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Introduction
Vector boson pair production is a benchmark process at hadron colliders

background to Higgs and new physics searches

important to set limits on anomalous couplings

Up to very recently the accuracy was limited to NLO QCD

Extension to NNLO highly desirable to meet the 
increasing experimental precision

new nice data available from the LHC whose accuracy will soon be 
comparable with theoretical uncertainties
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Loop induced gg contribution to 
processes with neutral final state
Formally NNLO but enhanced by 
gluon luminosity
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Off-shell and interference effects
When we talk about VV’ production we refer to the full calculation including 
resonant and non resonant diagrams with off-shell and interference effects

eg:  W+Z→ l+l- l+’ νl’

eg:  W+ W- (ZZ) →  l+l- νl νl
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In some cases more than one VV’ topology may contribute



Vector boson pair production

J.Ohnemus (1993); U.Baur, T.Han, J.Ohnemus (1998)

Wγ,Zγ,WW, WZ, ZZ production known in NLO QCD since quite some time

B.Mele, P.Nason,G.Ridolfi (1991)
S.Frixione, P.Nason,G.Ridolfi (1992); S.Frixione (1993)Also including leptonic decay

L.Dixon,Z.Kunszt,A.Signer (1999); J.Campbell,K.Ellis (1999)
D. de Florian, A.Signer (2000)

Αll two-loop helicity amplitudes for Vγ,WW,WZ 
and ZZ production recently evaluated

F.Caola,J.Henn,K.Melnikov, A.Smirnov, V.Smirnov (2014)
T.Gehrmann, A. von Manteuffel, L.Tancredi (2014,2015)

NLO EW corrections have also been studied
W.Hollik, C.Meier (2004)

E.Accomando, A.Denner,C.Meier (2005)
A.Bierweiler, T.Kasprzik,J.Kuhn,S.Uccirati(2012)

M.Billoni, S.Dittmaier, B.Jager,C.Speckner (2013)
A.Denner, S. Dittmaier, M. Hecht, C. Pasold (2014)

B. Biedermann et al (2016,2017)
S.Kallweit et al. (2017)

The gluon fusion loop contribution (part of NNLO) 
to Zγ, ZZ and WW is also known (often assumed to 
provide the dominant NNLO contribution)

T.Binoth et al. (2005,2008)
M.Duhrssen et al. (2005)

 L.Amettler et al. (1985)
J. van der Bij, N.Glover (1988)

K. Adamson, D. de Florian, A.Signer (2000)

NNLO calculation possible
T.Gehrmann, L.Tancredi (2012)

→ talk by Pellen



Ingredients of NNLO calculations

Double virtual contribution with n resolved partons

Real-virtual contribution with 1 unresolved parton

Double-real contribution with 2 unresolved partons

Assume that the process involves n partons at LO (n=2 in our case)       we need:

n n

+ c.c.

n+1

+ c.c.

n+2

. . . .

. .

. .

All the three contributions are divergent: how can we handle IR singularities ?



NNLO methods
Broadly speaking there are two approaches that we can follow:

Organise the calculation from scratch so as to cancel all the singularities

- sector decomposition
- antenna subtraction 

- “colourful” subtraction

- joint use of subtraction and sector decomposition

Start from an inclusive NNLO calculation (sometimes obtained through 
resummation) and combine it with an NLO calculation for n+1 parton process

- qT subtraction

- “N-jettiness” method

- recently introduced “Born projection” method for VBF

R.Boughezal, C.Focke,X.Liu, F.Petriello (2015)
F.Tackmann et al. (2015)

S.Catani, MG (2007)

M.Czakon (2010,2011)
R.Boughezal, K.Melnikov, F.Petriello (2011)

G, Somogyi, Z. Trocsanyi, 
V. Del Duca (2005, 2007)

A. & T.  Gehrmann, N. Glover (2005)

T. Binoth, G.Heinrich (2000,2004)  
C.Anastasiou, K.Melnikov, F.Petriello (2004)

M.Cacciari, F.Dreyer, A.Karlberg, G.Salam,G.Zanderighi (2015)



