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Overview of lattice results for hadron 
spectroscopy and structure (2)
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Topic in QCD : Structure
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xWhat is the structure of the nucleon?

probing insights into nucleons
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JLAB
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Hadron Structure
§ Structure function/distribution functions
x deep inelastic scattering

xàxnðq, àx
nðȹq, àx

nðŭq
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Hadron Structure 
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§ Structure function/distribution 
functions
x deep inelastic scattering

xàxnðq, àx
nðȹq, àx

nðŭq

§ Form factors
x elastic scattering

x F1(Q
2), F2(Q

2), GA(Q2), GP(Q2)

§ Generalized Parton Distribution
xDVCS

xàxnī1ðq = An0(0), àxnī1ðȹq = A
~

n0(0),

àxnðŭq = ATn0(0), 

x F1(Q
2) = A10(Q

2), F2(Q
2) = B20(Q

2),

GA(Q2) = A
~

10(Q
2), GP(Q2) = B

~

10(Q
2)

xNucleon spin



Outline
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§/ƻƴǎǳƳŜǊΩǎ DǳƛŘŜ ǘƻ [ŀǘǘƛŎŜ {ǘǊǳŎǘǳǊŜ /ŀƭŎǳƭŀǘƛƻƴǎ
xNucleon structure with controlled systematics

in the physical limit (ά ᴼά , ὥᴼπ, ὒO Њ)

xPDF Moments 

§ x-dependent Nucleon Structure
xRecent Lattice PDFs Progress 

xApplications to Generalized Parton Distributions

x Future Prospectsand Challenges 

-ÉÓÓÉÎÇ ÍÅÓÏÎ ÓÔÒÕÃÔÕÒÅȟ  ÈÅÁÖÙ ÑÕÁÒË ÓÔÒÕÃÔÕÒÅȟ ȣ ÄÕÅ ÔÏ 
limited time
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Parton Distribution Functions
§ PDFs are universal quark/gluon distributions of nucleon
xMany ongoing/planned experiments

(BNL, JLab, J-PARC, COMPASS, GSI, EIC, LHeC, ȣ)
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How are the seaquarks and gluons, 
and their spins, distributed in space and 
momentum inside the nucleon?

Imaging of the proton

EIC White Paper, 1212.1701
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Global Analysis 

Theory 
Input

Expȭt
Input

Global Analysis 
of PDFs§ Some choices made

for the analysis
xChoice of data sets and kinematic cuts
xStrong coupling constant ɻs(MZ)
xHow to parametrize the distribution

xAssumptions imposed
SU(3) flavor symmetry, charge symmetry, strange and sea distributions

ὼὪὼȟ‘ ὥὼ ρ ὼ ὖὼ

§ Experiments cover diverse kinematics of parton variables
xGlobal analysis takes advantage of all data sets

ί Ӷί ‖ό ӶὨ
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Global Analysis
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§ Discrepancies appear when data is scarce
§ Many groups have tackled the analysis
xCTEQ, MSTW, ABM, JR, NNPDF, etc.

CTEQ-JLAB 

https://www.jlab.org/theory/cj/ 
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§ Lattice gauge theory was proposed in the 
1970s by Wilson
xWhy havenȭt we solved QCD yet?

§ Progress is limited by computational resources

§ Greatly assisted by advances in algorithms
xPhysical pion-mass ensembles are not uncommon!

1980s Today

Are We There Yet?
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§ Pick a QCD vacuum
xGauge/fermion actions, flavor (2, 2+1, 2+1+1), ά , a, Lȟ ȣ

Nucleon Matrix Elements
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§ Construct correlators (hadronic observables)
xRequires Ȱquark propagatorȱ

Invert Dirac-operator matrix (rank O(1012 )) 

Nucleon Matrix Elements
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Lattice-QCD calculation of ộN| qτɱq| NỚ

ὸ ὸ
Oi

q

Time

ὸ
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Nucleon Matrix Elements
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Lattice-QCD calculation of ộN| qτɱq| NỚ

ὸ ὸ

Time

ὸ

Oi
q

ὸ ὸ πȢωφÆÍ ὸ ὸ ρȢςÆÍ ὸ ὸ πȢωφɀρȢυφÆÍ

§ Careful analysis needed to remove systematics
x Wrong results if excited -state systematic is not under control
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Nucleon Matrix Elements
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Lattice-QCD calculation of ộN| qτɱq| NỚ

ὸ ὸ
ὸ

§ Systematic uncertainty (nonzero a, finite L, etc.)
xNonperturbative renormalization

e.g. RI/SMOM scheme in -3at 2 GeV
xExtrapolation to the continuum limit 

(mʌO mʌ
phys, L ᴼЊ, aᴼ0)

Oi
q
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Moments of PDFs
§ First moments are most commonly done 

