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Examples of ESQPTs :

ESQPTs are singularities in quantum energy spectra (level density) and in expectation values of various
observables, which become nonanalytic in the infinite-size limit of the system
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Examples of ESQPTs

ESQPTs are singularities in quantum energy spectra (level density) and in expectation values of various
observables, which become nonanalytic in the infinite-size limit of the system

Interacting boson systems

e Lipkin model (qubit systems) s+t

e Vibron models (molecules) s+ {t_,7.}, s+ {p_1, 00, P+1}
¢ Two-site Bose-Hubbard model (Josephson junctions) {b_, b, }
* Three-mode boson model (spinor condensates) {b_q, by, b;+1}
e Interacting boson model (nuclei) s+ {d_,,d_;,dy, ds1,d;5}

Coupled atom-field (or other) systems

¢ Dicke model and its extensions (toy for cavity QED)
¢ Tavis-Cummings model (integrable version)
e Rabi model (qubit coupled to field)

¢ Bosonic atom-molecule systems

Fermi and Bose-Fermi systems

¢ Fermion Lipkin model
¢ Fermion pairing models
e Bose-Fermi models (e.g., the bilayer model)
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Examples of ESQPTs

ESQPTs are singularities in quantum energy spectra (level density) and in expectation values of various
observables, which become nonanalytic in the infinite-size limit of the system

Interacting boson systems -
g Y x< E.

e Lipkin model (qubit systems) s+t

e Vibron models (molecules) s+ {t_,7.}, s+ {p_1, 00, P+1}
¢ Two-site Bose-Hubbard model (Josephson junctions) {b_, b, }
* Three-mode boson model (spinor condensates) {b_q, by, b;+1}
e Interacting boson model (nuclei) s+ {d_,,d_;,dy, ds1,d;5}

Coupled atom-field (or other) systems

¢ Dicke model and its extensions (toy for cavity QED)
¢ Tavis-Cummings model (integrable version)
e Rabi model (qubit coupled to field)

¢ Bosonic atom-molecule systems

Fermi and Bose-Fermi systems

¢ Fermion Lipkin model
¢ Fermion pairing models
e Bose-Fermi models (e.g., the bilayer model)

4 Tavis-Cummings model
no symmetry broken

{ Rabi model
parity symmetry broken

All these models have finite (moderate) numbers of degrees of
freedom f (they represent fully connected many-body systems with
collective dynamics). However, similar effects have been observed
also in many-body systems with local interactions (hence with 5

f &« N — 00), e.g., in Heisenberg model in a random field... o



Semiclassical origin of ESQPTs

ESQPTs in the commonly observed form are rooted in the classical limit of the system because for finite-f
systems the scaled infinite-size limit N — oo is equivalent to the classical limit 72 — 0

Phase space (qy, ..., qf, D1, -, Pr) = (q, D) reven r odd
|

Hamiltonian function H(q, p) 1

r=20,4,8, ... r=15,9,...
1) Generic ESQPTSs are caused by
classical stationary points
a) The most common stationary point is
non-degenerate (locally quadratic),
classified by indexr = 0,1,2, ..., f 1=
(number of Hessian eigenvalues < 0) 0 P

b) The degenerate (locally flat) stationary aEf_l r=2,6,10,... r
points lead to stronger singularities of
various types (no classification)

3,7, 11,. ..
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ESQPTs in the commonly observed form are rooted in the classical limit of the system because for finite-f
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2) Some ESQPTs are caused by : i i
saddles/extremes of H(q,p) | \ﬁ i
on the phase-space boundary — :

For systems with bounded phase space 0.0 0.5 1.0 1.5 2.0

& finite Hilbert space N ~
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Dynamical signatures of ESQPTs ’

ESQPTs have various dynamical consequences, e.g., in the quantum quench dynamics ...
For quenches leading to the ESQPT spectral regions the survival probability of the initial state can be both enhanced (at small

times) or suppressed (at medium times) Example: Lipkin model with
2nd-order QPT and connected ESQPT
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ESQPTs have various dynamical consequences, e.g., in the quantum quench dynamics ...
For quenches leading to the ESQPT spectral regions the survival probability of the initial state can be both enhanced (at small
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Analogs of ESQPTs

