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Introduction

Jegerlehner, Nyffeler,

¢ Muon anomalous magnetic moment: a, [10719) Phys. Rept. 477 (2009)
total SM prediction deviates from exp. by ~30
) Exp: 11 659208.9 (6.3)
a > oq,
/c{\ = ieuar) [Fi(e?) 7 = Fa(a®) T Ju(p) QED: 11658471.9  (0.0)
v » ) qep ) EW: 153 (0.2)
F(0) = =57 + 0(0de) ~ 1% Hadronic:
e « VP (LO+HO)  685.1 (4.3)
/Sw\ Schwinger 1348 * LBL 105 (2.6) ?
) . SM: 11 659 182.8  (4.9)
¢ QED corrections: overwhelming part, Diff: 261 (8.0)
electroweak and QCD corrections very small: ; : :
1012 for electron, 10~# for muon
* Theory uncertainty dominated by QCD:
Is QCD contribution under control?
Hadronic Hadronic
vacuum light-by-light
polarization scattering
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Introduction

Dyson-Schwinger / Bethe-Salpeter approach:

o ab-initio, but (systematically improvable) truncations

e symmetries are exact: Poincaré invariance, chiral symmetry, electromagnetic gauge invariance

» successful applications in other systems: QCD’s n-point functions,
meson & baryon spectra, elastic & transition FFs, tetraquarks, QCD phase diagram, . . .

Outline:

¢ Hadronic vacuum polarization:
basic ideas & results from DSEs & BSEs

Review: GE, Sanchis-Alepuz, Williams, Alkofer, Fischer, 1606.09602, PPNP 91 (2016)

¢ LbL scattering:

microscopic decomposition, quark loop, gauge invariance
Mini-review: GE, Fischer, Heupel, Williams, 1411.7876, AIP Conf.Proc. 1701 (2016)

e Structure of the LbL amplitude:
permutation group S4, kinematic phase space, tensor decomposition
GE, Fischer, Heupel, 1505.06336, PRD 92 (2015)
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Hadronic vacuum polarization

Vector current correlator from lattice QCD:

" (z — y) = (0| T [ y*¢](z) [6 "¢ (y) |0) = [ Dltb, b, A e=S j#(z) j* (4) ~ P~
N—— e — —
J*(x) 77(y)
°/ Im Q* e Spectral decomposition:
Ly

' LINAL = Y
Re Qz A A ‘

Im Q2 e Pole in momentum space =

exp. decay in Euclidean time

R 0° O(z—y) — e ™
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Hadronic vacuum polarization

Vector current correlator from lattice QCD:

0 (z — y) = (0| T [ 7" ](x) [0 7 ¢](y) |0) = [ Dlw, %, Ale=5 j# () j* (1) ~P~
———  —— —
@) ()
Xz Yz
= lim 745 Vo | (O] T Pa(xr) va(x2) ¥p(yr) Yoly2) |0) G
P X i

Timelike side determined by e*e” — hadrons =
spacelike correlator from dispersion relations:

2 o/ Im Q2
Y

~|mw~<'—\f\,

~a

| Re Q2
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Hadronic vacuum polarization

Microscopic decomposition:

I (z —y) = (0| T [by"¢)(z) [y ¢ (y) |0) = [ D, b, Ale=5 j*(z) j" (y) ~P~
—_—— —— —
JH(x) 7" (y)
Xz Yz
= lim 745 Vo | (O] T Pa(xr) va(x2) ¥p(yr) Yoly2) |0) G
P X i

= x G y = @ exact!

Need to know dressed quark propagator and quark-photon vertex:
}N = G = (0] T o (a1) ¥ (x2) 5" (y) |0)

Gernot Eichmann (Uni Giessen) Sept 29, 2016 3/26




Bethe-Salpeter

o Bethe-Salpeter equation for quark-photon vertex:

EaRBadl Ko

e Depends on QCD’s n-point functions as input,
satisfy DSEs = quantum equations of motion

DR B
-1 -1

LDy
i S

Gernot Eichmann (Uni Giessen)

D-HD

m@ :

infinitely many coupled equations,
in practice truncations:

model / neglect higher

n-point functions to obtain

closed system

Sept 29, 2016

Analogous for bound states:
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QCD'’s n-point functions

¢ Quark propagator

Quark mass

function [GeV]: 3 Mev

10°F = Charm
— Strange
— Upldown
— Chiral limit
10* L L L
LR A N 10 10

P’ [Gev?]

Dynamical chiral
symmetry breaking
generates ‘constituent-
quark masses’

Gernot Eichmann (Uni Giessen)

¢ Gluon propagator

e Quark-gluon vertex

o N=0, Sternbeck etal (2005) |
& N=2, Stembeck (2015)
— N0
—N=2

[ Williams, Fischer, 1
Heupel, PRD 93 (2016)

Williams, Fischer,
Heupel, PRD 93
(2016)

0 1 2 3 4
plGeV]

Three-gluon vertex

Fy [0 (py = p2)” + 0" (p2 — ps)*
+ 07 (ps —p1)¥] + ...

Agreement between lattice,
DSE & FRG within reach

(— see e.g. Confinement 2016 talks: Sternbeck,
Williams, Huber, Blum, Mitter, Cyrol, Campagnari, ...

sinh™(F,)

ez oc
RN sc

(Y S A

a ]
GE, Williams, Alkofer,

2 Vujinovic, PRD 84 (2014) 1

10 1072 10° 102 10t
So[Gev?)
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Bethe-Salpeter

o Bethe-Salpeter equation for quark-photon vertex: e Quark propagator

e Depends on QCD’s n-point functions as input, L

satisfy DSEs = quantum equations of motion . N
Quark mass

I 56 ¥
- function [GeV]:

B . O, 10°f = Charm
- { . — Stran
O = s + + mﬁ‘ O + + + - u;d:;"
o — Chiral limit

10 L A A
0 w0 10 0 a0 10

P [Gev?]

