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Ion optics



What we learned yesterday? 

For a beam ellipse 

Resolving power (95%)  = 
(𝒙|𝜹)

∆𝒙 (𝟐.𝟒𝟓 𝝈)



1. Lorentz force: A charged particle moving in an electromagnetic field experiences a force.

Why it works?

Thanks to the Lorentz force F and Newton’s second law

Electic Magnetic

Force     Force

This force causes a centripetal acceleration and consequently a circular motion of the 
particle in the medium based on the equations described below.

𝐹𝑐𝑒𝑛𝑡𝑟𝑖𝑝𝑒𝑡𝑎𝑙 =
𝑚𝑣2

𝑟

Radius r → ρ

2. Newton’s second law

𝑭 = 𝑚 𝒂

𝑑𝒑

𝑑𝑡
= 𝑭 = 𝑞(𝑬 + 𝒗 × 𝑩)





Ion optics

Taylor expansion in x, a, y, b and δ

𝑥1 = 𝑥 𝑥) 𝑥0+ 𝑥 𝑎) 𝑎0 + 𝑥 𝛿)𝛿 + 𝑥 𝑥2)𝑥0
2+ 𝑥 𝑥𝑎) 𝑥0𝑎0+ 𝑥 𝑎2)𝑎0

2

𝑥 𝑥𝛿) 𝑥0+ 𝑥 𝑎𝛿) 𝑎0𝛿+ 𝑥 𝛿2)𝛿2 + 𝑥 𝑦2)𝑦0
2+ 𝑥 𝑦𝑏) 𝑦0𝑏0 + 𝑥 𝑏2)𝑏0

2 + higher orders

𝐻𝑖𝑔ℎ𝑒𝑟 𝑜𝑟𝑑𝑒𝑟𝑠 ∶ 𝑒. 𝑔. 𝑥 𝑎2 =
𝜕𝑥

𝜕𝑎𝜕𝑎
= 𝑇122

𝑥 … )=  
𝜕

𝜕𝑥

First order



Following Taylor expansion the trajectory component Xi after propagation through 
an ion optical element can be calculated from

where Yi are the components of the trajectory before the ion optical element, and
(Xi | Yj), (Xi | YjYk), (Xi | YjYkYl), . . . are the first-order, second-order, third-order, . . . 
transfer coefficients

This can be described as matrix–vector multiplication with : 

6 × 6 matrix in first order
6 × 62 matrix in second order,
6 × 63 matrix in third order, etc.

Transfer matrix formalism



𝑥
𝑥′
𝑦

𝑦′
𝑙
𝛿

=

𝑇11 𝑇12 𝑇13 𝑇14 𝑇15 𝑇16
𝑇21 𝑇22 𝑇23 𝑇24 𝑇25 𝑇26
𝑇31 𝑇32 𝑇33 𝑇34 𝑇35 𝑇36
𝑇41 𝑇42 𝑇43 𝑇44 𝑇45 𝑇46
𝑇51 𝑇52 𝑇53 𝑇54 𝑇55 𝑇56
𝑇61 𝑇62 𝑇63 𝑇64 𝑇65 𝑇66

𝑥0
𝑥′0
𝑦0
𝑦′0
𝑙0
𝛿0

T =

(𝑥|𝑥) (𝑥|𝑎) (𝑥|𝑦) (𝑥|𝑏) (𝑥|𝑙) (𝑥|𝛿)
(𝑎|𝑥) (𝑎|𝑎) (𝑎|𝑦) (𝑎|𝑏) (𝑥|𝑙) (𝑎|𝛿)
(𝑦|𝑥) (𝑦|𝑎) (𝑦|𝑦) (𝑦|𝑏) (𝑥|𝑙) (𝑦|𝛿)
(𝑏|𝑥) (𝑏|𝑎) (𝑏|𝑦) (𝑏|𝑏) (𝑥|𝑙) (𝑎|𝛿)
(𝑙|𝑥) (𝑙|𝑎) (𝑙|𝑦) (𝑙|𝑏) (𝑥|𝑙) (𝑙|𝛿)
(𝛿|𝑥) (𝛿|𝑎) (𝛿|𝑦) (𝛿|𝑏) (𝑥|𝑙) (𝛿|𝛿)

Transfer matrix formalism



𝑇11 = 𝑚𝑎𝑔𝑛𝑖𝑓𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑖𝑛 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙

𝑇16 = 𝑑𝑖𝑠𝑝𝑒𝑟𝑠𝑖𝑜𝑛 𝑖𝑛 𝑚𝑜𝑚𝑒𝑛𝑡𝑢𝑛 = 𝑑𝑖𝑠𝑝𝑒𝑟𝑠𝑖𝑜𝑛 𝑖𝑛 𝐵𝜌

𝑇33 = 𝑚𝑎𝑔𝑛𝑖𝑓𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑖𝑛 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙

