescaling as introduced in
Section IVA, isospin-breaking e↵ects in the determination of f⇡ are neglected. We observe that
the size of the relative first-order corrections for awin

µ is compatible on each ensemble and can in
total be estimated as a (0.3 ± 0.1)% e↵ect.

VII. FINAL RESULT AND DISCUSSION

We first quote our final result awin,iso
µ in our iso-symmetric setup as defined in Section IVA.

Using the isospin decomposition, and combining Eqs. (33), (34) and (41), we find

a
win,I1
µ = (186.30 ± 0.75stat ± 1.08syst) ⇥ 10�10

, (42)

a
win,I0
µ = a

win,I0
µ

,c/ + a
win,c
µ = (50.30 ± 0.23stat ± 0.32syst) ⇥ 10�10

, (43)

a
win,iso
µ = a

win,I1
µ + a

win,I0
µ = (236.60 ± 0.79stat ± 1.13syst ± 0.05Q) ⇥ 10�10

, (44)

where the first error is statistical, the second is the systematic error, and the last error of awin,iso
µ

is an estimate of the quenching e↵ect of the charm quark derived in Appendix D. Overall, this
uncertainty has a negligible e↵ect on the systematic error estimate. The small bottom quark
contribution has been neglected. For a

hvp
µ , this contribution has been computed in [99] and

found to be negligible at the current level of precision.
As stressed in Section IVA, our definition of the physical point in our iso-symmetric setup is

scheme dependent. To facilitate the comparison with other lattice collaborations, the derivatives
with respect to the quantities used to define our iso-symmetric scheme are provided in Table II.
They can be used to translate from one prescription to another a posteriori.

One of the main challenges for lattice calculations of both a
hvp
µ and the window observable is

the continuum extrapolation of the light quark contribution, which dominates the results by far.
To address this specific point, we have used six lattice spacings in the range [0.039,0.0993] fm in
our calculation, along with two di↵erent discretizations of the vector current (see the discussion
in Section IVC). Although this work contains many ensembles away from the physical pion
mass, we observe only a mild dependence on the proxy used for the light-quark mass. This
observation is corroborated by the fact that, in the model averaging analysis, most of the spread
comes from fits that di↵er in the description of lattice artefacts rather than on the functional
form fch that describes the light-quark mass dependence.

Include	shit	of	 	due	to	isospin-breaking:+(0.70 ± 0.47) ⋅ 10−10
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FIG. 7: Comparison of our results (in units of 10�10) with other lattice calculations [13, 18, 20–24] in
isosymmetric QCD. The four panels on the left show compilations of the individual quark-disconnected,
charm, strange and light quark contributions. The total result for awin

µ in the isosymmetric case is shown
in the rightmost panel. Our results are represented by green circles and vertical bands.

In Fig. 7, we compare our results in the isosymmetric theory with other lattice calculations.
Our estimate for a

win,iso
µ agrees well with that of the BMW collaboration who quote a

win,iso
µ =

236.3(1.4)⇥10�10 using the staggered quark formulation [20]. However, our result is about 2.3�
above the published value by the RBC/UKQCD collaboration, awin,iso

µ = 232.0(1.5) ⇥ 10�10,
obtained using domain wall fermions [13]. It is also 1.7� above the recent estimate quoted by
ETMC, based on the twisted-mass formalism [22], which reads awin,iso

µ = 231.0(2.8)⇥10�10. The

di↵erence with the latter two calculations can be traced to the light-quark contribution a
win,ud
µ ,

which is shown in the second panel from the right. In this context, it is interesting to note that,
apart from BMW, two independent calculations using staggered quarks (albeit with a di↵erent

action as compared to the BMW collaboration) have quoted results for awin,ud
µ [18, 21, 24] that

are in good agreement with our estimate, as can be seen in Fig. 7. The middle panel of the figure
shows that our estimate for the strange quark contribution is slighly higher compared to other
groups, but due to the relative smallness of awin,s

µ this cannot account for the di↵erence between

our result for a
win,iso
µ and Refs. [22] and [13]. Good agreement with the BMW, ETMC and

RBC/UKQCD collaborations is found for both the charm and quark-disconnected contributions.