3 MeV

e Kernel can be derived systematically (nonperturbative!):
Dynamical chiral
symmetry breaking

- ‘ ‘
N Vo, 3 L 3 | . A
I B - N ! generates ‘constituent-
R /‘K + £ + !
! T | Review: GE, Sanchis-Alepuz, quark masses’
Vo "oy i £ e Williams, Alkofer, Fischer,
H S ST N B Y Prog. Part. Nucl. Phys. 91 (2016)
LLar LA
|
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Bethe-Salpeter

o Bethe-Salpeter equation for quark-photon vertex: e Quark propagator
0 P —
oWy T

O 10' T T T T
e Depends on QCD’s n-point functions as input, L

satisfy DSEs = quantum equations of motion . N
Quark mass

I 56 ¥
- function [GeV]:

B . O, 10°f = Charm
- { . — Stran
O = s + + mﬁ‘ O + + + - u;d:;"
o — Chiral limit

10 L A A
0 w0 10 0 a0 10

P [Gev?]

3 MeV

e Kernel can be derived systematically (nonperturbative!):
Dynamical chiral

B r ! X Rainbow-ladder: symmetry breaking
/(‘i _ /i | " effective gluon exchange generates ‘constituent-
X | 4 ) quark masses’
L a(k?) = am(k/Az. T]) + ayv(k?)
H =13 ak?)
el adjust scale A to observable,

o ,‘ s > keep width n as parameter
KlGer Maris, Tandy, PRC 60 (1999)
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Bethe-Salpeter

o Bethe-Salpeter equation for quark-photon vertex:

EaRBadl Ko

e Depends on QCD’s n-point functions as input,
satisfy DSEs = quantum equations of motion

o

1
-1

TOw

OO

e Kernel can be derived systematically (nonperturbative!):

Gernot Eichmann (Uni Giessen)

v
K [Gev?)

Rainbow-ladder:
effective gluon exchange
a(k?) = alR(}%z: T]) + ayv(k?)

adjust scale A to observable,
keep width n as parameter
Maris, Tandy, PRC 60 (1999)

e Quark propagator

Re 0,(p%)

Im p

Rep?

Calculated in complex plane:
singularities pose restrictions
(no physical threshold!)

Sept 29, 2016 6/26



Spectroscopy

Review: GE, Sanchis-Alepuz, 1000 —————————— e Baryons from three-body BSE:
Williams, Alkofer, Fischer, 800 GE, Alkofer, Krassnigg, Nicmorus, PRL 104 (2010), GE, PRD 84 (2011),
Prog. Part. Nucl. Phys. 91 (2016) Sanchis-Alepuz, Fischer, PRD 90 (2014), ...
00 | m, [MeV] ]
w1 D--DXD-ID-ED
e Pion is Goldstone 200l T
boson: m,* ~ m, = [Gev] *o[ T
o 2 4 6 8 10
my [MeV]
e Light meson spectrum beyond rainbow-ladder:
Williams, Fischer, Heupel, PRD 93 (2016)
m[GeV] m,(1600)
=
7(1300) PU450) 261450 b4(1235) a,(1260) [ = —
15 F - -~ 71(1400)
BT _5& -
- N
10 | &\
»
T Bl roc
05 + NNV
B 2peaL
n
o0 b
[ S | L C G 0 0 1t
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Spectroscopy

e Baryon excitation spectrum: quark-diquark structure G, Fischer, sanchis-Alepuz, 1607.05748

M [GeV]
20

| |

B B nosooy N(1875)

18 | -
Ll NA710) B netes0) N(1720) 72 N(1700)
: M. N(1535) = N(1520)
L 2 Na4do)
12
10 F

= N(940)

1+ 1= 3+ 3=

2 2 2 2

Electromagnetic, axial, transition form factors
GE, Sanchis-Alepuz, Williams, Alkofer, Fischer, Prog. Part. Nucl. Phys. 91 (2016)

D - 0D - 0D - CED

% s1920) B & acsr0) =
- A(1700)
A(1600) — A(1620)
= A(1232)
3t 3= 1+ 1-
2 2 2 2

e Light scalar mesons as tetraquarks
GE, Fischer, Heupel, PLB 753 (2016)

Gernot Eichmann (Uni Giessen)
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Quark-photon vertex

[mu S+ 2K (i Ay + AB)] + [li i T;(k,Q)]
j=1

Q Mk =
Ball-Chiu vertex,
determined by WTI,
~k - depends only on
quark propagator
Ball, Chiu, PRD 22 (1980)
1
f1 f2 fs fa
[ e —— ] T—
/ vector scalar AMM vector AMM
-1
1
fs fs f7 fa
ol L N —
’ scalar
! 0 1 20 1 20 1 20 1
So [GeV?) So [GeV?) So [GeV?] So [GeV?)

Gernot Eichmann (Uni Giessen)

Transverse part,
contains dynamics:
VM poles & cuts

Kizilersu et al, PRD 92 (1995),
GE, Fischer, PRD 87 (2013)

=ty vector
=t kQ i K

™ =10"Q scalar AMM
= é ™, ¥, @) vector AMM
T8 = thg ik” scalar
=tk

o=t kQr
— Y i

9 'Qk§[/ K]

GE, Acta Phys. Polon. Supp. 7 (2014)

Sept 29, 2016
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Hadronic vacuum polarization

Adler function:
DSE: Goecke, Fischer, Williams, PLB 704 (2011)

DR: Eidelman, Jegerlehner, Kataev, Veretin, PLB 454 (1999)

D(Q?) = —QdIN(Q?)/dQ?

¢ Dispersion relations and DSEs (almost) identical
on spacelike side, although timelike structure different:

in rainbow-ladder, bound states without widths

° ﬂ’ Im Q?
0.03 D(Q) ey
-7 Re Q?
0.02 Pragi
/ P == Dispersion relation Im Q*
7/ == DSE ;
wor s - bare vertex P P for g-2!
// transverse part Py
/
ol HVP
0 2 4 6 8 10 o a, =676x10"" (1.3 %)
Q[GeV]
e Similar in hadronic form factors:
spacelike properties + hadronic poles reproduced,
but missing meson-baryon interactions
/7
e Separation into Ball-Chiu + transverse part
in any electromagnetic process!
aM?

Gernot Eichmann (Uni Giessen)
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but we only need
spacelike region
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Hadronic vacuum polarization

Adler function:
DSE: Goecke, Fischer, Williams, PLB 704

(2011)

DR: Eidelman, Jegerlehner, Kataev, Veretin, PLB 454 (1999)

D(Q?) = —QdIN(Q?)/dQ?

