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Motivations

• Interested in non-AdS holography

• Strings with: 1) NR target space, 2) relativistic world-sheet
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Foliation “2+8” Â = (A, a)

A = 0, 1 a = 2, ..., 8



• NR (bosonic) string is Weyl anomaly free in d = 26
[Gomis, J. Oh, Z. Yan, 2019][Gallegos, Gursoy, Zinnato, 2019]

• Target space geometry is string Newton-Cartan
[Harmark, Hartong, Obers, 2017][Bergshoeff, Gomis, Yan, 2018]

• First considered in flat space [Gomis, Ooguri, 2000][Danielsson, Guijosa, Kruczenski,

2000] then in AdS5 × S5
[Gomis, Gomis, Kamimura, 2005]

Holography....

• Relativistic strings in AdS5 × S5 / N = 4 SYM. Holography has
been extensively studied. One needs observables to match:

“string excitations = dimensions of gauge-invariant operators”

E(
√
λ,m, ...) = ∆(λ,m, ...)

• Integrability: key property to determine the spectrum exactly.

Questions:

• Can we determine the spectrum of NR strings in AdS5 × S5?

• is the theory integrable?



Outline

1. NR strings in AdS5×S5

2. Classical string solutions (BMN-like, GKP-like)

3. Semiclassical expansion of the NR action

4. Coset formulation + Lax pair

5. Spectral curve



NR strings in AdS5×S5

Flat space

S =

∫
∂Xµ∂Xνηµν

NR limit [Gomis, Ooguri, 2000]

X0 → cX0 , X1 → cX1 , c→∞

Curved spacetime

S =

∫
∂Xµ∂Xνgµν

rescaling of Xµ?



Homogeneous spaces G/H (e.g. AdS5×S5) [Metsaev, Tseytlin, 1998]

S =

∫
⟨A,PA⟩ , A = g−1dg , g ∈ G

choice of g = choice of coordinates

(e.g. g = eX·T )

NR limit = IW contr.: so(2, 4)⊕ so(6) −→ s.Newton-Hooke5⊕Eucl5

translations = “2 + 8” P0 → P0

c , P1 → P1

c (+ boost)

rescaling of generators ←→ rescaling of coords

Eµ
Â: long. Eµ

A = cτµ
A + 1

cmµ
A A = 0, 1

transv. Eµ
a = eµ

a a = 2, ..., 8

metric: gµν = −c2τµAτν
BηAB + finite

add closed B-field Bµν = c2εABτµ
Aτν

B



Divergent(gµν +Bµν) = λAF
A + 1

c2λAλ
A = finite + subleading

λA are 2 non-propagating worldsheet scalars (Lagrange multipliers)

Now we can take c→∞

SNR =

∫
d2σ

(
γαβ∂αX

µ∂βX
νHµν + εαβ(λ+θα

+τµ
+ + λ−θα

−τµ
−)∂βX

µ

)
θα

± zweibein of w.s. metric, Hµν is the finite piece from gµν
Coordinates:

AdS5 (t, z, z2, z3, z4) × S5 (ϕ, y1, y2, y3, y4)

String Newton-Cartan vielbeine

τµ
A : AdS2 (t, z) eµ

a : f(z) R3 (z2, z3, z4)× R5 (ϕ, y1, ..., y4)

Solving equations of motion for λ± (fix conformal gauge)

t = κτ z = −2 tan(κσ/2) κ ∈ Z

The string must have winding!



