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Doppler-Shift (RDDS) method. The nuclei of interest were produced in multi-nucleon transfer reactions 
induced by a 208Pb beam impinging on a 100Mo enriched target. The beam-like nuclei were detected 
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Octupole phonons in 208Pb �
Empirical single-particle 
energies.�
A `realistic’ interaction 
with about 35000 
TBMEs.�
1p-1h space: tν+tπ≤1 �

M. Rejmund et al., Phys. Rev. C 59 (1999) 2520�
B.A. Brown, Phys. Rev. Lett. 85 (2000) 5300 �
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Structure of a 3- phonon �
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Particle-hole basis.�
Diagonalisation of 
Hamiltonian matrix 
leads to a collective 
low-energy eigenstate�

3c
− = c "k k

ν jν "k jνk
−1;3−

"k k
∑

+ c "l l
π jπ "l jπl

−1;3−
"l l
∑



A schematic model�
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Degenerate single-
particle levels below 
and above shell gaps.�
Surface delta 
interaction (SDI): �

a1ν: νν interaction �
a1π: ππ interaction �
a0: T=0 νπ interaction �
a1: T=1 νπ interaction �



Properties of the SDI�

Particle-hole matrix elements are written as�
�
�
�
with�

j ! !k j! k
−1;J V̂! !

SDI j ! !l j ! l
−1;J = a1!
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Solution of the schematic model�
Exact solution: 4 x 4 matrix�
�
�
with�
�
Hρρ =

ΔερRρ +
a1ρ
2 RρRρ −TρTρ( ) ΔερTρ +

a1ρ
2 RρTρ − SρTρ( )

ΔερTρ +
a1ρ
2 RρTρ − SρTρ( ) ΔερSρ +

a1ρ
2 TρTρ − SρSρ( )

#

$

%
%
%

&

'

(
(
(

Hρ ρ =
a1−a0
4 RρR ρ −

a1+3a0
4 TρTρ
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4 TρS ρ
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Solution of the schematic model�
Exact solution: 4 x 4 matrix�
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with�
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Solution of the schematic model�
Exact solution: 4 x 4 matrix�
�
�
with�
�
H ! ! =

Δ" ! Rρ +
a1ρ
2 RρRρ −TρTρ( ) ΔερTρ +

a1ρ
2 RρTρ − SρTρ( )

ΔερTρ +
a1ρ
2 RρTρ − SρTρ( ) ΔερSρ +

a1ρ
2 TρTρ − SρSρ( )

#

$

%
%
%

&

'

(
(
(

Hρ ρ =
a1−a0
4 RρR ρ −

a1+3a0
4 TρTρ

a1−a0
4 RρTρ −

a1+3a0
4 TρS ρ

a1−a0
4 TρR ρ −

a1+3a0
4 SρTρ

a1−a0
4 TρTρ −

a1+3a0
4 SρS ρ

#

$

%
%

&

'

(
(

Rρ = fk 'k
ρ fk 'k

ρ

k 'k
∑ , Sρ = gk 'k

ρ gk 'k
ρ

k 'k
∑ , Tρ = fk 'k

ρ gk 'k
ρ

k 'k
∑ = 0.

H =
Hνν Hνπ

Hπν Hππ

!

"
#
#

$

%
&
&



Solution of the schematic model�

Approximate solution: 2 x 2 Hamiltonian matrix�

H =
Δεν −

a1ν
2 Sν − 3a0+a1

4 SνSπ
− 3a0+a1

4 SνSπ Δεπ −
a1π
2 Sπ

#

$

%
%
%

&

'

(
(
(

Sρ ≈
Nρ −1( )Nρ Nρ +1( ) 4Nρ +7( )

2Nρ +1( ) 2Nρ +3( )



Solution of the schematic model�

A generic expression for the octupole phonon: �
�
�
with�

3c
− ≈ ck 'k

ν jν #k jνk
−1;3−
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∑ + ck 'k
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The octupole phonon in 208Pb �
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Extension to odd-mass nuclei�
How to couple a particle or a hole to a phonon?�
Read Nuclear Structure. II Nuclear Deformations 
by A. Bohr and B.R. Mottelson.�



Octupole phonons in 209Pb �
Empirical single-particle 
energies.�
A `realistic’ interaction 
with about 35000 
TBMEs.�
1p-0h + 2p-1h space: tν
+tπ≤1 �

M. Rejmund et al., Phys. Rev. C 59 (1999) 2520�
B.A. Brown, Phys. Rev. Lett. 85 (2000) 5300 �
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Particle/octupole states in 209Pb �
The 9/2+ states: �
�
�
The 15/2- states: �
�
�
The particle-vibration coupling model (Bohr & 

Mottelson) estimates the mixing coefficients α 
and β. �

9 / 21
+ =α9 1g9/2 +β9 3c

− ×0 j15/2;9 / 2

9 / 22
+ = β9 1g9/2 −α9 3c

− ×0 j15/2;9 / 2

15 / 21
− =α15 0 j15/2 +β15 3c

− ×1g9/2;15 / 2

15 / 22
− = β15 0 j15/2 −α15 3c

− ×1g9/2;15 / 2



Octupole model for odd-mass nuclei�
Assume that states in the odd-mass nucleus are 

either of single-particle nature or a single 
particle coupled to the octupole phonon.�

Calculate shell-model matrix elements in this one- 
or two-dimensional basis.�

Test: Take overlap with the `full’ shell-model 
calculation in 1p-0h + 2p-1h basis.�



Shell-model analysis of 209Pb �
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Shell-model analysis of 209Pb �
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Shell-model analysis of 209Pb �
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Shell-model analysis of 209Pb �
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Spectrum of 209Pb �
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Conclusions and outlook �
Properties of the schematic model are found 

approximately in a realistic calculation.�
The separate neutron and proton phonons exist by 

virtue of the neutron-proton interaction, which, 
besides generating their collective structure, 
also couples them.�

The octupole phonon retains its collective 
structure when coupled to a particle or hole.�

To do: Schematic model of two-octupole-phonon 
states.�

P. Van Isacker & M. Rejmund, Phys. Rev. Research 4 (2022) L022031 �



Proton octupole phonon �
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A collective E3 transition �
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An anti-collective E3 transition �
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Neutron octupole phonon �
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An anti-collective E3 transition �
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Deconstructing the neutron phonon�
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Octupole phonons in 209Pb �



Shell-model analysis of 209Pb �

21/2+×10

×100

×1000

0 1 2 3 4 5 6 7
0

0.5

1

Excitation energy (MeV)

|�
J k+

|3
c-
×
j 15

/2
;J

�|
2



Shell-model analysis of 209Pb �

13/2+×10

×100

×1000

0 1 2 3 4 5 6 7
0

0.5

1

Excitation energy (MeV)

|�
J k+

|3
c-
×
j 15

/2
;J

�|
2



Shell-model analysis of 209Pb �

��/�-×��

×���

×����

� � � � � � � �
�

�	�

�


��
���
�� ������ (���)

|�
� �+

|�
�-
×
� �

/�
��

�|
�



Spectrum of 209Pb �
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