The qT subtraction method
S. Catani, MG (2007)

d�F
(N)NLO = HF

(N)NLO ⇥ d�F
LO +

�
d�F+jets

(N)LO � d�CT
(N)LO

⇥

The qT subtraction method allows us to write the cross section to produce an 
arbitrary system F of non coloured particles in hadronic collisions as

NLO F+jets cross 
section computed with 
dipole subtraction

universal 
counterterm

process dependent hard-
collinear function

S. Catani, L.Cieri, D. de Florian, G.Ferrera, MG (2013)
T. Gehrmann, T.Lubbert,L.Yang (2014)

Its general form in terms of the relevant virtual amplitudes for an arbitrary colour 
singlet F has been provided up to NNLO

the method can be applied to the production of arbitrary colour 
singlets once the relevant amplitudes are available

The hard-collinear function        has been explicitly computed up to NNLO for vector and 
Higgs boson production S. Catani, MG (2010)

S. Catani, L.Cieri, D. de Florian, G.Ferrera, MG (2013)

HF

this difference is 
computed with a 
cut rcut on qT/Q



Munich

NNLO accuracyNNLL resummation

Two-loop amplitudes

MUlti-chaNnel Integrator at Swiss (CH) precision

Matrix
Munich Automates qT subtraction and Resummation to Integrate X--sections

(VVamp, GiNaC,tdhpl…)

The MATRIX project

OpenLoops
(Collier, CutTools…) qT subtraction

qT resummation

S. Kallweit, D. Rathlev, M.Wiesemann, MG



Status
pp→Z/γ*  (→l+l-)

pp→W(→lν)          

pp→Wγ→lνγ

pp→Ζγ→l+l-γ

pp→ΖΖ(→4l)

pp→H              

✅

✅

✅

✅

pp→γγ ✅ validated with 2γNNLO (version nov. 2015)

validated with DYNNLO 1.5 and analytically
validated against DYNNLO 1.5 and FEWZ

validated analytically 

pp→HH            

           
✅

          
(✅)

✅

          
✅          
(✅)

pp→WW →(lνl’ν’)         

pp→WZ →lνll          
not in first public release

pp→ZZ/WW →llνν        ✅ NEW



After unpacking MATRIX start 
the code with

$$  ./matrix

MATRIX compilation
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Select a process typing its ID, e.g.:
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After unpacking MATRIX start 
the code with

$$  ./matrix

You are now to the MATRIX 
compilation shell. Type

|===>> list

to list the available processes

Select a process typing its ID, e.g.:

|===>> ppeeexex04

for pp→ΖΖ→4l

This will download Openloops, 
Cln, Ginac start the compilation 
process and finally create the 
MATRIX process folder

MATRIX compilation



MATRIX use

We now move to the run directory 
and start the run script with

$$  ./bin/run_process

First choose the name of the run

|===>> run_my_first_ZZ

Adjust the input cards

|===>> parameter
|===>> model
|===>> distribution

Then start the run

With default input cards the code 
runs LO with 1% accuracy
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Stability of the subtraction procedure

d�F
(N)NLO = HF

(N)NLO ⇥ d�F
LO +

�
d�F+jets

(N)LO � d�CT
(N)LO

⇥

MATRIX allows for a simultaneous evaluation of the NNLO cross 
section for different values of  rcut  

The qT  subtraction 
counterterm is non-local 

the difference in the square bracket is evaluated 
with a cut-off  rcut on the ratio r= qT/Q

In our implementation qT  subtraction indeed works as a slicing method

It is important to monitor the dependence of our results on rcut

The dependence on rcut is used by the code to provide an estimate of the 
systematic uncertainty in any NNLO run



Stability of the subtraction procedure

For all processes we consider (except those involving photons) 
the NNLO uncertainties are typically at the 0.1% level or smaller



Results



pp→ZZ+X at NNLO

NNLO effect ranges from 12 to 17 % 
when √s varies from 7 to 14 TeV

Loop induced gg contribution 58-62% of 
the full NNLO effect

We choose μF=μR =mZ  as central scale

F.Cascioli, T.Gehrmann, S.Kallweit, P.Maierhoefer, A. von Manteuffel,
S.Pozzorini, D.Rathlev, L.Tancredi, E.Weihs, MG (2014)