0.03

Dispersion relation
DSE

bare vertex
Ball-Chiu
transverse part

4 6
Q[GeV]

e e.g. Pionem.
form factor:

Maris & Tandy, PRC 61 (2000),
Krassnigg, Schladming 2010 !

e 7—yy transition:
Maris & Tandy, PRC 65 (2002)

Gernot Eichmann (Uni Giessen)

¢ Dispersion relations and DSEs (almost) identical

on spacelike side, although timelike structure different:

in rainbow-ladder, bound states without widths

’

o/

m Q?

Re ?

m Q*

for g-2!

HVP

e a,

=676 x 10710

Fr (@)

—4M?

Sept 29, 2016

but we only need
spacelike region
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Light-by-light scattering

LbL amplitude: model results

Bijnens 1995, Hakayawa 1995, Knecht 2002, Melnikov 2004, Prades 2009, Jegerlehner 2009, Dorokhov 2011, Pascalutsa 2012, Pauk 2014, Colangelo 2015,

o XXX

pseudoscalar scalar axialvector 7, K loop
2 8.1 -1 2 -2 (x10710)
=] = = E E 9DaA¢
Gernot Eichmann (Uni Giessen) Sept 29, 2016
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Light-by-light scattering

LbL amplitude: model results

Bijnens 1995, Hakayawa 1995, Knecht 2002, Melnikov 2004, Prades 2009, Jegerlehner 2009, Dorokhov 2011, Pascalutsa 2012, Pauk 2014, Colangelo 2015,

o XXX

pseudoscalar scalar axialvector 7, K loop
2 8.1 -1 2 -2 (x10710)
Exact expression:
GE, Fischer, PRD 85 (2012), Goecke, Fischer, Williams, PRD 87 (2013)
N N PR
o p 13 v p v
_ \?)/O\Ci_lr + \?)/O\q_lr + \F/O\q_lf + 2 more topologies
= j},\z/ik j},\z/i\ fb:/cik that vanish in RL
" v " p " o
=] = = E E 9DaA¢
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Light-by-light scattering

LbL amplitude: model results

Bijnens 1995, Hakayawa 1995, Knecht 2002, Melnikov 2004, Prades 2009, Jegerlehner 2009, Dorokhov 2011, Pascalutsa 2012, Pauk 2014, Colangelo 2015,

o XXX

pseudoscalar scalar axialvector 7, K loop
2 8.1 -1 2 -2 (x10710)
Exact expression:
GE, Fischer, PRD 85 (2012), Goecke, Fischer, Williams, PRD 87 (2013
=] = = E E 9DaA¢
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Light-by-light scattering

LbL amplitude: model results

Bijnens 1995, Hakayawa 1995, Knecht 2002, Melnikov 2004, Prades 2009, Jegerlehner 2009, Dorokhov 2011, Pascalutsa 2012, Pauk 2014, Colangelo 2015,

o XXX

pseudoscalar scalar axialvector 7, K loop
2 8.1 -1 2 -2 (x10710)
Exact expression:
GE, Fischer, PRD 85 (2012), Goecke, Fischer, Williams, PRD 87 (2013
= = +
=] = = E E 9DaA¢
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Light-by-light scattering

LbL amplitude: model results

Bijnens 1995, Hakayawa 1995, Knecht 2002, Melnikov 2004, Prades 2009, Jegerlehner 2009, Dorokhov 2011, Pascalutsa 2012, Pauk 2014, Colangelo 2015,

o XXX X

Quark loop

pseudoscalar

scalar axialvector

2 8.

How important is the quark loop?

« Constituent quark loop
known analytically: 6 ... 8

aHLYL) 5 1010

Greynat 2012

200 220 240 260 280
My (MeV)

300

Gernot Eichmann (Uni Giessen)

-1 2

ENJL: VM poles
by summing up
quark bubbles

Bijnens 1995

Al o v

1
T Qrmz Q!

Large reduction: 2

[m] = = =

7, K loop
-2 (x10710)

Baabalil e
P X

E DAE
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Light-by-light scattering

LbL amplitude: model results

Bijnens 1995, Hakayawa 1995, Knecht 2002, Melnikov 2004, Prades 2009, Jegerlehner 2009, Dorokhov 2011, Pascalutsa 2012, Pauk 2014, Colangelo 2015, ...

o XXX X

Quark loop pseudoscalar scalar axialvector 7, K loop
2 8.1 -1 2 -2 (x10710)
How important is the quark loop?
. Ap?) | M) | " | T4 | a. (1071
» Quark mass is not a constant: -
) ; MG 1 02Gev | 1 0 10
—ip+n 1 —ip+M(p
. S = — S = OV Y ALY
—O0— o(p) p2+n @) A(p?) p2+M?(p?) 1 M@p2) | 1 0 10
« Quark-photon vertex is not bare: A | M) | 1| 0 5
JQ s A(p?) | M(p2) | Za 0 10
TH(k,Q) = |in" S+ 2k (K Ax+ Ap)| + [0 fi Tk, Q)
/g\ [ ' ' ”] [ ng Y } AP?) | M(p?) | Ba [ k=0 4
ke
A(p?) | M) | £a | Ful 10

« DSE result for quark loop: a, = 10.7 x 1071°
but full Ball-Chiu vertex problematic

Goecke, Fischer, Williams, PRD 87 (2013)

=] =

12N G4

Gernot Eichmann (Uni Giessen)
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Light-by-light scattering

Quark Compton vertex,
enters in Compton scattering
= GE, Fischer, PRD 87 (2013)

¢ Calculate quark loop, approximate T-matrix by meson exchanges
- calculate two-photon currents: «;° = 8.1 (1.2) x 10710 Goecke, Fischer, Williams, PRD 83 (2011)

Goal: calculate LbL amplitude directly

- Y

Two strategies:

Problem: only sum (without approximations!) is gauge invariant;
how to deal with gauge artifacts?

