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  Breakup reaction is one of the main tools for the study of exotic nuclei.

 The optical potential model can be obtained microscopically through a folding model       

approach : single folding and double folding.  

  The  single-folded optical potential is more accurate than the double-folded optical potential.

Motivation
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In this  work  

 A systematic comparison of calculated reaction cross sections on a   

target via a single folding versus a double folding  optical potential. 

Comparison of  the strong absorption radius parameter extracted from the S 

matrices for  single folding and double folding results.

9Be
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   The eikonal reaction cross section:

σR = 2π∫
∞

0
bdb (1 − SPT(b)

2)
Where

SPT(b)
2

= e2χI(b)

  The imaginary part of the eikonal phase shift:

χI(b) =
1

ℏv ∫ dzWPT(b, z)

(1)

(2)

(3)

Basic equations of eikonal formalism
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Single folding potential:

WPT
s.f. (r) = ∫ db1WnT (b1 − b, z)∫ dz1ρP (b1, z1)

Double folding potential:

WPT
d.f.(r) = −

1
2

ℏvσnn ∫ db1ρT (b1 − b, z)∫ dz1ρP (b1, z1)

Densities: HFB code

(4) (5)

n+9Be phenomenological 
nucleon-target potential (AB) 

• A. Bonaccorso, R.J. Charity, Phys. Rev. C 89 (2014) 024619. 

Energy-dependent 
 nucleon-nucleon (nn) 

 cross section 

• C.A. Bertulani, C. De Conti, Phys. Rev. C 81 (2010) 064603. 

➡  Eq. (5) can be given the same structure as Eq. (4) by defining 

WnT(r) = − 1
2 ℏvσnnρT(r) (6)

Basic equations of eikonal formalism
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ANGELA BONACCORSO AND ROBERT J. CHARITY PHYSICAL REVIEW C 89, 024619 (2014)
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FIG. 1. (Color online) Neutron and proton-9Be experimental and
calculated cross sections. Experimental neutron total cross-section
data in circles (red online) [2], and the available elastic (diamonds,
green online) [3–8] and reaction data [4,5,7,9–15] (proton data, trian-
gles, cyan online; neutron data, circles, orange online). Calculations:
total cross section (solid and dashed lines, violet online), elastic cross
section (solid and dashed lines, green online), and reaction cross
section (solid and dashed lines, cyan online) as indicated in the legend.

the fit to the total cross sections. The final calculated cross
sections obtained by an optical-model code are indicated by
the dashed curves in Fig. 1.

The AB potential used in the optical-model calculations is
defined as follows:

UAB(r,E) = − [VWS(r,E) + δV (r,E) + iWAB(r,E)] . (1)

 [deg]c.m.θ
0 50 100 150

 [m
b/

sr
]

Ω
/dσd

210

610

1010

1410

1810

2110

4

5.9

11

12

13

14

14.1

14.6

15.0

18 21.6

96

136 DOM
AB
D&G

FIG. 2. (Color online) Fitted elastic-scattering angular distribu-
tions for n + 9Be with the dispersive optical model, the AB potential,
and the Dave and Gould (DG) potential [19]. The experimental data
are from Refs. [6,8,19,37–42]. For display purposes, the fits and data
have been successively scaled by a further factor of 30 for each higher
neutron energy. Curves and data are labeled by the neutron laboratory
energy in MeV.

The real part of the neutron-target interaction is given by VWS ,
the usual Woods-Saxon potential plus spin-orbit:

VWS(r) = V Rf (r,RR,aR)

−
(

!
mπc

)2
V so

r

d

dr
f (r,Rso,aso)l · σ (2)

where the Woods-Saxon form factor is

f (r,Ri,ai) = 1

1 + e
r−Ri

ai

(3)

and

Ri = ri
0A

1/3. (4)

The quantity δV is a correction which originates from
surface-deformation effects and represents channels for which
a simple Woods-Saxon form is not appropriate. Such couplings
suggest the following additional real surface potential [36]:

δV (r) = 16αe2(r−RR )/aR/(
1 + e(r−RR )/aR)4

. (5)

The imaginary part of the optical-model potential is

WAB(r) = W volf (r,RI ,aI ) − 4aIW sur d

dr
f (r,RI ,aI ). (6)

The parameters of UAB(r,E) for the n-9Be interaction used in
this paper are given in Table I.

