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(g-2)..: theory vs experiment

SM predictions for a,

l

JN 09 (e"e-based)
299 + 65 I ®

DHMZ 10 (t-based)

DHMZ 10 (e*e)

195+ 54 —aA—-

—287 + 49 F—e—
HLMNT 11 (e*e?) 1
—261 £49 —e— fNAL
BNL-E821 (world average) ‘
0=x63
| ‘ | | | | ‘ | | | | ‘ | | | | ‘ | | | | ‘ | | | | ‘ | | | | ‘ | | | | L | | | |
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— exp
Ay a,

/ ><'1()_‘11

BNL-E821 measurement of a,

a,*® =(11659 208.9 £ 6.3) x 1010

exp _ 4 SM —
K aP-

(26.1 £ 5.0 th * 6.3 exp) X 10710

Hagiwara et al. (2011)

3 -4 o deviation
from SM value !

Errors or new physics ?

New FNAL, J-PARC experiments
GaMFNAL =1.6 x 1010

M. Lancaster

factor 4 improvement in exp. error

-> Improve theory !
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(g-2)..: history of relevant corrections

Contribution (theory) resolved

l
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strong contributions to (g-2),

hadronic vacuum polarization hadronic light-by-light scattering
(HVP) (HLbL)

nn

Prades,de Rafael,

a lo-had, VP = (692.3 + 4.2) x 101 a had tht = (10.5£2.6) x 10  Vainshtein(2009)
a Jegerlehner Nyffeler
=(10.2 £ 3.9) x 101
Teubner et al. (2011) ( ) (2009)
Jegerlehner (2015)

New FNAL and J-Parc (g-2), expt.: 0 a,®P = 1.6 x 1070

measurements of meson transition
form factors required as input to
reduce uncertainty

HVP determined by cross section
measurements of e*e” -> hadrons
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HVP corrections to (g-2),

Optical theorem and analyticity allow to relate HVP
contribution to (g-2) , with o,,4= o(e*e*—hadrons)

4

} K(s){had

known Kernel function

\ Hadronic cross section

Future improvement of g "4 ?

allzad VP

FeEeEEEEEEEEEEEEEEEEEEE- 1

t . . . I

: 1s p.rIOI".Ity- | | ® O |

i Clarify situation regarding m+n—  © g§ I

: (KLOE vs. BABAR puzzle) é 3 :

| S21

I x L]

: = : 0..4- Energy range

63,’}"" VP KIK? i 2" priority: %§ I up to 3 GeV
K= : Measure 37, 47t channels ol : essential !
T I N N B N B B BN N BN BN B B B BN B e e . o

3" priority:
KK and higher multiplicities

A

rtr—ntn— %

ﬂ theory developments: - update rut  I. Caprini

Y. Guo

(aim: reduction of current error
by factor of 2

- lattice QCD  A. Juettner, Ch. Davies
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hadronic LbL corrections to (g-2),

ﬂ experimental input: meson transition FFs, y* y" -> multi-meson states, meson Dalitz decays

Y
', M, M’
g - KLOE, MAMI/A2,
et ! e* BESIII, ...
CLEO, BaBar, o -
Belle, BESIIL, ... W
& b
Y- Gueo SND, CMD-2,
BESIII, ...
ﬂ theory deveolpments: - sum rules, dispersion relations this talk, G. Colangelo
- lattice QCD
- Dyson-Schwinger G. Eichmann
- phenomenology, modeling P. Sanchez Puertas, A. Zhevlakov
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hadronic LbL corrections to (g-2).: relevant contributions

> multi-scale problem -
-1 mixed soft-hard regions

Non-perturbative
hadronic physics
input needed !

( short
distance

b
1/Nc - expansion chiral expansion
( long
\ distance /
// “

!

perturbative
regime

/z
TT n, n, E \\ | bl u,d, s

” ?‘1 f“‘é“x
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what is known about hadronic LbL scattering ?
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Theory: sum rules for LbL scattering ()

A1, Q1 L Y (AL @) 7 (A2, q2) = V(AL @) 77 (Mg, g2)

kinematical invariants:

s = (q1 + q2)°, u=(q1 — ga)’
/ S —U
)\27 q2 25 {2 V= I Q% = _Q%a Q% = _q%
helicity amplitudes: Mz aan (v, QF, Q3) A=0,=£1
discrete symmetries: mmp>  8independent amplitudes:
P Myixgaane = Moxi—xg,-x-x, WA g g Mg g Mg T
T: My = My Moo,00, M10,4+0, Mo+t,0+5 My 00, Motr,—0 TandlL
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sum rules for LbL scattering (ll)