If one accepts that most lattice estimates for the light-quark connected contribution a
win,ud
µ

have stabilized around ⇡ 207 ⇥ 10�10, one may search for an explanation why the results by
RBC/UKQCD [13] and ETMC [22] are smaller by about 2%. This is particularly important since

a
win,ud
µ contributes about 87% to the entire intermediate window observable. One possibility is

that the extrapolations to the physical point in Refs. [13] and [22] are both quite long. For
instance, the minimum pion mass among the set of ensembles used by ETMC is only about
220 MeV, while the result by RBC/UKQCD has been obtained from two lattice spacings, i.e.
0.084 fm and 0.114 fm. Further studies using additional ensembles at smaller pion mass and
lattice spacings are highly desirable to clarify this important issue.

In order to compare our result with phenomenological determinations of the intermediate
window observable, we must correct for the e↵ects of isospin-breaking. Our calculation of isospin-
breaking corrections, described in Section VI, has been performed on a subset of our ensembles
and is, at this stage, lacking a systematic assessment of discretization and finite-volume errors.
Furthermore, only quark-connected diagrams have been considered so far. To account for this
source of uncertainty, we double the error and thereby apply a relative isospin-breaking correction
of (0.3 ± 0.2)% to a

win,iso
µ , which amounts to a shift of +(0.70 ± 0.47) ⇥ 10�10. Thus, our final

result including isospin-breaking corrections is

a
win
µ = (237.30 ± 0.79stat ± 1.13syst ± 0.05Q ± 0.47IB) ⇥ 10�10

. (45)

Adding all errors in quadrature yields 237.30(1.46) ⇥ 10�10 which corresponds to a precision of
0.6%. A comparison with other lattice calculations is shown in Fig. 8. Since corrections due
to isospin breaking are small, the same features are observed as in the isosymmetric theory:
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Intermediate	window	observable	in	isosymmetric	QCD

31

• Broad	agreement	among	most	la_ce	calcula$ons;	excep$ons:	RBC/UKQCD	18	and	ETMC	21

[Cè	et	al.,	arXiv:2206.06582]
[Alexandrou	et	al.,	arXiv:2206.15084]

• New	calcula$on	by	ETMC	(twisted-mass	Wilson	fermions)	consistent	with	Mainz/CLS	22
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[C.	Lehner	@	Edinburgh	2022]
[S.	Goklieb	@	Benasque	2022]

• Preliminary	results	by	RBC/UKQCD	(domain	wall	fermions;	added	third	la_ce	spacing)	and	
Fermilab-HPQCD-MILC	(staggered)	confirm	recent	results	for	light-connected	contribu$on
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Intermediate	window	observable	in	isosymmetric	QCD
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[Cè	et	al.,	arXiv:2206.06582]
[Alexandrou	et	al.,	arXiv:2206.15084]
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[C.	Lehner	@	Edinburgh	2022]
[S.	Goklieb	@	Benasque	2022]

Result	for	the	dominant,	light-quark	connected	contribu.on	confirmed	for	
wide	range	of	different	discre.sa.ons	with	sub-percent	precision
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Intermediate	window	observable:	Comparison	with	 -ra$oR
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-ra$o	es$mate:R

230 235 240

awin
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Hadronic	running	of	electromagne$c	coupling
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Correla$on	between	 	and	the	hadronic	running	of		 	:ahvp
μ Δαhad
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Figure 12. Left, upper panel: ratio of the hadronic running ∆–had computed by BMWc [21]
divided by our results, for five di�erent momenta. In addition to the total contribution, we show
the isovector (I = 1), isoscalar (I = 0) and charm quark components. Left, lower panel: the total
hadronic running ∆–(5)

had from various phenomenological estimates [12, 31, 134] and the lattice result
of ref. [21], normalized by the result of this work. Right: Compilation of results for the four-flavor
∆–had lattice computations [6, 21] (above) and the five-flavor ∆–(5)

had phenomenological estimates
(below) at selected values of Q2. The gray vertical error band for the result of this work includes
the small bottom quark contribution as an additional systematic error, see section 5.1 for details.

result in our comparison since the disconnected contribution has not been determined in
that reference.

In the lower left panel of figure 12 we show the ratios of three recent phenomenological
determinations of ∆–(5)

had(≠Q2) and the rational approximation of our result as continuous
curves. Our result lattice results for ∆–had(≠Q2) includes the contributions from u, d, s

and c quarks. In order to account for the contributions from bottom quarks that are needed
to complete the estimate for ∆–(5)

had(≠Q2), we use results by the HPQCD collaboration
for the lowest four time moments of the HVP [135]. We determine the contribution from
bottom quarks by constructing Padé approximants from the moments, which results in a
few-permil e�ect on the total hadronic running of the coupling (up to 2.6 permil at the
largest Q2 = 7 GeV2). This e�ect is larger than the 0.4 permil e�ect reported for the HVP
contribution to the muon g ≠ 2 [136] due to the fact that the running coupling scale Q2

is not well separated from the bottom quark mass, in contrast to the muon mass case.8
However, this e�ect is a small fraction of the percent-level total error on ∆–had(≠Q2) and
we include it as an additional source of systematic error.