Scale uncertainties of order ± 3% at NLO and 
at NNLO

Inclusive cross sections for on shell ZZ pairs



pp→ZZ+X at NNLO: lepton 
decays and off-shell effects

S. Kallweit, D. Rathlev, MG (2015)

Use ATLAS cuts to define fiducial region: 
pTl > 7  GeV       |ηl| < 2.7   ΔR(l,l)>0.2    
66 GeV < mZ1,mZ2 < 116 GeV

Consider pp→ZZ→4 leptons at 8 TeV

NNLO corrections improve agreement with ATLAS data in the 2e2μ channel but make 
the agreement worse in the other channels (but experimental uncertainties still large)

In the identical flavour case there is an ambiguity in choosing the Z candidates: 
solved by choosing the pairs for which the sum of the distances from mZ is minimum

crucial for 
IR safety !



pp→ZZ+X at NNLO: lepton 
decays and off-shell effects

S. Kallweit, D. Rathlev, MG (2015)

Use ATLAS cuts to define fiducial region: 
pTl > 7  GeV       |ηl| < 2.7   ΔR(l,l)>0.2    
66 GeV < mZ1,mZ2 < 116 GeV

Consider pp→ZZ→4 leptons at 8 TeV

NNLO corrections improve agreement with ATLAS data in the 2e2μ channel but make 
the agreement worse in the other channels (but experimental uncertainties still large)

+15% (60% comes from gg fusion)

In the identical flavour case there is an ambiguity in choosing the Z candidates: 
solved by choosing the pairs for which the sum of the distances from mZ is minimum

crucial for 
IR safety !



pp→ZZ+X at NNLO: the Higgs 
background region

S. Kallweit, D. Rathlev, MG (2016)
YR4 ZZ cuts:

ΔR(l,l)>0.1

Jets: anti-kt 
with R=0.4

Use PDF4LHC15 at NLO and NNLO with μF =μR =m4l as central scale

pT1 > 20  GeV       pT2 > 10 GeV
pTe > 7  GeV    |ηe| < 2.5   pTμ > 5  GeV  |ημ| < 2.5   

lepton isolation: Σ (pTi of all particles i with ΔR(l,i)<0.4) < 0.4 pTl

Leading pair: same flavour pair with smallest |m-mZ|   →   m1

Subleading pair: remaining same flavour pair with smallest |m-mZ|    →   m2 

40 GeV < m1 < 120 GeV     12 GeV < m2  < 120 GeV     

120 GeV < m4l  < 130 GeV     



pp→ZZ+X at NNLO: the Higgs 
background region

Since the cuts are not very aggressive we would expect the impact of 
radiative corrections not to change

The combination of the cuts acts to reduce the impact of radiative corrections !

S. Kallweit, D. Rathlev, MG (2016)

+9-10%

With this choice of 
parameters NLO 
corrections for on 
shell inclusive ZZ 
production amount to 
+23%

gg contribution provides almost the entire NNLO corrections

+6-7% 0-1% 



The WW cross section cannot be naively defined in QCD perturbation theory

Already at NLO there are 
contributions with final state b-quarks 
coming from Wt production (+30-60%)

At NNLO it is even worse with doubly 
resonant tt diagrams which enhance 
the cross section at 7(14) TeV by a 
factor 4(8)

In the 5-flavor scheme diagrams with real b-quarks are crucial to cancel collinear 
singularities from g →bb splitting

T. Gehrmann, S. Kallweit, P. Maierhofer, A. von Manteuffel, 
S. Pozzorini, D. Rathlev, L. Tancredi, MG (2014)

-

-

A first possible solution: use the 4-flavor scheme: the bottom quarks are 
massive: we can omit diagrams with b-quark emissions and obtain a 
consistent WW cross section at NNLO

pp→WW+X at NNLO



T. Gehrmann, S. Kallweit, P. Maierhofer, A. von Manteuffel, 
S. Pozzorini, D. Rathlev, L. Tancredi, MG (2014)

The NNLO effect in the 4FS ranges from 
9 to 12 % when √s varies from 7 to 14 TeV

gg contribution 35% of the full NNLO effect

We choose μF=μR =mW  as central scale

Scale uncertainties computed by varying 
μF and μR  simultaneously and 
independently with 
1/2 mW  < μF, μR <2mW and 1/2 < μF/μR<2