§ State-of-the art example 
xExtrapolate to the physical limit
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§ Usually more than one LQCD calculation
x3ÏÍÅÔÉÍÅÓ ,1#$ ÎÕÍÂÅÒÓ ÄÏ ÎÏÔ ÅÖÅÎ ÁÇÒÅÅ ×ÉÔÈ ÅÁÃÈ ÏÔÈÅÒȣ 

ὼ Ὠὼὼ ήὼ

SantanuMondal et al (PNDME collaboration), 2005.13779
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Moments of PDFs
§ PDG-like rating system or average
§ LatticePDFWorkshop
x Lattice representatives came together and

devised a rating system

§ Lattice QCD/global fit status

Huey-Wen Lin ɂ The 2021 School on the Physics of Baryons 

ὼ Ὠὼὼ ήὼ

LatticePDFReport, 1711.07916, 2006.08636 
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Moments of PDFs
§ PDG-like rating system or average
§ LatticePDFWorkshop
x Lattice representatives came together and

devised a rating system

§ Recent lattice QCD/global fit status
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LatticePDFReport, 1711.07916,2006.08636 

ὼ Ὠὼὼ ɝήὼ

19



Moments of PDFs
§ PDG-like rating system or average
§ LatticePDFWorkshop
x Lattice representatives came together and

devised a rating system

§ Recent lattice QCD/global fit status
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LatticePDFReport, 1711.07916, 2006.08636 

S. Mondal et al (PNDME), 

2005.13779

ὼ Ὠὼὼ ήὼ‏
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From Charges to PDFs
§ Improved transversitydistribution with LQCD gT

xGlobal analysis with 12 extrapolation forms: Ὣ ρȢππφυψ

xUse to constrain the global analysis fits to
SIDIS “ production data from proton and deuteron targets
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Lin, Melnitchouk, Prokudin, Sato, 1710.09858, Phys. Rev. Lett. 120, 152502 (2018)
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Structure on the Lattice 
§ Traditional lattice calculations rely on

operator product expansion, only provide moments
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ὼ Ὠὼὼ ήὼ

ὼ Ὠὼὼ ɝήὼ

ὼ Ὠὼὼ ήὼ‏

most well known

very poorly known

spin-averaged/unpolarized

spin-dependent
longitudinally polarized

spin-dependent
transversely polarized

§ True distribution can only be recovered with all moments
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PDFs on the Lattice
§ Limited to the lowest few moments
x For higher moments, all ops mix with lower-dimension ops
xNovel proposals to overcome this problem

§ Relative error grows in higher moments
xCalculation would be costly
xHard to separate valence contrib. from sea
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W. Detmold and C. Lin, 

Phys. Rev. D73 (2006) 

014501

Z. Davoudi and M. J. 

Savage, Phys. Rev. D86 

(2012) 054505



§ Limited to the lowest few moments
x For higher moments, all ops mix with lower-dimension ops
xSome novel proposal to overcome this problem

§ Relative error grows in higher moments
xCalculation would be costly
xHard to separate valence contrib. from sea

§ New Strategy:
§ Adopt lightcone description for PDFs 
§ Calculate finite-boost quark distribution
x In ὖᴼЊ limit, parton distribution recovered
x For finite Pz, corrections are applied

through effective theory

§CŜŀǎƛōƭŜ ǿƛǘƘ ǘƻŘŀȅΩǎ ǊŜǎƻǳǊŎŜǎΗ 

Xiangdong Ji, PRL 111, 039103 (2013);

PDFs on the Lattice
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Bjorken -x Dependent 
Nucleon Structure
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xQuasi-PDF/large -momentum effective theory (LaMET)
(X. Ji, 2013; See 2004.03543 for review )

Direct x -Dependent Structure
§ Longstanding obstacle to lattice calculations!
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Quantities 
that can be 
calculated 

on the lattice
today

Wanted 
PDFs, 
GPDs,
etc.

pQCD-
calculated 

kernel
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xQuasi-PDF/large -momentum effective theory (LaMET)
(X. Ji, 2013; See 2004.03543 for review )

xPseudo-PDFmethod: differs in FT (A. Radyushkin, 2017) 

x Lattice cross-section method (LCS)  (Y Ma and J. Qiu, 2014, 2017)

xHadronic tensor currents (Liu et al., hep-ph/9806491, ... 1603.07352) 

xEuclidean correlation functions (RQCD, 1709.04325)

xȣ

Direct x -Dependent Structure
§ Longstanding obstacle to lattice calculations!
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Quantities 
that can be 
calculated 

on the lattice
today

Wanted 
PDFs, 
GPDs,
etc.