Results from Davier et al. [12, 137] (labellel “DHMZ data”), Keshavarzi et al. [31, 138]
(KNT18 data), and based on Jegerlehner’s alphaQEDc19 software package [13, 134] show
good agreement among each other, but are between 3 and 6 % lower than our estimate.9

8
As a crosscheck, we have reproduced the bottom quark contribution to the muon g ≠ 2 reported by

HPQCD [136].

9
The estimate of ∆–(5)

had(≠Q2
) in the space-like region corresponding to ref. [12] was kindly provided
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Hadronic	running	of	 	in	la_ce	QCDαe.m.
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Direct	la_ce	calcula$on	of	 	on	the	same	gauge	ensembles	used	in	Mainz/CLS	22Δα(−Q2)
[Cè	et	al.,	JHEP	08	(2022)	220,	arXiv:2203.08676]

• Mainz/CLS	and	BMWc	(2017)	differ	by	2–3%	
at	the	level	of	1–2σ

• Tension	between	Mainz/CLS	and	data-driven	
evalua$on	of	 		for		∼ 3σ Q2 ≳ 3 GeV2

• Tension	increases	to 		for	 		
(smaller	sta$s$cal	error	due	to	ansatz	for	con$nuum		
extrapola$on)

≳ 5σ Q2 ≲ 2 GeV2

consistent	with	observed	tension	for	window	
observable

		convert	la_ce	result	for	 	to	 	and	compare	to	global	electroweak	fit→ Δα(5)
had(−Q2) Δα(5)

had(M
2
Z)
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Evalua$on	of	 	and	consistency	of	the	Standard	ModelΔα(5)
had(M

2
Z)
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Method	1:		Direct	dispersion	rela$on	(DR)

		use	combina$on	of	perturba$on	theory	and	experimental	data	for	 -ra$o→ R

Method	2:		Adler	func$on	approach,	aka.	“Euclidean	split	technique”

<latexit sha1_base64="w2eRR6mzOKAjoeA/pbzdvxwPDDc="></latexit>

�↵(5)
had(M2

Z) = �↵(5)
had(�Q2

0)
<latexit sha1_base64="rhLquNZ0mTEYb/2arss2dclbvwk="></latexit>

+[�↵(5)
had(�M2

Z) � �↵(5)
had(�Q2

0)]
<latexit sha1_base64="i4HT5gNPcYu3imwJV0OTayEaY1s="></latexit>

+[�↵(5)
had(M2

Z) � �↵(5)
had(�M2

Z)]

		la_ce	QCD	or	DR	for	← q2 = − Q2
0

		Adler	func$on	in	pQCD	or	DR←

		pQCD←

<latexit sha1_base64="CHtGakGRzYVKfddDmdfMmuFxhjI="></latexit>

�↵(5)
had(q2) = �↵ q2

3⇡
P
Z 1

m2
⇡0

ds
R(s)

s(s � q2)
, for		q2 = M2

Z

[Chetyrkin	et	al.,	Nucl	Phys	B482	(1996)	213;	Eidelman	et	al.,	Phys	Lek	B454	(1999)	369;	Jegerlehner,	hep-ph/9901386,	arXiv:0807.4206]
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Euclidean	split	technique	and	the	Adler	func$on
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Adler	func$on:
<latexit sha1_base64="kKoe4IL7VB4enSzk7ObM8tjJ/wc="></latexit>

D(�s) =
3⇡
↵

s
d
ds
�↵had(s)

Perturba$on	theory:
<latexit sha1_base64="KMWLudWwshbXg30e2C64t9vXnOQ="></latexit>h
�↵(5)

had(M2
Z) � �↵(5)

had(�M2
Z)
i
= 0.000 045(2) [Jegerlehner,	CERN	Yellow	Report,	2020]

		known	in	massive	QCD	perturba$on	theory	at	three	loopsD(Q2)
<latexit sha1_base64="HEAQVeOjBpa9JjprmxOFLkyk170="></latexit>

h
�↵(5)

had(�M2
Z) � �↵(5)

had(�Q2
0)
i
pQCD/Adler

=
↵

3⇡

Z M2
Z

Q2
0

dQ2

Q2 D(Q2)