Comparing with 5FS with subtraction of 
tt and Wt contribution we find 
agreement at the 1(2)% level

pp→WW+X at NNLO



gg→WW/ZZ+X at NLO
F.Caola, K.Melnikov, R.Röntsch, L.Tancredi (2015)

qqb and gg channels are often considered as independent processes and people 
think one can study them independently

but QCD evolution mixes the two channels and the only consistent approach 
would be to carry out a complete calculation at each order

NLO corrections to gg→WW/ZZ are formally N3LO but important given the 
large gluon luminosity



gg→WW/ZZ+X at NLO
F.Caola, K.Melnikov, R.Röntsch, L.Tancredi (2015)

NLO corrections to gg→WW increase the inclusive WW cross section by +2%

Recently matched to parton shower in the POWHEG framework
S.Alioli, F.Caola, G.Luisoni, R.Röntsch (2016)

NLO corrections to gg→WW/ZZ recently completed (no fermionic channels) 

moderate effect within NNLO scale uncertainties

As for ZZ, by using our NNLO setup they get an additional +6% shift at 
8 TeV  ( +7% at 13 TeV): exceeds the O(3%) scale uncertainty at NNLO

Not unexpected, given the larger size of gg contribution



WZ: inclusive cross section
S. Kallweit, D. Rathlev, M.Wiesemann, MG (2016)

On shell cross section: relative 
large QCD effects due to an 
approximate radiation zero at LO

. U. Baur, T. Han and J. Ohnemus (1994)

NLO effects range from 62 to 82%

NNLO effects range from 8 to 11%

From 7 to 14 TeV:

Scale uncertainties reduced down to the 2% level

Use NNPDF3.0 with μF =μR 
=(mW+mZ)/2 as central scale



WZ: inclusive cross section
S. Kallweit, D. Rathlev, M.Wiesemann, MG (2016)

NNLO corrections nicely improve the agreement with the data (with the exception 
of CMS at 13 TeV where, however, the uncertainties are still large)



WZ: inclusive cross section
S. Kallweit, D. Rathlev, M.Wiesemann, MG (2016)

NNLO corrections nicely improve the agreement with the data (with the exception 
of CMS at 13 TeV where, however, the uncertainties are still large)



WZ: fully differential
S. Kallweit, D. Rathlev, M.Wiesemann, MG (2017)

pTl > 15  GeV       |ηl| < 2.5   pTl’ > 20  GeV     |ηl’| < 2.5 

pp→l’νl’ l+l- ATLAS fiducial region: requires identification of the leptons 
coming from the W and the Z boson (non trivial in the case of 

identical flavours)

| mll - mZ | < 10 GeV     mTW >30 GeV     ΔRll > 0.2     ΔRll’ > 0.3

Pair with highest P 
is assigned to the Z 
boson

Fiducial cuts:

Setup: NNPDF3.0 central scale choice: μF=μR=1/2 (mZ+mW)



WZ: fully differential
S. Kallweit, D. Rathlev, M.Wiesemann, MG (2017)

NNLO effects on the relevant distributions improve the agreement 
with ATLAS data mostly due to the improved normalisation

Slightly different shape for pTmiss distribution which is driven by W-Z



WZ: fully differential: NP searches
S. Kallweit, D. Rathlev, M.Wiesemann, MG (2017)

Three lepton+MET signature relevant for many NP searches 

We follow the CMS analysis of CMS-PAS-SUS-16 024

Four categories are considered:

Dynamic scale more appropriate here

Selection cuts:



WZ: fully differential: NP searches

Very large corrections especially 
in Category II where NNLO 
effects can reach O(20%)

Different impact of radiative 
corrections on W+Z  and W-Z
due to the different partonic 
channels that contribute at LO