From 0 to 5 MeV, the experimental n-9Be cross section
includes some resonances in the elastic scattering that, as
expected, the simple phenomenological optical potential can-
not reproduce in detail. We have obtained two resonances at
Elab = 0.7 MeV (p1/2) and Elab = 3.1 MeV (d5/2) using two
different parameters for the δV potential of Eq. (5), namely
α = −26.05 MeV and α = 3 MeV. We further discuss such
values later. Notice that in the n + 9Be system, the thresholds
for α + 6He and 2n + 8Be are both below 2 MeV. We have
simulated the peak around 2.5 MeV by varying the real
potential as the data seem to be dominated by the elastic
scattering. Thus the large enhancement of the low-energy
cross section is obtained mainly thanks to the surface real
term. Starting from 3 MeV, we have a small surface imaginary
term which reproduces the reaction data which is probably due
to surface oscillations and breakup and also a small volume
imaginary potential.

III. A DISPERSIVE OPTICAL MODEL POTENTIAL n-9Be

The second method we present is the dispersive optical
model developed by Mahaux and Sartor, of which a complete
description can be found in Ref. [21]. The real part of
the nucleon self-energy or optical-model potential can be
decomposed into an energy-independent nonlocal part and an
energy-dependent part, which can also be nonlocal, i.e.,

Re%(r,r ′; E) = Re%(r,r ′; EF ) + &V(r,r ′; E), (7)

where EF is the Fermi energy and the second term, the
dispersive correction, can be determined from the imaginary

024619-2

• A. Bonaccorso, R.J. Charity, Phys. Rev. C 89 (2014) 024619. 

Justification Reminder: 

WPT
s.f. (r) = ∫ db1WnT (b1 − b, z)∫ dz1ρP (b1, z1) (4)

6



Differences Between a Single- and a Double-Folding 333

would be a single-folded zero-range n-target imaginary potential and v is the nucleon-target velocity of relative
motion. This equation shows that the WnN potential has the same range as the target density because σnn is a
simple scaling factor and does not contain much dynamical effects.

In this case, the phase shift becomes:

χI (b) = −1
2
σnn

∫
db1

∫
dz ρ(b1 − b, z)

∫
dz1 ρ(b1, z1). (7)

A finite range potential can also be defined as:

WNN (r) = −1
2
h̄v

∫
dr1dr2 ρp(r1) ρt (r2)vnn(r1 + r − r2) (8)

Where vnn can be a finite-range or zero-range Gogny or M3Y or phenomenological nucleon-nucleon inter-
action. Equation (8) can give reasonable potentials whose imaginary parts need however to be renormalized
most of the times.

In this paper we will: (i) first compare the characteristics of the imaginary potentials from Ref. [2] with
those of the potential obtained from Eq. (6) with the 9Be density from Ref. [3]; (ii) calculate Eq. (3) with the
potentials of Ref. [2] and Eq. (5) with the microscopic densities; (iii) compare the respective S-matrices from
Eq. (2) and obtain the strong absorption radii Rs defined as |SNN (Rs)|2 = 1

2 ; (iv) calculate the reaction cross
sections obtained from Eq. (1).