pQCD-
calculated 

kernel
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xKernel is a complicated object;
mostly only calculated up to one-loop level   

x Inverse problem to extract the wanted distribution
x Slightly different approaches from each group 
x Systematics vary

x Large momentum is needed in the lattice calculations in all 
methods to reach small-x region
x Current projects focus on mid- to large-x

Direct x -Dependent Structure
§ Longstanding obstacle to lattice calculations!
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Quantities 
that can be 
calculated 

on the lattice
today

Wanted 
PDFs, 
GPDs,
etc.

pQCD-
calculated 

kernel
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Physical Pion Mass Results
§ Quasi-PDF: two collaborationsΩ results at physical pion mass 
xBoost momenta ὖ ρȢτ'Å6
xStudy of systematics still needed

1708.05301 (LP
3
)

1803.02685 (ETMC)

CT14

Not using parametrization (e.g. ὼὪὼȟ‘ ὥὼ ρ ὼ ὖὼ)
Less pretty results; 
less likely to exactly coincide with global fits. 
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Physical Pion Mass Results
§ Quasi-PDF: two collaborationsΩ results at physical pion mass 
xBoost momenta ὖ ρȢτ'Å6
xStudy of systematics still needed

1708.05301 (LP
3
)

1803.02685 (ETMC)

CT14

Not using parametrization (e.g. ὼὪὼȟ‘ ὥὼ ρ ὼ ὖὼ)
Less pretty results; 
less likely to exactly coincide with global fits. 

Updated results at
physical pion mass

1803.04393 (LP
3
)

◊● ▀●
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Physical Pion Mass Results
§ Summary of physical pion mass results
xRecent study increase boost momenta ὖ σ'Å6

1708.05301 (LP
3
)

◊● ▀●
qPDF
pPDF
qPDF
pPDF

Finite volume, 
Discretization,
ȣ◊○● ▀○●

2006.08636, PDFLattice2019 report
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Physical Pion Mass Results
§ Summary of physical pion mass results
xRecent study increase boost momenta ὖ σ'Å6

1708.05301 (LP
3
)

◊● ▀●

2006.08636 , PDFLattice2019 report

●

Finite volume, 
Discretization,
ȣ

qPDF
pPDF
qPDF
pPDF
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Transversity
§ Summary of physical pion mass results
xQuasi-PDFmethod only 

Finite volume, 
Discretization,
ȣ

◊● ▀●
Transversity

▀● ◊●

2006.08636, PDFLattice2019 report
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Transversity
§ Summary of physical pion mass results
xQuasi-PDFmethod only 

Finite volume, 
Discretization,
ȣ

◊● ▀●
Transversity

▀● ◊●

2006.08636 , PDFLattice2019 report
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Gluon PDF in Nucleon
§ Gluon PDF using pseudo-PDF
x Lattice details: clover/2+1+1 HISQ 0.12 fm, 

310-MeV sea pion

xStudy strange/light-quark

Z. Fan. et al (MSULat), 

2007.16113

Slide by Zhouyou Fan@DNP2020

ZhouyouFan
(MSU)
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First Lattice Strange PDF
§ Large uncertainties in global PDFs 
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CTEQ-JLAB https://www.jlab.org/theory/cj/ 

xAssumptions imposed due 
to lack of precision data 

ί Ӷί ‖ό ӶὨ
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First Lattice Strange PDF
§ Large uncertainties in global PDFs 
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CTEQ-JLAB https://www.jlab.org/theory/cj/ 

xAssumptions imposed due 
to lack of precision data 

ί Ӷί ‖ό ӶὨ

§ Results by MSULat/quasi-PDF
method 
xClover on 2+1+1 HISQ,

ὥ πȢρςÆÍ

extrapolated 

to ὓ ρτπMeV

2005.12015, Zhang, Lin, Yoon
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First Lattice Strange PDF
§ Large uncertainties in global PDFs 
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CTEQ-JLAB https://www.jlab.org/theory/cj/ 

xAssumptions imposed due 
to lack of precision data 

ί Ӷί ‖ό ӶὨ

Slide by Rui Zhang @ DNP2020

Rui Zhang
(MSU)
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First Lattice Charm PDF
§ Large uncertainties in global PDFs 
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2005.12015, R. Zhang et al (MSULat)

§ Results by MSULat/quasi-PDF method 

Rui Zhang
(MSU)
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First Continuum PDF
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§ Nucleon PDFs using quasi-PDFsin the continuum limit 
x Lattice details: clover/2+1+1 HISQ (MSULat)

a {0.06,0.09,0.12} fm, 

Mʌᶲ {135,220,310}-MeV pion, 

MʌL {ɸ3.3, 5.5}.