WZ: fully differential: NP searches

The use of a dynamical scale is essential to obtain perturbative stable 
distributions



Summary & Outlook

We provide a new NNLO parton level generator which implements all 
these calculations in a unique framework and includes all the vector-boson 
pair production processes

Matrix

The program combines the MUNICH Monte Carlo framework with 
amplitudes from Openloops and qT subtraction and will eventually 
include transverse-momentum resummation at NNLL 

Vector boson pair production is an essential process at hadron colliders: it 
is a background for Higgs and new physics searches and it may provide first 
evidence of new physics signatures

The computation of the two-loop helicity amplitudes made possible the 
exact fully exclusive NNLO calculations of ZZ, WW and WZ including 
leptonic decays



Some items on our to do list:

- Include anomalous couplings/BSM effects

- NLO gg in WW and ZZ
- Include EW corrections

Summary & Outlook
I have presented results for inclusive and differential cross sections for 
WW, ZZ, WZ including non-resonant contributions, off-shell and 
interference effects

The impact of NNLO corrections is significant and generally depends on 
the applied cuts

In the WW and in particular in the ZZ channels the loop-induced gg 
contributions is important and further increases the cross section



Thank you !



Backup



The WW cross section in the 5FNS
A better definition of the 5FNS cross 
section can be obtained by exploiting 
the different scaling behaviour with 1/Γt

Doubly (singly) resonant diagrams 
scale quadratically (linearly) with  1/Γt

A.Denner, S.Dittmaier, S.Kallweit,S.Pozzorini (2012)
F.Cascioli, P.Maierhofer, S.Kallweit, S.Pozzorini (2013)

As                      the logarithmic 
singularity is still present but for 
                           the 5FNS result is 
approximately independent on the veto

pveto
T,bjet ! 0

pveto
T,bjet ⇠> 10 GeV

The agreement with the 4FNS result is at the 1(2)% level for 8(14) TeV

tt and Wt component subtracted by 
exploiting this different behaviour
-



The calculation allows us to apply arbitrary kinematical cuts on the final state 
lepton(s), the photon and the QCD radiation

We present results of a complete calculation of pp→Vγ+X up to NNLO

We compute NNLO corrections to pp→l+l- γ+X and pp→lνγ+X by 
consistently including  the final state photon radiation from the leptons 
and the non resonant diagrams 

We consider pp collisions at 7 TeV and we use MMHT2014 PDFs with αS 
evaluated at each corresponding order

We set the central values of the scales to

Scale uncertainties computed by varying μF and μR  simultaneously and 
independently with 1/2 μo  < μF, μR <2 μo with no constraint on their ratio

µ0 =
q

m2
V + (p�T )

2

pp→Vγ +X at NNLO
S.Kallweit,D.Rathlev, A.Torre, MG (2013)

S.Kallweit,D.Rathlev, MG (2015)

We can compute fiducial cross sections and distributions !



pp→Zγ +X at NNLO
S.Kallweit,D.Rathlev, MG (2015)

see also J.Campbell, T.Neumann, C.Williams (2017)

pγT > 15 GeV plT > 25 GeV

|ηl| < 2.47|ηγ| < 2.37

mll > 40 GeV

ΔR(l/γ,jet) > 0.3

ΔR(l,γ) > 0.7

jets: anti-kt with D=0.4
pTjet > 15 GeV |ηjet| < 2.47

R=  0.4
ε=  0.5photon isolation: 

smooth coneATLAS cuts (arXiv:1302.1283)

Njet � 0

Njet = 0

+8%



pp→Wγ at NNLO
S.Kallweit,D.Rathlev, MG (2015)

pTmiss > 35 GeV

ATLAS cuts (arXiv:1302.1283)

pγT > 15 GeV plT > 25 GeV

|ηl| < 2.47|ηγ| < 2.37

ΔR(l/γ,jet) > 0.3

ΔR(l,γ) > 0.7

jets: anti-kt with D=0.4
pTjet > 15 GeV |ηjet| < 2.47

R=  0.4
ε=  0.5photon isolation: 

smooth cone

Njet � 0

Njet = 0

+19%