¢ Calculate quark loop + T-matrix explicitly:
gauge invariant, but more difficult

Either way, we first need to understand structure of LbL amplitude!

o = = = 12N G4

Sept 29, 2016 13/26
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Light-by-light scattering

Goal: calculate LbL amplitude directly

- Y

Similar: aad
nr scattering Colangelo,
002 PoS Kaon (2008)
Bicudo et al.,
PRD 65 (2002),
-0.03 [~
Cotanch, Maris, 2
PRD 66 (2002) Qg
-0.04

[ K3

-
I
A\
-

*

Quark Compton vertex,

enters in Compton scattering

GE, Fischer, PRD 87 (2013)

Universal band

ChPT tree, 1 loop, 2 loops
ChPT + dispersion theory (2001)

DIRAC (2005)

2 NA48K->3m (2005)

E865 isospin corrected
NA48 isospin-corrected

MILC (2004)
NPLQCD (2005)

Del Debbio (2007)
ETM (2007)

DSE (rainbow-ladder)

o 5 =

12N G4

Gernot Eichmann (Uni Giessen)
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LbL amplitude

k 2
N ", 3 independent p = ps + ps
momenta: q=p3+pm
) k=pi+p2
- 6 Lorentz invariants
/'p4 p;\ q ., & k% p-q p-k
Any constraints?

q-k

e Amplitude is Bose-symmetric. With symmetric tensor basis
= FFs only depend on symmetric combinations of variables

e Amplitude is gauge invariant = transverse to p;*, p.’, ps” and p,
= should be separated into

gauge part” and transverse part

r

physical,
— transverse part
(41 tensors)
= With ‘minimal’ tensor basis free of kinematic singularities
FFs free of kinematic singularities and zeros
only singularities are physical poles and cuts = ‘simple

e But this is not automatic = choice of basis matters!

Gernot Eichmann (Uni Giessen)

e (p, g, k)

136

Z il

= Calculating LbL amplitude means determining
136 FFs which depend on 6 variables

) " (p, g, k)

vanishes

+ FG by gauge

invariance

DA
Sept 29, 2016
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Only physical poles and cuts?

Example: yN — N*(1535) helicity amplitudes:
CLAS data: Aznauryan et al., PRC 80 (2009)

160
120

20

A 10 S
1/2 1_{ . 1/2
e, 0
§ 4
-20 {{
30
-40
6 -4 2 0 2 4 6 -4 2 0 2 4 6
Q% [GeV?] Q° [GeV?)
10
08
Fyq -F;
0.6
04
.'-. 0.2
LT 00 sern s
-0.2
6 4 2 0 2 4 6 K 4 2 0 2 4 6
Q* [Gev?) Q* [Gev?]

Helicity amplitudes
in [1073GeV ]

Form factors:
no kinematic
constraints

Gernot Eichmann (Uni Giessen)
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Only physical poles and cuts?

Example: yN — N*(1535) helicity amplitudes:

CLAS data: Aznauryan et al., PRC 80 (2009)

160
120

20

A1/2 10 51/2
0
10
-20
-30
-40
6 4 2 0 4 2 0
Q? [GeV?) Q* [GeV?)
10
08
Fy -F;
06
04
02
00
02
6 4 2 0 E 4 2 0
Q [Gev?) Q* [Gev?)

Helicity amplitudes
in [1073GeV ]

kinematic zeros at
Q? = —(mgr £m)?

Form factors:
no kinematic
constraints

Toy parametrization
with “p bump”

GE, 1602.03462
Ramalho & Tsushima, PRD 84 (2011)

Gernot Eichmann (Uni Giessen)
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Gauge invariance

Simplest example: hadronic vacuum polarization

Q) = [diz e’ (0] Tj(x)5¥(0)[0) = a(Q?) " +b(Q?) Q"Q"

¢ Transversality = Ward identity: Q*I1*"(Q) =0

 Analyticity = a, b cannot have poles at Q °= 0 (intermediate massless particle, but I1"” = 1PI)
> I (Q) = TI(QA)

=

a=—-bQ?
f%”Q = QZ Shv
transverse
part

(not b= —a/Q> 1Y)
_ Q#QV

Gernot Eichmann (Uni Giessen)
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Gauge invariance

Simplest example: hadronic vacuum polarization

Q) = [diz e’ (0] Tj(x)5¥(0)[0) = a(Q?) " +b(Q?) Q"Q"

¢ Transversality = Ward identity: Q*I1*"(Q) =0

 Analyticity = a, b cannot have poles at Q °= 0 (intermediate massless particle, but I1"” = 1PI)
> 11(Q) = I(Q?) t;

=
bo + Q) o
transverse

a=—-bQ?

(not b= —a/Q* M)
What if calculation breaks gauge invariance?
»gauge part“:
part vanishes due to
gauge invariance

o 1-loop in dim. reg: T1(Q?) =0
« 1-loop with cutoff: TI(Q2) ~ A2 #0

quadratic divergence, but only in gauge part!

Gernot Eichmann (Uni Giessen)
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Gauge invariance

Simplest example: hadronic vacuum polarization
H;w

= [dix Q= (0] Tj#(2)57(0)|0) = a(@?) 6" +b(Q%) Q" Q"
 Analyticity = a, b cannot have poles at Q °= 0 (intermediate massless particle, but I1"” = 1PI)
¢ Transversality = Ward identity: Q“II""(Q) =0 = = —bQ? (not b= —a/Q* M)
= I"(Q) =(Q*) th, + I(Q2) o1~ What if calculation breaks gauge invariance?
transverse  ,gauge part: e 1-loop in dim. reg: I:I(QZ) =0
part vanishes due to « 1-loop with cutoff: TI(Q?)
gauge invariance K
¢ Different basis?
= [m@ +

Q)7 v
] tog +

A2 #£0
quadratic divergence, but only in gauge part!
0

= bad: kinematic singularities
* Must project onto full transverse + gauge basis, subtract gauge part
Also necessary if gauge invariance is violated by more than cutoff (e.g., incomplete calculation)!
Gernot Eichmann (Uni Giessen)

o 5 =

12N G4
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Compton scattering

Tensor decomposition for CS amplitude:
GE & Fischer, PRD 87 (2013), GE & Ramalho, in preparation

a(py) (1”4 o to6 + S thhig+ -+ gLoM 4. )u(p.i)

v —
transverse part, gauge part,
18 tensors 14 tensors

Tarrach‘s construction: Ttarrach, Nuovo Cim. A28 (1975)
write down all possible tensors (# = 32),
apply transversality constraints,
divide and subtract poles = 18 transverse tensors