ὖ ς'Å6

xNaïve extrapolation to physical-continuum limit  

2011.14971, HL et al (MSULat)
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First Continuum PDF
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§ Nucleon PDFs using quasi-PDFsin the continuum limit 
x Lattice details: clover/2+1+1 HISQ (MSULat)

a {0.06,0.09,0.12} fm, 

Mʌᶲ {135,220,310}-MeV pion, 

MʌL {ɸ3.3, 5.5}.
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xNaïve extrapolation to physical-continuum limit  

2011.14971, HL et al (MSULat)
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Bjorken -x Dependent GPDs
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Generalized Parton Distributions
§ On the lattice, one needs to calculate the following 

(nucleon example)

§ continuum limit 
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N ὖ ᴆήȾς

ὗς ɜ

N ὖ ᴆήȾς
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First Lattice GPDs
§ Pioneering first glimpse into pion GPD using LaMET 
x Lattice details: clover/HISQ, 0.12fm, 310-MeV pion mass

ὖ ρȢσȟρȢφ'Å6
J. Chen, HL, J. Zhang, 1904.12376

‚ π

Ὄ ὼȟ‚ȟὸȟ‘
Ὠ–

τ“
Ὡ “ὖ ɝȾς ή

–

ς
‎ɜ

–

ς
ȟ
–

ς
ή

–

ς
“ὖ ɝȾς

(plot by J. Zhang) 

ὖ ρȢφ'Å6
ὖ ρȢφ'Å6
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Isovector Nucleon GPDs
§ Pioneering first glimpse into nucleon GPD using quasi-PDFs
x Lattice details: twisted-mass fermions, 0.09fm, 270-MeV pion 

mass, ὖ πȢψσ'Å6

C. Alexandrou, (ETMC), 1910.13229 (Lattice 2019 Proceeding)

nucleon ‚ πisovector results

45



Isovector Nucleon GPDs
§ Nucleon GPD using quasi-PDFs at physical pion mass 
x Lattice details: clover/2+1+1 HISQ

0.09fm, 135-MeV pion mass, ὖ ς'Å6

x‚ πisovector nucleon quasi-GPD results
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finite -volume, 
discretization,
ȣ
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2008.12474, HL (MSULat)
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Isovector Nucleon GPDs
§ Nucleon GPD using quasi-PDFsat physical pion mass  
x Lattice details: clover/2+1+1 HISQ (MSULat)

0.09 fm, 135-MeV pion mass, ὖ ς'Å6

x‚ πisovector nucleon quasi-GPD results

Ὠὼὼ Ὄ ὼȟ‚ȟὸ

ȟ

ς‚ὃ ὸ ς‚ ὅ ὸ
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ὲ ρ

2008.12474, HL (MSULat)
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Nucleon GPDs
§ Nucleon GPD using quasi-PDFsat physical pion mass  
x Lattice details: clover/2+1+1 HISQ (MSULat)

0.09 fm, 135-MeV pion mass, ὖ ς'Å6

x‚ πisovector nucleon quasi-GPD results

Ὠὼὼ Ὁ ὼȟ‚ȟὸ

ȟ

ς‚ὄ ὸ ς‚ ὅ ὸ
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ὲ ς

2008.12474, HL (MSULat)
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Nucleon Tomography
§ Nucleon GPD using quasi-PDFsat physical pion mass  
x Lattice details: clover/2+1+1 HISQ (MSULat)

0.09 fm, 135-MeV pion mass, ὖ ς'Å6

x‚ πisovector nucleon quasi-GPD results

ήὼȟὦ
Ὠᴆή

ς“
Ὄὼȟ‚ πȟὸ ᴆή Ὡ ẗ

Huey-Wen Lin ɂ The 2021 School on the Physics of Baryons 

2008.12474, HL (MSULat)
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Nucleon Tomography
§ Nucleon GPD using quasi-PDFsat physical pion mass  
x Lattice details: clover/2+1+1 HISQ (MSULat)

0.09 fm, 135-MeV pion mass, ὖ ς'Å6

x‚ πisovector nucleon quasi-GPD results

ήὼȟὦ
Ὠᴆή

ς“
Ὄὼȟ‚ πȟὸ ᴆή Ὡ ẗ
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2008.12474, HL (MSULat)
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Future Prospects & Challenges
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Physical Pion Mass Results
§ Summary of physical pion mass results
xRecent study increase boost momenta ὖ σ'Å6

▀● ◊●
qPDF
pPDF
qPDF

2006.08636 , PDFLattice2019 report

Finite volume, 
Discretization,
ȣ
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Physical Pion Mass Results
§ Summary of physical pion mass results
xRecent study increase boost momenta ὖ σ'Å6

▀● ◊●

2006.08636, PDFLattice2019 report

Finite volume, 
Discretization,
ȣ

qPDF
pPDF
qPDF
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Backstory 
§ Many of you are old enough to remember this:
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Caveat: These matrix elements are not properly renormalized  
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