Rela$on	of	 	and	 -ra$o:D(Q2) R
<latexit sha1_base64="7hyBzJCkYf6S5ZrxDVzWu2ZzukI="></latexit>

D(Q2) = Q2
Z 1

m2
⇡0

ds
R(s)

(s + Q2)2

Direct	DR:

<latexit sha1_base64="A/Y2UH9SeFWfljhm2E2F7qGs7XA="></latexit>

h
�↵(5)

had(�M2
Z) � �↵(5)

had(�Q2
0)
i
DR
=
↵(M2

Z � Q2
0)

3⇡

Z 1

m2
⇡0

ds
R(s)

(s + Q2
0)(s + M2

Z)
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[Cè	et	al.,	JHEP	08	(2022)	220,	arXiv:2203.08676]

Evalua$on	of	 	from	la_ce	QCD	dataΔα(5)
had(M

2
Z)
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Input:		La_ce	result	for	 		for		Δαhad(−Q2
0) Q2

0 = 3 − 7 GeV2

<latexit sha1_base64="1i0tCP1wML21xHO8xU8lbw7s6Vs="></latexit>h
�↵(5)

had(�M2
Z) � �↵(5)

had(�Q2
0)
i
pQCD/Adler

Evaluate using	Jegerlehner’s	sotware	package		pQCDAdler
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Figure 13. The hadronic contribution to the running coupling for five flavors at the Z pole mass,
∆–(5)

had(M2
Z), evaluated according to eq. (5.1) and using our lattice result for ∆–(5)

had(≠Q2
0), plotted

as a function of the threshold energy Q2
0. Left: The higher energy contribution [∆–(5)

had(≠M2
Z) ≠

∆–(5)
had(≠Q2

0)] computed via the pQCDÕapproach in eq. (5.2) using the pQCDAdler software package
[141]. Right: Results based on the KNT18[data] approach of eq. (5.3) using the R-ratio data with
full covariance matrix [31, 138]. The red symbols in each panel are taken to produce the final
estimates for each method, while the maxima and minima of the blue bands within the non-shaded
region are used to estimate the uncertainty.

Finally, we focus on the second combination in square brackets in eq. (5.1), which
provides the link between the space-like and time-like regions at MZ . We quote the pQCD
estimate by Jegerlehner [13, 55],

Ë
∆–(5)

had(M2
Z) ≠ ∆–(5)

had(≠M2
Z)

È

pQCD
= 0.000 045(2) . (5.4)

With these ingredients in hand, we can provide an estimate for the phenomenologically
relevant quantity ∆–(5)

had(M2
Z

), using our lattice estimate for ∆–(5)
had(≠Q2

0) as input in eq. (5.1).
In figure 13, we show ∆–(5)

had(M2
Z

) as a function of the Euclidean squared momentum
transfer Q2

0. In the left panel the contribution from [∆–(5)
had(≠M2

Z
) ≠ ∆–(5)

had(≠Q2
0)] has

been determined in perturbative QCD via the Adler function (pQCDÕ[Adler]), while in the
right panel the same quantity has been evaluated using the R-ratio data and correlation
matrix from KNT18 in eq. (5.3). The blue bands represent the total error obtained by
adding in quadrature all uncertainties that enter eq. (5.1). In both cases we find that the
estimates for ∆–(5)

had(M2
Z

) are very stable for Q2
0 & 3 GeV2. The slight upward trend and

the loss of precision observed for Q2
0 . 2 GeV2 when using the pQCDÕ[Adler] approach is

symptomatic of the failure of pQCD at strong couplings. Alternatively, when employing the
dispersive approach of eq. (5.3), one observes a decreasing trend for Q2

0 . 2 GeV2, which is
due to the enhanced contributions from low-lying resonances (fl, Ê, „) in eq. (5.3) as Q2

0
is lowered. For our final results in both approaches we choose Q2

0 = 5 GeV2 and estimate
the uncertainty associated with the choice of Q2

0 from the maxima and minima of the blue
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Final	es$mate:		la_ce	+	pQCD/Adler

<latexit sha1_base64="8WhBi4wY7tYhGiZ8b6qwKGdt8f0="></latexit>

�↵(5)
had(M2

Z) = 0.027 73(15)

<latexit sha1_base64="4xI7qjjVOppgrF+68cpWiBGr28k="></latexit>

�↵(5)
had(M2

Z) = 0.027 73(9)lat(2)btm(12)pQCD

(error	contains	ambiguity	in	the	choice	of	 )Q2
0
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Comparison	with	phenomenology	and	electroweak	fit
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lat. + pQCD’[Adler]

lat. + KNT18[data]