#Q #0Q #Q #Q
T, 2 T, 3 Tz 7 T 4
T, 4 Te 3 T 5 To 5
Ts 2 Ty 5 Tis 7 T: 3
T, 4 T 3 Tis 5
Ts 6 Ty 5 Ti; 3
Ts 5 Tz 5 Tis 3

Gernot Eichmann (Uni Giessen)

minimal basis:
e transverse
« no kinematic singularities
» permutation-group
singlets
¢ minimal powers
in photon momenta

Sept 29, 2016 17/26



Compton scattering

Tensor decomposition for CS amplitude:

GE & Fischer, PRD 87 (2013), GE & Ramalho, in preparation AN )/Q

Q
oy) (5 5, 5+ 5 g+ + 9104 ) u(p) ;‘i

~—

transverse part,
18 tensors

Transverse Compton FFs
depend on 4 variables, but
in T+G basis they scale
with single variable!

N+
GE, FBS 57 (2016)

N . ~_
p
gauge part,
14 tensors

At hadronic level: Born terms alone not gauge invariant

NS

I 7 1224 % g
r - FBorn + I‘WTI + FL
~
gauge invariant Gt &Fischer, PRD 87 (2013)

Use offshell nucleon-photon vertex, project onto G+T basis
= violation of gauge invariance mostly affects gauge part,

transverse CFFs only weakly sensitive, still good prediction!

Gernot Eichmann (Uni Giessen)
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Quark-photon vertex

[mu S+ 2K (i Ay + AB)] + [li i T;(k,Q)]
j=1

Q Mk =
Ball-Chiu vertex,
determined by WTI,
~k - depends only on
quark propagator
Ball, Chiu, PRD 22 (1980)
1
f1 f2 fs fa
[ e —— ] T—
/ vector scalar AMM vector AMM
-1
1
fs fs f7 fa
ol L N —
’ scalar
! 0 1 20 1 20 1 20 1
So [GeV?) So [GeV?) So [GeV?] So [GeV?)

Gernot Eichmann (Uni Giessen)

Transverse part,
contains dynamics:
VM poles & cuts

Kizilersu et al, PRD 92 (1995),
GE, Fischer, PRD 87 (2013)

=ty vector
=t kQ i K

™ =10"Q scalar AMM
= é ™, ¥, @) vector AMM
T8 = thg ik” scalar
=tk

o=t kQr
— Y i

9 'Qk§[/ K]

GE, Acta Phys. Polon. Supp. 7 (2014)
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LbL amplitude

Minimal T+G basis:

r

physical, vanishes
= 1B | transverse part + T @G bygauge
(41 tensors) invariance

* transverse

» no kinematic singularities = FFs have no kinematic singularities or zeros,
 permutation-group only physical poles and cuts
singlets = effectively scale with single variable: simple

* minimal powers
in photon momenta

= broken gauge invariance affects G, not T:
even incomplete calculations are predictive

Existing examples of such bases:

>
>
>
>

1 vector boson:

2 vector bosons:
3 vector bosons:
4 vector bosons:

scalar or fermion vertex (nucleon-photon, quark-photon, quark-gluon, . ..)
HVP, 2-photon currents, Compton scattering

three-gluon vertex

LbL, four-gluon vertex??

Gernot Eichmann (Uni Giessen) Sept 29, 2016 18/26



Structure of the LbL amplitude

\pz k pz 3 independent momenta Bose symmetry
l pP=p2+p 136
q=p3+p THere (p,q, k E fi. T (p,q, k)
- D k=pi+pe
!
AN 6 Lorentz invariants: =
/ \ 2 2 2
P+ Ps »% ¢ kK, p-q, p-k, q-k
s
zaw/

symmetric
- e 74231
/ N
st
|

S4 multiplets
e Arrange the 24 permutations of 1/1234 into multiplets
Nz Singlet Triplets Doublets Antitriplets  Antisinglet
I /\
y1as /\
| /\ .
i \ o v | s T#{' =[] -
\ .
H 1432 \ \\ °
\zm 3421
3241 2ta
:‘42/ 4|23

:} 4
(1 HY H

Gernot Eichmann (Uni Giessen)

e 6 Lorentz invariants form singlet Sy, doublet D, triplet 7

=
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Phase space

¢ Singlet: symmetric variable, e Triplet: 7=
carries overall scale:

u
v
w

i

So = PP +a*+k> _ pi+pi+pitpd tetrahedron bounded by p? = 0,
4 4 vector-meson poles

« Doublet: D:[Z]

Mandelstam triangle,
2-photon poles (pion, scalar, axialvector, ...)

Il
©
-

Il

Il

GE, Fischer, Heupel,
PRD 92 (2015)
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Phase space

Fixed doublet variables = complicated geometric object inside tetrahedron:

r=09 r=05 r=0
p=n p=n

on
P
I
°

<~

relevant
for g-2

Gernot Eichmann (Uni Giessen) Sept 29, 2016 20/26



Phase space

Example: three-gluon vertex from its DSE
e four tensor structures

GE, Williams, Alkofer, Vujinovic, PRD 89 (2014)
3 variables:

L]

1 singlet, 1 doublet
Variation in doublet
almost negligible,
all four “form factors”

scale with singlet

sinh'(F,)
0002

sinh'(F,)
140

sinh'(F,)
0007

sinh'(F,)

1 (sc)

4(0C)

son'F)
10 10° "m’ 10 10° 10’ 10° 10" 10*
S, (GeV')
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Tensor basis

e construct all possible multiplets

from generic seed elements: n Seed #  Multiplet type
138 elements, but only 136 independent 0 gmvere 3 S
2 EPET 6 S, Dy, T
5 pP p° 12 8. D1, Do, T, A
5 pP g 12 8D, T T
5 pP kT 24 8, Dy, Do, TE, T3, T35, A
4 p'p”p’p” 3 S, Dy
P 6 S8, D1, Ty
PPk R 10 S, (D)) D, TE A
PrgU kRS 12 S, Dy, TN TS
PP kT 24 S, Dy, D, T, TS T, A
PPk 24 S.Dy, D, TE T TE A
Gernot Eichmann (Uni Giessen) Sept 29, 2016 22/26