ﬂ Unitarity: link to y" y* = X cross sections

Wixiagaine = Im Myrxs 5,5, Wit it + Wi i =2VX (00 +02) =2VX (0 +01) =4V X 011,
Wig ot = Wi - =2VX (00 — 02) = 4V X 77,

Y AN Wii __ = 2V X (o) —o1) = 2V X 777,
——— X Woo,00 = 2VXorr,

Y* AANAAAN W+0,+0 = 2\/§ OTL,

Wot,0+ =2VX opr,
Wit 00+ Wos,—o =4VX 71,
Wit,00 — Woy,—0 = VX 7.

X =v' - Qi3
ﬂ Experiment: e e” - e e* X cross sections

e- ; % 2V X Bpl >y
O‘ b— . .
Q %%L 1674 Q2 QF s(1—4m?/s) E; Ej
1 > {4,0++ o 0(1)0 ,080 orr + 2p++ pgo oy + 2pc1)0 pé”“

00 00 1/2
= 1) (p5r+ — 1) ((3032(5) TrT+8 ((p - 3 Eﬁz i 13) (cosqg) TTL

+2 (pi
Q22
efﬁ e* k)t (o5 +1) (o8 + 1] w4 [(o P =) (o0 i

lepton beam polarization , ¢ : kinematical quantities
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sum rules for LbL scattering (lll)

micro- causallty

¢
:( ) Un Itaf'/t . \X:‘S
y ;

theory

imaginary part of the amplitude -
photon-photon fusion into leptons
and hadrons:

o
\Imf(Jr)(S) —

real part of the amplitude -
low-energy structure of the elastic
\/ LbL scattering:

@ L8 = c1(FuyF)? + o (Fu FH)? ,
| / \ Euler, Heisenberg (1936)
Iz N

< 00
1 (d
J — [02(s) = 00(s)] =0 C1+C2 = J j Lo(s) £ 01(5)]
S 8m ) s
=0 S0
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sum rules for LbL scattering (1V)

( Pascalutsa, Vdh (2010)
3SUperC0nvergent relations: ) Pascalutsa, Pauk, Vdh (2012, 2014)

(- o \ for Q2 = 0: GDH sum rule
helicity difference 1 Gerasimov, Moulin
Y | > |0 =fds 5= [00 — 021029 (1975) ,
sum rule (s+ Ql) 2 Brodsky, Schmidt
>0 ) (1995)
00 N
F) J d 1 o (s+03) _
= S 0) oLT T
7 (s+02)2 | Q102 Tt .

SO QZ_OJ
sum rules involving B ”
longitudinal photons \ f o \

TTL
N | 0= J ds [ }
Q102 1g2=0
50 _

: e < N

( SRs involving LbL 1 [ ds

low-energy constants: Ci1+C2= 8nf 2 [oj(s) £ 01(s)]

) >0 y

+ 6 new LECs at next order
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sum rules for LbL scattering (V)

ﬂ sum rules have been tested in perturbative QFT both at tree-level and 1-loop level
ANN- > — - == - -
scalar QED ;{E :}f\
|
AN} —« — —~ - RN

00 ) )
[O - J v T 02]°5=°J

S0

_— - —

Ao = 09 — 0y
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meson production in yy collisions (l)

- two-photon state: produced meson has C=+1
Y - both photons are real: J=1 final state is forbidden
FPC¢ (Landau-Yang theorem);
the main contribution comes from
J=0: 0* (pseudoscalar) and 0** (scalar)

and J=2: 2** (tensor)

- the SRs hold separately for channels of given intrinsic quantum numbers: isoscalar

and isovector mesons, cc states

- input for the absorptive part of the SRs: yy-hadrons response functions, can be expressed in
terms of yy—=>M transition form factors

[ L ..
o' "(s)~ (2) +1)16m ﬂ5(5 m meson contribution to the cross-section in the
- narrow-resonance approximation