Periodic lattice systems

Vibrations of D-dimensional periodic lattices with n phonons

phase space d=2f q,p — p d=nD quasimomentum

~

Hamiltonian H(q,p) — E(p) dispersion relation
d =2k d = 2k — 1
r=0,4,8,... TI:1,5.9.... r =0,4,8,. r’ 1,5,9,...
ak—lp—
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Analogs of ESQPTs

V.M. Bastidas, G. Engelhardt, P. Pérez-Fernandez, 8

M. Vogl, T. Brandes, PRA 90 (2014) 063628
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Periodic lattice systems
Vibrations of D-dimensional periodic lattices with n phonons
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Periodically driven systems
Time-dependent Hamiltonian ]’-]\(/1(15)) — HO + A(t)ﬁ'
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ESQPTs in scattering (tunneling) systems :

The level density formalism can be applied also in systems with continuous energy spectra ...
30

Basic ingredients:

| (a)
® Gamow-Siegert complex energy formalism & = E — E‘T‘ 207 Red(E) —— |
. . 1 1 10 - Im(DEE% _ ]
® Green operators of the full and free Hamiltonians \

e Complex continuum level density for£ = E & \I H & l H, " \//
; —10 + §
l

ReAp(E) +iImap(E) = Ap(E) =— lim Tr[G(E) — Go(E)] 1)

T I's0— 60 . . .
... it is connected with the complex transmission amplitude 0 Ren i Ap(€)  (b)
: : 1d o o — ]
,B(E) — elCI)(E) — e—ImCD(E)elReCD(E) Ap(E) — ——CD(E) 2) g; -
T dE .
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ESQPTs in scattering (tunneling) systems

The level density formalism can be applied also in systems with continuous energy spectra ...

Basic ingredients: 30
® Gamow-Siegert complex energy formalism & = E — EiF 2

® Green operators of the full and free Hamiltonians 1 1 _ 1
e Complex continuum level density for€ = E & \I H & l Hy !
J —10 -

l
ReAp(E) +iImAp(E) = Ap(E) = - rli%l_ Tr [G(g) Gy (5)] (1) 20

... it is connected with the complex transmission amplitude

B(E) = ei®(E) = g~ Im®(E)oiRe®(E) () — 1d

—®D(E) 2) 2!
waE D) |
... and with the complex-extended Eisenbud-Wigner t( ) 0
tunneling time (time shift) A ( ) — 3)
... whose smoothed form can be calculated classically th 10
Re A_t(E) = t+(E) —to(E) Im A_t(E) =t_(E) — to(E) 20 -

t,(E) = passage time through allowed regions of the potential V(x) at energy E

t_(E) = passage time through forbidden regions of the potential, i.e., passage
time of particle with energy —F through allowed regions of =V (x)

to(E) = passage time of a free particle
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ESQPTs in scattering (tunneling) systems 10

Stationary points of the tunneling potential tunneling potential complex-time tunneling trajectory
imply singularities in the complex continuum 1 fF———————f-—-----: 5 _ Re Im
level density. | \ K' e 7 ;‘/// -
e The singularities become nonanalyticinthe [ [} [ | | = 4+ Ch—
semiclassical limit aA/vM — 0 V _—-—19 2 .
* The singularities in the real and imaginary parts [\ O\ 1= X1 7 S
of Ap(FE) are different: e.g., a local minimum of P-f——Y—————\-E 21"
V(x) behaves as a minimum for Re Ap(E), but 0 - | - ' 'r"‘ '
acts as a local maximum for Im Ap(E). This ‘ » P :\ /\ /\ / no ‘f “
represents a dual extension of ESQPTs known —r—— ————r—1 o ¥ S VY S Y ) ISy B
from bound quantum systems with f =1 2 0 T2 ° > 00 > s
e Generalizations to systems with f > 1 is possible, smoothed complex continuum level density & tunneling time
but not yet elaborated in general (it is obvious in T~ - -
special cases of quasi-1D systems, like separable i{° v d
or spherically symmetric) ... i
v 0 -
P. Stransky, M. Sindelka, M. Kloc, P. Cejnar, ]
PRL 125 (2020) 020401 7hRe Ap 7hIm Ap
P. Stransky, M. Sindelka, P. Cejnar, 10 1T /- L Re AF  --mome- Im A7

PRA 103 (2021) 062207
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