Tensor basis

e construct all possible multiplets

from generic seed elements: n Seed #  Multiplet type
138 elements, but only 136 independent 0 e 3 8D
uv Spo H
L] = 3 permutations 2 SVEPRT 6 S DT
P 2 _ :
5 gl g7 = 3°x 6 = 54 permutations 5 P 12 8 Dy, Da T A
4/'q qf qf = 3*=81 permutations 5 pP g” 12 8D, T T
5 pP kT 24 8, Dy, Do, TE, T3, T35, A
Orthonormalize momenta: p, ¢, k — ny, na, n3
From three momenta we can define axialvector, 4 pe'y 3 8§D
must appear in pairs to ensure positive parity: Ppia"q 6 S. Dy, Ty
g - PPk R 10 S, (D)) D, TE A

W ~peefBy e o f Y

v =¢ ny ng ng PURRT 12 S, Dy T TR

vt vPu? = 1 permutation PR 24 S DD T T T A

. Y P o , T T %

v’ nfn? = 32x 6 = 54 permutations PR 24 8 Dy D T, T T A

nf n¥ njny = 3*=81 permutations
0" 5P is linearly dependent:

3
— L M
oM =t o” + 3 nlnY
i=1
Gernot Eichmann (Uni Giessen) Sept 29, 2016 22/26



Tensor basis

05

02

01

00

03 F \ °"V’® 4

construct all possible multiplets
from generic seed elements:

138 elements, but only 136 independent

transversality not yet implemented,

but quark loop projected on this basis

already behaves as expected:
singlet FFs scale with S;!

f11(So)
[ ] Dependence

F - - - Fit B

00 02 04 06 08 10

SO [GEVZ]

n Seed # Multiplet type
0 8T 3 S, Dy
2 SVEPET 6 S. Dy, T
5 pP p° 12 8. D1, Do, T, A
5 pP g 12 8D, T T
5 pP kT 24 8, Dy, Do, TE, T3, T35, A
4 p'p”p’p” 3 S, Dy
P 6 S, Dy, Ty
PPk R 10 S, (D)) D, TE A
PrgU kRS 12 S, Dy, TN TS
P p kT 24 S, D1, Do, T, T3, T3, A
PPk 24 S.Dy, D, TE T TE A

Gernot Eichmann (Uni Giessen)
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Transverse basis

e Same argument: 43 elements, but only 41 independent

¢ Need to work out transversality conditions pi M**" =0, ... pfM""*? =0 without
introducing kinematic singularities, then construct singlets with lowest momentum powers:
hard (both analytically and symbolically)

Simpler: find 41 tensors that are transverse, analytic & have lowest mass dimension:

o . 1 2 1 2
S pwaf o pf - po Dimension 4, LLQJJ
Sab — < — =12 =34 3 ti h:
P bor — b v oo permuations each: X
ab 12 b34 1 singlet, 1 doublet JQ\
3 4 3

4

e To construct singlets, combine them with momentum multiplets:
Sl =S (2.0) (1,1) (0,2) (3.0) (2,1) (1,2) (0.3)
52 =D.-D Singlet D-D T-T D-(D+D) D(T*T) TA(TVT)
S;;:(OD*D+JT>I<T)-D Doublet D+D T+T D (T*T)
D-D)D (T-T)D
. . Triplet TVvD | TVT TVv(D*D) | TV(TVD) | TV(TVT)
Ambiguity: two doublets D.D)T T
with same mass dimension oD TADD) | TATVD) | TAGTVT)
Antisinglet DA(D*D) DA(T*T)

Gernot Eichmann (Uni Giessen) Sept 29, 2016 23/26



Transverse basis

e |n total: 7 seed elements produce 41 singlets with minimal mass dimensions:
GE, Fischer, Heupel, PRD 92 (2015)

n Seed element # Multiplets n=4 n==6 n=28 n=10 n=12
4ty 3 S. Dy 1 1 1
Cr 3 S, Dy 1 1 1
6 eyl 12 S, DL De T T, A 1 3 5 3
e a7 6 8. Dy, T, 1 2 3
183 0 7 ST T 1 1 3 2
ely e 837 T DT T 2 5
8 el el 3 8,Di, T, 1 2
Total 41 2 5 11 18 5
e 7 equivalent seeds in dispersive approach: e However, to determine quark loop we need
Colangelo, Hoferichter, Procura, Stoffer, JHEP 09 (2015) gauge part too: Only pOOr COnStraintS here
w _po ~
34 g — PART LS 2\ Spv
i, ey 5101510, (Q) = T(Q?) fQQ + I(Q%) 4
n vaf jpaX joBA ~ ~
v H)Atﬁ, ti3 123 2o N - H(Qz) " (Q?) v 4 1(Q?) ro¥
i (H 135 — 15 135) 5 = o e T T @@

BV 4PN Ao
tha a1 o]
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Quark loop with m,= const

LbL amplitude in NJL model: S, dependence for fixed doublet & triplet variables

0.04 T T T 0.04 T T T
L Fno |
v o L 1 =
[12 Z’.‘%l ;S
0.02 4 4 4 -0.02 L L L “
0.0 0.5 1.0 15 20 0.0 05 1.0 15 20
Sy [Gev?] Sy [GeV?]
0.010 T T T 0.04 T T T
0008 |- g r Fuyz ... Fize
0006 Fyy: “Tree level” 002 - Gauge part is zero!
0004 F - """ T T T m T s T 4
0.00
0002 B L ]
0.000 L . L -0.02 = - -
0.0 0.5 1.0 15 20 0.0 0.5 1.0 1.5 20
Sy [Gev?] Sy [Gev?]
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Quark loop from DSE

LbL amplitude from DSE: S, dependence for fixed doublet & triplet variables

8

.o Iy

nv 4 po
7Ll 2 t34

v _po
r €12 €34 ]
4 . . .
0.0 0.5 1.0 15
So [GeV?]
0.05 T T T
0.04 | 4
\ Fiy: “Tree level”
003 | 4
0.02 + 4
N
001 F Tee <
000 L . . -
0.0 0.5 1.0 15
So [GeV?]