𝑇12 = 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑒𝑝𝑒𝑛𝑑𝑎𝑛𝑐𝑒 𝑖𝑛 ℎ𝑜𝑟𝑖𝑧𝑜𝑛𝑡𝑎𝑙

𝑇34 = 𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑒𝑝𝑒𝑛𝑑𝑎𝑛𝑐𝑒 𝑖𝑛 𝑣𝑒𝑟𝑡𝑖𝑐𝑎𝑙

Transfer matrix formalism

Most crucial parameters : 

T =

(𝑥|𝑥) (𝑥|𝑎) (𝑥|𝑦) (𝑥|𝑏) (𝑥|𝑙) (𝑥|𝛿)
(𝑎|𝑥) (𝑎|𝑎) (𝑎|𝑦) (𝑎|𝑏) (𝑥|𝑙) (𝑎|𝛿)
(𝑦|𝑥) (𝑦|𝑎) (𝑦|𝑦) (𝑦|𝑏) (𝑥|𝑙) (𝑦|𝛿)
(𝑏|𝑥) (𝑏|𝑎) (𝑏|𝑦) (𝑏|𝑏) (𝑥|𝑙) (𝑎|𝛿)
(𝑙|𝑥) (𝑙|𝑎) (𝑙|𝑦) (𝑙|𝑏) (𝑥|𝑙) (𝑙|𝛿)
(𝛿|𝑥) (𝛿|𝑎) (𝛿|𝑦) (𝛿|𝑏) (𝑥|𝑙) (𝛿|𝛿)



Focal points
Achromatic system: 

T16= T26= 0 
(x|δp) = (a|δp)



MAGNETIC  DIPOLE



M. SEXTUPOLEM. QUADRUPOLE

Electric
MULTIPOLE

𝑑𝒑

𝑑𝑡
= 𝑭 = 𝑞(𝑬 + 𝒗 × 𝑩)



Advanced Magnet Design

Two superimposed coils, oppositely skewed
pure cosine-theta field 
No axial field. 



Aberrations and ith order counterpart

No aberrations



C-shape
2nd order

S-shape
3rd order

Aberrations and ith order counterpart



Aberrations and ith order counterpart

No aberrations

Dipole

Quadrupole

Sextupole

Octupole



Zeroth
Order

First
Order

Second
Order

Third
Order

Fourth
Order

Fifth
Order

Dipole x x x x x x

Quadrupole ⃝ x x x x x

Sextupole ⃝ ⃝ x x x x

Octupole ⃝ ⃝ ⃝ x x x

Decapole ⃝ ⃝ ⃝ ⃝ x x

Dodecapole ⃝ ⃝ ⃝ ⃝ ⃝ x

Influence on m-pole elements on the aberrations up to fifth order.

A symbol ⃝ indicates that multipole elements can not influence 
aberrations o the indicated order



GSI FRAGMENT SEPARATOR FRS



GSI FRAGMENT SEPARATOR FRS
GICOSY





GSI FRAGMENT SEPARATOR FRS



GSI FRAGMENT SEPARATOR FRS degrader



GSI FRAGMENT SEPARATOR FRS





BIGRIPS RIKEN



Comparison of Fragment Separators



GSI FRAGMENT SEPARATOR FRS: high-order

Assume a short sextupole of strength S2 at some point in the system. Then the influence 
on the 2nd order coefficients can be expressed by the size of the 1st order. The influence 
of the coupling coefficient (x,aa) is given by (See table p. 108 in  SLAC 75) : 

𝑑(𝑥, 𝑎𝑎)/𝑑𝑆2= 2(( 𝑥, 𝑎 𝑓 𝑥, 𝑥 − 𝑥, 𝑥 𝑓 𝑥, 𝑎 ) 𝑥, 𝑎 𝑥, 𝑎 )

where 𝑥, 𝑎 𝑓 and 𝑥, 𝑥 𝑓 are taken at the end of the system and the other terms at the 

position of the sextupole. 



Aberrations and ith order counterpart

No aberrations

Dipole

Quadrupole

Sextupole

Octupole



Zeroth
Order

First
Order

Second
Order

Third
Order

Fourth
Order

Fifth
Order

Dipole x x x x x x

Quadrupole ⃝ x x x x x

Sextupole ⃝ ⃝ x x x x

Octupole ⃝ ⃝ ⃝ x x x

Decapole ⃝ ⃝ ⃝ ⃝ x x

Dodecapole ⃝ ⃝ ⃝ ⃝ ⃝ x

Influence on m-pole elements on the aberrations up to fifth order.

A symbol ⃝ indicates that multipole elements can not influence 
aberrations o the indicated order



Then End