KNT18/19

DHMZ19

Jegerlehner 19

R-ratio

0.0255 0.0260 0.0265 0.0270 0.0275 0.0280 0.0285 0.0290
∆–(5)

had(M2
Z)

Gfitter 18

Crivellin et al. 20

Keshavarzi et al. 20

Malaescu, Schott 20

HEPfit 21

EW global fits

Figure 14. Compilation of results for ∆–(5)
had(M2

Z). The first two data points (red symbols) represent
the results from the Euclidean split technique using our lattice estimate for ∆–(5)

had(≠Q2
0). Green

circles denote results based on the standard dispersive approach, where the R-ratio integration
is performed over the entire momentum range. From top to bottom, we plot the results from
refs. [11, 31], [12], and [13]. The estimate based on the Adler function in ref. [13] is shown as a green
diamond. Blue symbols represent the results from global EW fits, published in refs. [34–36, 142, 143]
(see the text for further details). The gray band represents our final result quoted in eq. (5.5).

bands in the region 3–7 GeV2. In this momentum range, our lattice results for the hadronic
running can be extrapolated reliably to the continuum limit. Furthermore, this choice of
interval guarantees that our final estimate is not a�ected by the Landau pole when using
the pQCDÕ[Adler] approach, nor is it dominated by the experimentally determined R-ratio
when employing eq. (5.3) instead.

For our main result of the hadronic running of the QED coupling at the Z pole we
adopt the pQCDÕ[Adler] approach and quote

∆–(5)
had(M2

Z)|Lat+pQCDÕ[Adler] = 0.02773(9)lat(2)bottom(12)pQCDÕ[Adler]

= 0.027 73 ± 0.000 15 .
(5.5)

The first error is the total uncertainty of our lattice estimate of ∆–had(≠5 GeV2) as
listed in table 7, while the second error accounts for the neglected contribution from
bottom quark e�ects. The error labeled pQCDÕ[Adler] is associated with the evaluation of
[∆–(5)

had(≠M2
Z

) ≠ ∆–(5)
had(≠5 GeV2)] (see the second column in table 7), augmented by the

maximum deviations from the central value in the region Q2
0 œ [3, 7] GeV2.

For completeness, we also list the result obtained via the KNT18[data] approach, which
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Mainz/CLS:															 			Δαhad(M2
Z) = 0.027 73(15)

(pQCD/Adler	+	la_ce	input)

Jegerlehner	19:								 			Δαhad(M2
Z) = 0.027 53(12)

(pQCD/Adler	+	 -ra$o	input)R

• Agreement	within	errors	at	 -pole	obscures	the	fact	
that	there	is	a	tension	of	 		for		

Z
∼ 3σ Q2

0 ∼ (3 − 7) GeV2

• Running	from	 		to		 		is	correlated−Q2
0 −M2

Z

Standard	Model	can	accommodate	a	larger	value	for	 	
without	contradic.ng	electroweak	precision	data

aμ
[Cè	et	al.,	JHEP	08	(2022)	220,	arXiv:2203.08676]

• Global	EW	fits	yield	smaller	es$mates	but	have	
larger	errors	
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There	is	a	 	tension	between	the	measurement	of	 	and	the	SM	predic$on	derived	
from	the	data-driven	approach	to	the	HVP	contribu$on

4.2σ aμ

There	is	a	tension	between	data-driven	and	la_ce	evalua$ons	of	a	sub-contribu$on	
to	 ,	confirmed	by	several	la_ce	calcula$ons	using	different	discre$sa$onsaLO, hvp

μ

There	is	no	straighxorward	strategy	to	trace	the	tension	to	a	specific	energy	range	in	the	
hadronic	cross	sec$on;	it	is	unlikely	to	come	from	the	dominant	two-pion	channel

There	is	a	corresponding	tension	between	la_ce	and	data-driven	evalua$ons	of	the	
hadronic	running	of	αe.m.

The	global	electroweak	fit	is	not	sensi$ve	enough	to	resolve	the	tension	between	la_ce	
and	data-driven	evalua$ons	of	Δα(5)

had(M
2
Z)
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What	next?
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Resolve	the	tension	between	experimental	data	for	hadronic	cross	sec$ons	for	the	
two-pion	channel	

Perform	more	and	more	precise	la_ce	calcula$ons	for	the	complete	HVP	contribu$on

Devia$on	of	order	 	between	SM	and	experiment	is	a	large	one!	

Precision	must	be	increased	further

100 ⋅ 10−11

Results	from	future	experiments	will	be	decisive!	