8 T T T
L . Fip ... Fno |
4l |
0
-4 L L L B
0.0 05 1.0 15 20
Sy [GeV?]
8 T T T
[ F43<~F136 7
4 Gauge part is zero ?
o S
4 . . .
0.0 0.5 1.0 1.5 20
Sy [Gev?]

If quark loop
breaks gauge
invariance,
the effects are
small!

Gernot Eichmann (Uni Giessen)
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Summary

e Understanding structure of the LbL amplitude is important for pinning down g-2

® Microscopic decomposition:

> revisit transversality constraints to derive T+G basis
= pin down quark loop

> calculate sum of both diagrams (gauge invariant),
in tandem with Compton scattering

> calculate two-photon form factors Than k you !

= missing effects in T-matrix?

o Best DSE values so far:
Mini-review: GE, Fischer, Heupel, Williams, 1411.7876, AIP Conf. Proc. 1701 (2016)

HVP

al =676 x 10710 ¢f = 10.7(2)x 1071 a;® =8.1(1.2) x 10710

=} = = = E DAE
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Backup slides
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Electron vs. muon g-2

a. [10710] a, [10719]
Exp: 11 596 521.81 Exp: 11659 208.9 (6.3)
QED: 11596 521.71  (0.09) Cs QED: 11658 471.9  (0.0)
.81 (0.08) Rb EW: 153 (0.2)
EW: 0.00 Hadronic:
Hadronic: 0.02 * VP (LO+HO) 685.1 .
* LBL 105 (2.6
SM: 11 596 521.73  (0.09) Cs (2.6)
83 (0.08) Rb SM: 11659 182.8  (4.9)

Diff: 261 (8.0)

Bijnens, Prades, Mod. Phys. Lett. A22 (2007)
Jegerlehner, Nyffeler, Phys. Rept. 477 (2009)
Hagiwara et al,, J. Phys. G 38 (2011)

=} = = = E DAE
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... to Dyson-Schwinger equations

QCD’s classical action: Quantum “effective action”:

S = [d'z [ (@ +igh+m)¢+ L Fu Fiv] D, Y, AleS = e T

|

L
}m
-
1
A
b
b
I
A
)

DSEs = quantum equations of motion:
instead of calculating n-point functions directly,
derive egs. of motion for them from path integral

infinitely many coupled egs.,

ﬂ in practice truncations:
-1 -1

model / neglect higher

O n-point functions to obtain
a I . \
B ——. w@," cowd G s Wé::}w closed system
o
For reviews see:
. . Roberts, Williams, Prog. Part. Nucl. Phys. 33 (1994),
Alkofer, von Smekal, Phys. Rept. 353 (2001)

Fischer, J. Phys. G32 (2006)
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Mesons

The pion plays special role in hadron physics:

quark-antiquark bound state < Goldstone boson of spontaneous chiral symmetry breaking

D- = Y% (fi+ 2P+ fsd+ fi]4.P]) ® Color @ Flavor

most general Dirac-Lorentz structure,
Lorentz-invariant dressing functions:

pion is made of s waves and p waves!

fi = fil¢®,q- P,P* = —m?) = (relative momentum ~ orbital angular momentum)

Eigenvalue spectrum of BS kernel:
Holl, Krassnigg, Roberts, PRC 70 (2004)

m(1300)

n(1800)?

K1y = Ni(P?) 1)y,

Gernot Eichmann (Uni Giessen)
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Resonances?

Branch cuts & widths generated by
meson-baryon interactions: Roper - N, etc.

N(1710)
° N(1440)

o N(940)

Im P2 G(P?)

Without them: bound state

N(1710)  N(1440)  N(940)

Re P2

s without widths

Im P2

Re P?

Difficult to implement at quark-gluon level:
complicated topologies beyond rainbow-ladder

Gernot Eichmann (Uni Giessen)

Different phenomenological pictures
how this could happen:

e ‘pion-cloud effects’ affect masses
and form factors in light-quark region

SRR e

e dynamical generation of resonances:
start with ‘bare’ seed, hadronic
interactions produce new poles

= O+ O
eg.
Suzukietal,,
PRL 104 (2010)
v e o=

e Three-quark vs. five-quark /
molecular components

Sept 29, 2016 26/26



So what does it mean?

N(1710) Im P2 G(P?)
[ ] N(1440)
d N(940)
o Re P?
Im P2
N(1710)  N(1440)  N(940)
*—o L 4 ® e

Note: ‘bound states without widths’ doesn’t
mean that p -, 4 - N, ... decays are zero!!

Results favor ‘mild’ scenario:

e spectrum generated by
quark-gluon interactions

e meson-baryon effects would merely
shift poles into complex plane

e Effects on masses? Scale set by f,
but pion-cloud affects f, too
so only ‘non-trivial effects’ visible

e Will be interesting to study
transition form factors

2 DSE % phys.

1 Lattice:
V¥ GWU (Pelissier 13,Guo 16)
Bulava 16

RQCD (Bali 16)

HSC (Dudek 13, Wilson 15)
PACS-CS (Acki 11)

Lang 11

ETMC (Feng 11)

v

gann

GANR(O)

L L L
0 005 0.1 0.15 02

mZ[Gev?]

Gernot Eichmann (Uni Giessen)

0.1 02 03
mz[GeV?]

Mader, GE, Blank, Krassnigg,
PRD 84 (2011),

GE, Sanchis-Alepuz, Williams,
Alkofer, Fischer, 1606.09602
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Structure properties

® Current-mass evolution of Roper
similar to nucleon. Lattice?
GE, Fischer, Sanchis-Alepuz, 1607.05748

35

4 BGR © JLAB
T * CSSM * XQCD i
3 l ® Twisted mass = Faddeev
J4 ] I
- I 3 i
3 @ T
3, ,gi ® 4 b
S [ B
; juummnionst "
o Hi’ L
1
0.05 0.1 0.15 0.2 025 03 0.35

m (Gev?)

o All signatures of 1st radial excitation:
partial-wave content, zero crossing

® Roper transition form factors in
qualitative agreement with experiment
Segovia etal.,, PRL 115 (2015)

® yN-A transition form factors:
GE, Nicmorus, PRD 85 (2012)

Rewm [%]

G (@)

. oo
aw

A QLS (hanau

. ‘Elaéflg{{","{j I {{[

M ek 59
v gt

00 02 o4 08

o
@*[6er?)