3 n-9Be Imaginary Potential

In this section we compare the (DOM) and (AB) potentials with the potential from Eq. (6). Figure 1 shows on
the LHS, the neutron-9Be imaginary potential at 100MeV. The blue full curve, is the (AB) potential from Ref.
[2] while the dotted curves are from Eq. (6) using 9Be density from Ref. [3,4]. The red curve was obtained
using σnp while the blue curve with σpp for which we used the parametrized form given in Ref. [5]. The
RHS is the same as the LHS but at an energy of 40MeV. The red full curve is the (DOM) potential from Ref.
[2]. This figure shows that both “phenomenological” potentials (DOM) and (AB) are dominated by surface
components and have a longer range than the folded potential, although the latter is obtained from a realistic
density. For example at 40MeV we get < r2 >1/2 = 2.72 fm for the (AB) potential and < r2 >1/2 = 3.12 fm
for the (DOM) potential while the folded potential gives< r2 >1/2 = 2.41 fm. Notice also that the 9Be density
from Ref. [3] provides< r2 >1/2 = 2.42 fm while the charge distribution r.m.s. from Ref. [6] is 2.519 fm. Thus
it is clear that a folded potential is affected by the ambiguities discussed in Ref. [7] related to the choice of
the nucleon-nucleon cross section, but what is most important at least for a light, very deformed nucleus like
9Be, it will miss the strong dynamical effect, contained instead in a phenomenological potential, of a surface
dominance and a longer range.

Fig. 1 (Color online) LHS: Absolute values of neutron-9Be imaginary potential at 100MeV. Blue full curve, (AB) potential from
Ref. [2]. Dotted curves from Eq. (6) using 9Be density from Ref. [3]. Red with σnp , blue with σpp . RHS: Same as LHS but at 40
MeV. The red full curve is the (DOM) potential from Ref. [2]• A. Bonaccorso, et al. Few-Body Syst (2016) 57 :331-226. 

E=100 MeV

(AB) Potential

Eq.(6) ( )σpp

Eq.(6) ( )σnp WnT(r) = − 1
2 ℏvσnnρT(r) (6)

Justification
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Results : Reaction cross section  
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I. Moumene and A. Bonaccorso, Nucl. Phys. A 1006 (2021) 
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Results : Reaction cross section  
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I. Moumene and A. Bonaccorso, Nucl. Phys. A 1006 (2021)  : M. Fukuda, Y. Morita et al., JPS Conf. Proc. 6, 030103 (2015). 

 : H. Du, M. Fukuda et al., Acta Physica Polonica B 48, 473 (2017). J. A 25 (s01) (2005) 221. 

 : K. Tanaka, M. Fukuda, et al., Eur. Phys. J. A 25 (s01) (2005) 221.

 : M. Fukuda, private communication. 
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Strong absorption radius  

The strong absorption radius: 

|SPT (RS) |2 =
1
2

With

Rs = rs (Einc) (A1/3
P + A1/3

T )

: Determine the range of impact parameters for which surface reactions 
dominate the core-target interaction from regions in which the strong 

absorption regime applies. 


rs
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Reminder: 

 σR = 2π∫
∞

0
bdb (1 − SPT(b)

2)
SPT(b)

2
= e2χI(b)

(7)

(8)
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I. Moumene and A. Bonaccorso, Nucl. Phys. A 1006 (2021) 

Results: Strong absorption radius  
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Results : Strong absorption radius  

50 100 150 200
E/A (MeV)

1

1.2

1.4

r s (f
m

)

12N s.f.
12N d.f.
15C s.f.
15C d.f.

I. Moumene and A. Bonaccorso, Nucl. Phys. A 1006 (2021) 
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 The single folding  model is more reliable than the double folding model in describing 

the  total reaction cross sections for several nuclei. 

The d.f. gives smaller reaction cross sections and in turn it is expected to produce 

larger breakup cross sections. 

 The  fact that the single folding  model has provided very stable values of the strong   

absorption radius parameter, r_s=1.3-1.4 fm, confirms the validity and potentiality of 

our s.f. approach for future studies with breakup and knockout  reactions. 

Study the reaction cross section using densities from coupled cluster model (In 

progress)

Conclusion
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Thank you for your attention


