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The Proton Size Puzzle
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Until 2010, conventional 
wisdom had the proton’s rms 

radius rp= 0.875(6) fm
This came both from 
electron scattering 

and hydrogen Lamb 
shift measurements

In 2010, muonic 
hydrogen Lamb shift  

measurements 
found 

rp = 0.84184(67) fm 

(CODATA)
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Size Puzzle Solution?
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Either some extractions of the radius from  
data  are wrong or there is new physics

If the muon, for example, couples to a yet unknown 
particle, possibly dark matter, and the electron 

doesn’t, this could explain the discrepancy 

Everyone hopes for new physics, 
but it has been hard to find
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rp History
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Pohl, doi:10.1146/annurev-nucl-102212-170627 
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The Stakes
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Can we really determine the proton’s radius  
by electron scattering experiments?

If so, what have we been missing?

The answer, perhaps, lies not in the 
realm of new physics, but in 

the mundane mechanics of modeling 
 real and imperfect experimental data
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How to Measure rp with µH
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Schematic level 
structure of muonic 

hydrogen for   n = 2.

Pohl, doi:10.1038/nature09250 

=

rp = 0.84184(67) fm 
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Muonic Hydrogen
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Pohl, doi:10.1146/annurev-nucl-102212-170627 
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Hydrogen Lamb Shift
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Pohl, doi:10.1146/annurev-nucl-102212-170627 
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How to Measure rp with ep
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GE(Q2)=1−[rp2/6]Q2 + cQ4 +… 
rp is gotten from the slope of GE(Q2) at Q2 =0

This definition of rp is consistent with that measured 
in Lamb-Shift atomic transitions

Determining the proton’s rms radius from ep elastic 
scattering is as easy and as hard as determining the 

slope of  GE(Q2) at Q2 =0

The problem is nobody can measure at Q2 =0, 
so everyone must extrapolate.          
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Fitting GE(Q2)
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Can’t we just fit GE to a power series in 
Q2 and extract the linear term?

Yes, but…

No…

One must match the power series to the correct range  
of Q2 in order to extrapolate well to Q2=0

A global fit that includes regions of GE where the 
linear term is small can skew the fit at the origin
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Fit Bias
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• Dipole form 
• f(Q2)=(1+Q2/Λ2)-2 
• Λ2=0.660 (rp=0.84 fm) 

Perfect Data 
• Fit to Polynomial 
• Bias for low order plus 

large cutoff

c1

c2
c3
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Fit Bias with Statistical Data
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Generated: f(x)=e-x  [0,1]
Fit: f(x)=c0[1+c1Q2+c2Q4]
[0.02,0.1] 15 trials of 109 events  
[0.02,0.1] 50 trials of 107 events 
[0.00,0.1] 50 trials of 107 events 
[0.02,0.2-4] 50 trials of 107 events

For region where data  
drop by 10% [0,0.1] 
c1 is true 
c2 is slightly low

c1

c0

c2 χ2

No bias in slope



25-30 September 2016 Hadronic Contributions to New Physics Searches

A Safe Model
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From Monte Carlo Studies we conclude that fits of the form

c0GE(Q2)=c0[1−c1Q2 + c2Q2]

applied over a range where GE drops by 10%  
from unity at Q2=0 

yield an unbiased c1 (i.e. an unbiased radius)

Let’s apply this to data going back to early 1960s 
and to what happens 
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Hand et al. 1963
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norm=0.996(7) 

Q
4
 term = 0.006(5) 

rp=0.80(5)

χ
2
/dof=1.21

• Fit to all GE data at 
the time with Q2 <3   
fm-2 (0.012 GeV2) 

•  Re-creation on left 
• Quadratic term 

raises rp from 0.74 
to 0.80 fm-1 with no 
increase in χ2 

• Overall scale factor 
is essential 

rp=0.80(5) fm

Re-Fit

1 fm-2 ≈ 0.04 GeV2
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Saskatoon 1974 
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Systematic errors, added linearly, 
overestimate the  statistical fluctuations

Linear fit has 
the same χ2

rp=0.82(1) fmRe-Fit
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Mainz 1975

16

Introduced bias

Increased slope 
from fixing δ=1

1 fm-2 ≈ 0.04 GeV2
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Simon 1979
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Quadratic fit 
yields 

rp=0.88±0.02

Linear fit 
yields 

rp=0.88(2) fm
and same χ2Re-Fit

1 fm-2 ≈ 0.04 GeV2
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Mainz 2010
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c0=0.9992(3)
rp = 0.850(19) fm 