Discrepancies mainly in magnetic dipole (G,t, ):

“Core + 25% pion cloud”

Electric quadrupole ratio
small & negative, encodes deformation.

No pion cloud necessary: OAM from p waves!

First three-body results similar
Alkofer, GE, Sanchis-Alepuz, Williams, Hyp. Int. 234 (2015)

Gernot Eichmann (Uni Giessen)
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Tetraquarks are resonances

M [GeV]
u/d

Light scalar mesons o, k, a,, f, as tetraquarks:
solution of four-body equation reproduces mass pattern 15
GE, Fischer, Heupel, PLB 753 (2016)

—Pa B
3 . _ //
;:é} 1 >1IZDE %} * perm 107E a/fs

BSE dynamically generates meson poles in wave function, ﬁ—/

drive o mass from 1.5 GeV to ~350 MeV

diquark Four quarks rearrange
to “meson molecule”

0.0 1 ; 1 1

Tetraquarks are “dynamically
generated resonances”
(but from the quark level!)

o Similar in meson-meson / diquark-antidiquark approximation l} } gl} . g%:(gl}
(analogue of quark-diquark for baryons) Heupel, Gt Fischer, PLB 718 (2012)  *

=} = = = E DAE
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Form factors

Sketch of a generic electromagnetic form factor:

F(Q?)

timelike: not

_ spacelike:
ete” - NN accessible

e N—=e N

charge,
magnetic moment,...

N
radius

—4M? 0 Q?
How can we calculate this from the quark level? quark-photon vertex
h
—
= Faddeev
amplitude

N

quark propagator

‘rainbow-ladder’

Gernot Eichmann (Uni Giessen) Sept 29, 2016
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Form factors

Sketch of a generic electromagnetic form factor:

A F(Q?)

timelike: not spacelike:

ete” - NN accessible e~ N — e~ N
charge,

magnetic moment,...

N
radius

_an 0 Q*

Microscopic decomposition of current matrix element:
satisfies electromagnetic gauge invariance, consistent with baryon’s Faddeev equation

Gernot Eichmann (Uni Giessen) Sept 29, 2016 26/26



Nucleon em. form factors

0.10 T T T T T
n, T Geis
oo Ge (@) ST
4 T Glazier
0.06 1 1 Plaster/Madey

i 7
w1

n 2 T Anderson
= Gu (@) L

Lung
1 Rock

[m] = = =

Three-body results:

all ingredients calculated,
model dependence shown
by bands Gk, Pro 84 (2011)

o electric proton form factor:
consistent with data,
possible zero crossing

e magnetic form factors:
missing pion effects at low Q?

e Similar for axial & ps. FFs,
A elastic and N—4y transition

GE, Fischer, EPJ A 48(2012),
Sanchis-Alepuz et al., PRD 87 (2013),
Alkofer et al., Hyp. Int. 234 (2015)

= “quark core without
pion-cloud effects”

12N G4

Gernot Eichmann (Uni Giessen)
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Nucleon em. form factors

Nucleon charge radii:
isovector (p-n) Dirac (F1) radius

10

08 (r1)? [fm?]

0.4

02}

0o L
00 01 02 03 04 05 06
mZ [GeV?]

* Pion-cloud effects missing
(= divergence!), agreement with
lattice at larger quark masses.

L4

T S Y

Nucleon magnetic moments:
isovector (p-n), isoscalar (p+n)

0.0 0.1 0.2 03 04 05 0.6
m? [GeV?]

Exp: x°=-0.12
Calc: x*=-0.12(1) ==

[m] = = =

® But: pion-cloud cancels in k° < quark core

GE, PRD 84 (2011)

12N G4

Gernot Eichmann (Uni Giessen)
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Axial form factors

¢ looks like magnetic form factors:
28 Lattice o
i Ga(QD) | fmctmmesemin missing structure at low Q% = g, too small
10 § me-d16Mev g
0s | S e ¢ Timelike meson poles:
el a;in G4, m & m(1300) in Gp, Grnn
04 * Goldberger-Treiman relation
02 b reproduced for all quark masses:
0.0 L L L G _ fr .
0.0 05 10 15 20 4(0) = — Gryn(0) GE & Fischer, EPJ A 48(2012)
QZ/MZ MN
14 T T T T T 1.0 T T T T T
Lattice:
P et ‘gA 08 Ta [fm] ; ::(/UKQCD(Vamanh'W) q
¥ wHPC (Bratt10)
3 ETMC (Alexandrou’11)
06 B #  QCDSF (Ali Khan'06) 4
[ DSE/Faddeev
w5 ChPT(aPro::ra'(m 021 7
0.8 0.0 v v v . v
0.0 0.1 0.2 03 04 0.5 0.0 0.1 0.2 03 04 05
m7[GeV?] m?[GeVv?]

Gernot Eichmann (Uni Giessen)
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A electromagnetic FFs

Almost no experimental information since A unstable: 4 - N

Magnetic moment p, ~ 3.5 with large errors (4%).
But 2~ (spin 3/2, sss) is stable w.r.t strong interaction,
magnetic moment |u,| = 3.6(1). Accidental?

) o.;u/Qu O.;M/Qu QaQﬁ
PO (P, — i PPY(P Fr~k — 60;[3 _(Frar— pr ]PBU P,
JPO(P,Q) =i (Pr) [( 17 2 OMA > ( 37 4 9Ma ) A3 (P)

Form factors at Q?=0:

Gpy(0) =ea  charge .
Gg,(0)=Q electric quadrupole moment Gm1(0) *

w
T

G, (0) = pa  magnetic dipole moment oL
G, (0) =0  magnetic octupole moment

almost quark-mass independent, Gu3(0)
match £~ magnetic moment ak i
Nicmorus, GE, Alkofer, PRD 82 (2010) G52(0) ) ) ) ) .

72040 0.1 0.2 03 04 0.5 0.6
Three-body results similar (except Gi,) 2 5
Sanchis-Alepuz, Alkofer, Williams, PRD 87 (2013) mg [GeV?]
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