2 J
o
( Cyy(P) = T m? |F pmy v+ (O, O)|2 two-photons decay rate for the meson
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meson production in yy collisions (ll)

e Mark1l Tttt
+ = i
= Bele 7°m? g
—_ 200
fe)
£
o I
)| ntm-
'A
100} 3! { - ,
710 0 19}
0 (I—l—!_rﬂ cr =3 ] 1 1 1
04 0.6 0.8 1.0 1.2 1.4
E (GeV)
Dai, Pennington (2014)

dominant features:
- Born terms for t* v
- S-wave rescattering

- tensor resonance f;(1270)

(’rhe I=0 channel ’

SR for Q%= 0
‘ [ £ (02 - 00) C1 C2 )
[nb] [10~4GeV—4] [10~4GeV 4]
n —-191+10 D 0 0.65+ 0.0
n’ 0 EO.3B:I:0.0§
f0(980) —19%£5 0.020 £+ 0.005 0
fi(1370) | —91+36 0.049+0.019 0
f2(1270) | 449+52 [30.141+0.016) 0.141+0.016
£5(1525) 7E1 0.002£0.000 | 0.002+0.000
f2(1565) 56+11 0.012+0.002 | 0.012+0.002
Sum ~89+66 D 0.22+0.03 1.14+0.04

>,

dominant contribution to c; comes from n, n’ and f,(1270)

dominant contribution to c; comes from f,(1270)

Pascalutsa,

Pauk, Vdh (2012)
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Q?|F(Q?)| (GeV)

0.35

03 |

0.25

0.2

0.15

0.1

0.05

/ e
,Y*
7', M, n
e’ e’

- Padé fit analyses

*

Y

—— M

meson distribution amplitude

Yy ->m

Y y->n

v*v" = M processes: meson transition form factors (TFFs)

-A O 3 T T T .A 04 T T T L |
- - -
s - (a 1 (b)
) ) | &
© + o 03|
& 02 + 4 K
o o 4;,,, L'V%.__%_: — ':_, _____ | o
_'" B ’ 2
A —ulb ¢ '+=+} { 1 02 o ':"
o1} - ‘ :
» A O (yy—
r A CLEO (yy—=n) 01 p CLI (ﬂ.‘_ . )_‘
- O CLEO (e’ —=ny) | L CLEO (e 7ol N
L @ BABAR (y'y =) @ BABAR(rY—>m)
- B BABAR (e'e” — 1) | @ BABAR (e'e = 1Y)
0 L PR T S T T | a booaa ol 0 X kddtoanl L
10 10° 10
Q (GeVY)

‘ theory: - dispersive analyses (Bonn/Jilich groups)

P. Sanchez Puertas

m) experiment: new data 0.3 GeV? < Q? < 3 GeV? from BES-IIl under analysis

—1

PR |
O
Q  (GeV")

Y. Guo
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heavier meson TFFs

* 2 . . . .
Y, 9 - one photon is virtual Qi%, second is quasi-real Q,*=0:
PC .
TFF)— J - axial-vector mesons 1** are allowed
Y&~ q 2 - f1(1285), f1(1420) transition FFs constrained from LEP (L3) data
2
~ 2
1 (s+0Q7)
O=| ds 272 o) + oLt + T,
(s+Q7) Q102 2
- SO QZ—O
d a a
[MeV] [keV| [nb / GeVz] [nb / GeVz] [nb Qe\/z]
71(1285) | 1281.8+0.6 | 3.5+0.8 0 —93+21
f1(1420) | 1426.4+0.9 | 3.2+0.9 0 ~50+14
70(980) | 980=+10 0.29+0.07 205 0
f/(1370) | 1200-1500 | 3.8+1.5 48 +19 0
72(1270) | 1275.1£1.2 | 3.03£0.35 | 138+16 >0
f4(1525) | 15255 | 0.081%0.009 | 1.5%0.2 >0
f2(1565) | 1562413 | 0.70+0.14 1242 >0
Sum

Pascalutsa,

Pauk, Vdh (2012)

- dominant features: f1(1285), f1(1420), f2(1270)

for Q12=0

- sum rules allow to constrain so far unmeasured contributions, e.g. " ¥* > tensor TFFs
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comparison for f,(1270) TFFs with new Belle data

f2(1270) helicity-2 TFF from LbL sum rules f2(1270) helicity-2 TFF from data
using data for n, n’ FF = L I S
e ' S 0.500] \ Belle (2015) -
_ _ _ _ using data for f1(1285), f1(1420) FF N
0.8 | N
S < 0.100}
S 0] © 0.050
: LI—
S —
S0 ~ 0.010}
s > 0.005]
0.2 O |
ol | | | | ‘ < o000t
) 1 2 3 4 5 0 5 10 15 20 25 30
0’ [Gev?]
QZ(GeVZ)
o v 1 (S+QZ)
0= | ds + o7+ 1 a
O=| ds [00 02] 2 _ f 232 |: I TL
J (s+Q2) Q3=0 M (s+07) Q102 02=0
0
SR S R e S ‘ SO
400 . { Danilkin, Vdh
L : 4 H (127
' 1:(1270) : (2016) 100: Qs
50