Low Q2 Mainz 2010 data

Re-Fit

C. Carlson
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rpTime History
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rp from Higinbotham
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Higinbotham et al. 
DOI: 10.1103/PhysRevC.93.055207 

• Stepwise regression 
• F tests 
• Akaike information criterion 
• Multivariate error estimates. 
• Systematical determination of the 

predictive variables for a given set 
of electron scattering data

FIG. 1. The 68% (inner) and 95% (outer) 
confidence ellipsoids associated with 
the covariance matrix from the three-
parameter fit of the Mainz80 and 
Saskatoon74 data. The plane 
representing the muonic Lamb shift 
result of rp = 0.84 fm is shown at its 
corresponding a1 value of −0.1176 fm2 
and is clearly not ruled out by this fit. 
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Global Fitting Models
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Polynomials?
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• Oscillations at 
the edges 
(Runge 
Phenomena)

• Over-fitting

Wikipedia
Wikipedia

Higinbotham’s 
example

• Quick divergence 
outside the fit 
range

High-order polynomials  
are a bad idea

If you’re going to extrapolate, use low-order 
polynomials or Padé approximates
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Refit of Mainz 2010
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Extract GE from Mainz 2000 Cross sections 
Fit!
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Extracting GE
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Fit to world 
data
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Full-Range Fits
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A continued Fraction with  
4 parameters fits the data  

well. Extracted rp=0.8389(4)

Extracting GE by  
adjusting Q0 in GE/GM 

yields best value of 8 GeV2
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World GE/GM

26

Orange: 1-Q2/(8.02 GeV2)
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ε

27

Low Q2 → high ε 
where 2-photon  
effects are small 

No observable  
ε-dependence in GE
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Fluctuations?
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No consistency in GE-fit  
for Spec. A, B and C separately.

Slope of  GE with ε is 
consistent with no strong 

2-photon effects
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Statistics
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With errors on GE are inflated by 15% the full 1422 points  
obey perfect statistics

0.84040 ± 
0.00007 fm 
(from fit)

Systematic 
errors  
dominate! 
Estimate  
±0.016 fm



25-30 September 2016 Hadronic Contributions to New Physics Searches

Same Data, Different rp
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Polynomial Terms
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Individual powers of Q2 
diverge rapidly
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Wider Q2
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Arrington 

DOI: 10.1103/PhysRevC.71.015202 World GE data corrected 
ad hoc for 2-photon effects Our fit extrapolates well
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CF Fit to GM using GE/GE
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Three Recent rp’s
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Max-Planck-Institut für Quantenoptik,  
Garching, Germany

L. Maisenbacher, A. Beyer, et al.

• Muonic Hydrogen Lamb Shift:

CREMA Collaboration

• Electron Scattering

Griffioen, Carlson, Maddox 
Reanalysis of the Mainz 2010 data

rp = 0.840(16) fm 

rp = 0.84087(39) fm 

    rp = 0.8297(91) fm•Hydrogen Lamb Shift:
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CREMA Collaboration
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Science
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Lamb Shift
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Isotope Shift
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rd

38

Smaller than CODATA
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HFS and TPE
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𝜇 Hyperfine Splitting
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The hyperfine 
splittings  

in 𝜇H depend on 
proton form factors  

GE and GM 
proton spin structure 
functions g1 and g2
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Two-Photon Effects
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TPE
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Precise quasi-elastic data  
at low Q2 is  

needed for TPE. 
Mainz A1 has data 

being analyzed
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Monterey1973
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Measured D/p Ratio

Slope at origin 
is 

underestimated 
assuming 
rp=0.84 fm

Form factor 
drops 

much faster 
than for 

 the proton
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Mainz 1981
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Slope at origin 
is underestimated 

assuming rp=0.84 fm

Measured D/p Ratio

Form factor drops 
much faster than for 

 the proton
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New D Measurements

45

Schlimme et al., DOI: 10.1051/epjconf/2016113 04017
A1 Mainz, Elastic/Quasi-Elastic eD scattering
Currently being analyzed
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Conclusions

46

• Low Q2 electron scattering data are consistent with 
the muonic Lamb shift value rp=0.84 fm. 

• Several experiments including PRAD at JLab and 
MUSE at PSI will weigh in on this issue int he coming 
years. 

• More precision low-Q2  GE, GM, F1, F2, g1 and g2 data 
are needed for improving the nuclear physics 
contributions to atomic transitions. Mainz deuteron 
data will contribute to this. Some JLab data on g1 
and g2 have yet to be published.