Relativistic string in AdS5 × S5

BMN solution (point-like) [Berenstein, Maldacena, Nastase, 2002]

t = ϕ = κτ

Dispersion relation E = J

In light-cone gauge (X± = t± ϕ), and in large string tension T ≫ 1,
action expands about strings in pp-wave

NR string in AdS5 × S5

BMN-like (extended string) [AF, Nieto, 2021]

t = κτ ϕ = ωτ z = −2 tan(κσ/2) λ± ∼ cos(κσ)

Dispersion relation E ∼ J2

In light-cone gauge (X± = t± ϕ), in T ≫ 1 and R≫ 1, action expands
about free fields + corrections σ-dependent

Reason: 1) z is not isometry z = zcl+ zfl 2) z is not in the lightcone X±



Classical Integrability

• Goal: find a Lax pair for the NR action in AdS5 × S5

• Strategy for relativistic string: capture the metric (vielbein) inside
a Maurer-Cartan form (coset action) [Metsaev, Tseytlin, 1998]

AdS5 × S5 = SO(2,4)×SO(6)
SO(1,4)×SO(5) =

isometry
isotropy

S =

∫
d2σγαβ⟨Aα, PAβ⟩

Aα is the Maurer-Cartan form. (PA = A(1))

• E.o.m. ∂α(γ
αβA

(1)
β ) + γαβ [A

(0)
α , A

(1)
β ] = 0

• Lax pair [Bena, Polchinski, Roiban, 2003]

L = A(0) + ℓ1A
(1) − ℓ2 ⋆ A

(1) ℓ21 − ℓ22 = 1

Equivalence: dL + L ∧L = 0 ⇐⇒ E.o.m.



• NR string: isometry of AdS5 × S5 is ∞-dim, but isotropy finite.

• Truncate the NR isometry to capture the NC vielbeine (suggested
by Lie algebra expansion)

[AF, van Tongeren 2022][AF, Nieto, 2022]

SNR =

∫
d2σγαβ⟨Jα, PJβ⟩ Jα ≡ Aα − (⋆Λ)α

Aα is the Maurer-Cartan form. Λα external current, depends on λ±

• Equations of motion

∂α(γ
αβJ

(1)
β ) + γαβ [J (0)

α , J
(1)
β ] = 0 Eλ± = εαβθα

±Aβ
H± = 0

• Lax pair

L NR = A(0) + ℓ1A
(1) − ℓ2 ⋆ J

(1) ℓ21 − ℓ22 = 1

on solutions of Eλ± = 0



Spectral curve
• Alternative route to the spectrum, it captures TBA equations

• Compute the eigenvalues of monodromy matrix

M = Pexp

(∫ 2π

0

d2σ L NR
σ (ξ)

)
ξ = spectral parameter

• Theorem: On solutions of Eλ± = 0 all eigenvalues are ξ-independent

[AF, Nieto, Ohlsson Sax 2022]

• M evaluated on BMN-like sol. is non-diagonalisable

M|BMN-like = S


× × ×
× ×
×
× ×
×
×

S−1

× no ξ-dep. × yes ξ-dep. =⇒ spectral curve defined by “×”



• Reason of non-diagonalisability:

so(2, 4)⊕ so(6) is semi-simple, but s.Newton-Hooke5⊕Eucl5 is not

• semi-simple part of s.Newton-Hooke5⊕Eucl5 is diagonalisable

Same apply for relativistic string in flat space.

• Poincaré algebra is not semi-simple.

• Eigenvalues of monodromy on any solution do not depend on ξ

Diagonalisable: M = Sepi(ξ)CiS−1 Ci ∈ Cartan

Non-diagonalisable: M = Seqi(ξ)WiS−1 Wi ∈ MAS

(MAS = maximal abelian subalgebra)
[AF, Nieto, Ohlsson Sax 2022]



Summary of NR strings in AdS5 × S5

• NR string needs winding (consequence of Eλ± = 0)

• having winding spoils semiclassical expansion of the action (z is not
an isometry)

• found a coset formulation + Lax pair

• Monodromy is non-diagonalisable, its eigenvalues are ξ-independent

• proposed an alternative definition of spectral curve



Future directions

• Relativistic solution that flows to BMN-like?
Take the NR limit directly on the relativistic spectrum.

• generalised spectral curve, Y-system

• SUSY coset action

• Deformations

SNR =

∫
d2σγαβ⟨Jα,OJβ⟩

• Identify the “dual” limit on N = 4 SYM

• Carroll strings: boring or interesting?



Thank you for your attention!

More questions?

� afontanella@perimeterinstitute.ca