=

c L
sumruleswell | & of—sm
saturated below :

1 GeV? ¢ 7(1285) ]
/ -100¢} :

U G W T ST VAT WEN GRS RGeS -

I G S—

04 06 08 10 00 02 04 06 08 10

00 02
Q?(GeV?) Q?(GeV?)
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multi-meson production in y ¥ collisions .

T, 7T, KK, ...
. . * q
ﬂ dispersive analysesforyy—>nn, y y>nn
Dai, Pennington (2014); Moussallam (2013), ... —_—
d;
ﬂ related approaches:
- Roy Steiner Hoferichter, Phillips, Schat (2011) A

- unitarized ChPT Oller, Roca (2008);...

- coupled channel Danilkin, Lutz, Leupold, Terschlusen (2013);...

*
Yy -> W Y Y-
- — T T T T T T T T T T T T [ T T T [ 1 707““‘\“‘\“‘
350; _____ Born terms ] - Born terms 1
6 300? ———  Unitarized s- and d-waves 7 (5 60; ———  Unitarized s- and d-waves E
< i ] T o
250 ~ | —
=" = Q2 = 0.5 GeV?
> 200 % ¢
o) Q i
= 150} =2 0
E 100 | E 20 |
5 50 > 10f ______________
0 I 0:\ I r— ! | I I | I I I | I
: . . . . . : 1.0 12 14
W [GeV] Masjuan, Vdh (2015); W [GeV]

Danilkin (in progress)

new BES-IIl under analysis, first comparison with theory Y. Guo
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lattice calculation of forward Yy~ scattering

Green, Gryniuk, von Hippel, Meyer, Pascalutsa (2015)

B Euclidean correlator for LbL scattering

M1 2 3 g

HE (P4; P, P2) = /d4X1 d4X2 d4X46_i 20 Para <JM1 (Xl)JM2 (XQ)J,LL3 (O)J/M (X4)>E

ﬂ forward amplitude for two transverse (T) )/*

q1 2 2
—_Q q; = —Q)3, V—(h q2
E E E :
Merr(= —Q3,—Q1-Q2) = _RulusRmmHulusmuz( Q25 —Q1, Q1)
RE : transverse projectors
g q9 105 m, = 324 MeV, Q? = 0.377 GeV?

10

‘ comparison with dispersive sum rule evaluation
MTT(_Qi _Q%7 V) T MTT(_Qi _an O)
12 2
2V d / \/V Q QQ (0_0_|_O_2)<V/)

T V' (V2 — v? — ie)

0000000000

Vo

2-flavor QCD, quark connected contribution e

MTT(_ %7_ %7V)_MTT(_ %a_ %70)

promising consistency between lattice
and dispersive estimates

E—

next steps: disconnected, lattice evaluation of a, from M°¢
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Scanned a1 the American
Institute of Physics
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single meson contributions to a, (I)

for m°: Knecht, Nyffeler (2002)

ﬂx /ﬁ ' extended in many works

A21A§2~w(14) fdQl fdQ2' Qwa Ql,QQ)"l“wc(QlaQ )]

Gev !
1507 :
\ 04
, ““‘ ”’,’ 2
_

Lbl __ o
a',u (2m)2

we(Q1.02) 107

Wa(Q1.02) 102
dominating region

D (Q~Qz~1 Gev ) &
BES III 3
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single meson contributions to a, (Il)

B axial-vector meson re-evaluation was reported in 2 works

- implementation of Landau-Yang theorem

constraint leads to difference with previous results

ﬂ tensor mesons evaluated for first time

a, in units 1011

"09 ao

\

‘\‘ "'2.’ Ay

%

pseudo-scalars | axial-vectors scalars tensors

BPP 85 £+ 13 2.0+1.0 —7+2 -

HKS 82.7+6.4 1.7+ 1.7 - -

MV 114 £ 10 22+ 5 - -

KN 83 + 12 - - -
Jegerlehner ( J 93.9 +£12.4 ~ 7 —6.0 4 1.2 -
Pauk, Vdh this work - 6.4 £+ 2.0 —(0.9~3.1)+0.8 1.1+0.1

(2013) o
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HLbL to a, : present status and outlook

ﬂ estimate for pion loop contribution (with full VMD FF) Bijnens et al. (2014)

albL7loor = (_ 2.0 £ 0.5) x 1020

integrating momenta in loop up to 1 GeV

‘ Total HLbL [a, in units 1011]

Contribution HKS BPP KN MV PdRV N/JN Jegerlehner (2015)
.. 82.7+6.4 85+13 83+12 114+10 114+13 90+16
n, K loops —4.5+8.1 —-19+13 - 0+10 —-19+19  —19+13
axial vectors 1.7¢1.7 2.5+1.0 - 22+ 5 15+£10 2245 =—3p 75+2.7
scalars - —-6.8+2.0 - - —-T7+7 -7+2
quark loops 90.7x11.1 21+3 - - 2.3 21+ 3
total 89.6+154 83+32 80+40 136+25 105+26 116239 =—3» 102 + 39

updated HLbL
a, =(102 £39) x 10!

q how to improve on the present calculations ?

- spacelike doubly-virtual measurement of m® TFF at BESIII (Q12, Q2% ~ 0.5 -1 GeV?) VY. Guo

- dispersive analyses for nrt loop contribution to ay colangelo, Hoferichter, Procura,
Stoffer (2014,2015) Colangelo

- dispersive analysis fora, Pauk, vdh (2014)
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dispersive analysis for a, (l)

m dispersion formalism directly fora,  Pauk, Vdh (2014)
f——_

dk?
(a, = lim Fo(k2, (p+ k)2, p >J Byl / K Abs By ()
27?2 |
F -

\ /
K0 |\ a, = F5(0) '

/

g e [ i weighting functions (en’riwq
Fy(k?) = €8 (=1)AFArTA2+As / —1/ 2 Laioror(0, 0,01,k — @1 — a2, ¢2)
P a1 | e

X( I aoxsn (@1, k — 1 — g2, 92, k)
> l@Gak—a—@)?[(p+q)?—m2[(p+k—q2)? — m?]

analytic structure

Iy, aonang (015 G2, @3) = €(q1, M) €” (g2, Ma)e™ (g3, A3)€” (qa, M), (g1, g2, 3)
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dispersive analysis for a, (ll)

q proof of principle: pole contributions

»* Y
Y Y

B 2-particle cuts

(1)

(2)

n° - pole at (qgi+q;)* = M? analytical structure
| of LbL amplitude )

gs

q:
’ > > N <\ vector - poles at gi? = A?

oV

2-particle
discontinuities
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dispersive analysis for a, (lll)

(2)
VVV

( 3-particle
discontinuities
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0.025
0.02
0.015
0.01

Pauk, Vdh (2014)
0.005

-0.005

-0.01

dispersive analysis for a, (IV)

reconstruction of a, from dispersion integral: proof of principle

©.@) o N
) 1= v _J
a, * M3/(oc FW) (in GeVz): diagram a
2-particle
A =077 GeV / discontinuities

dispersive

/ evaluation
&

<\

llllllll

Tty
AT -
et Sag
" -
------
' [

Feynman integral
evaluation

L1 ‘ I I | ‘ I I | ‘ I | ‘ I I | ‘ I I | ‘ I I | ‘ I | ‘ I | ‘ |
O 0.1 02 03 04 05 06 07 08 09 1
M (GeV)

3-particle
discontinuities

(exact agreement between direct 2-loop and dispersive calculation found'
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Summary and outlook

m) HLbL: new model independent theoretical tools for y* y* > X

- sum rules, dispersive frameworks for meson transition FFs:
-> allow to include experimental constraints (new data from Belle, BESII|)

- new evaluation of heavier meson contributions
-> ay =~ 7 x 101! (factor 3 smaller than previous estimates)

- pioneering new lattice QCD calculations for HLbL:
-> promising agreement with sum rule estimates found

q new dispersion relation frameworks for HLbL to ay :
-> require close collaboration with experiment (spacelike, timelike, meson decays)

data driven approach also in HLbL

ﬂ goal: realistic error estimate on a, / reduce to 20 x 10'! (20 % of HLbL)
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