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Introduction

I How can we understand the structure of the HD terms that appear as
a series expansion in the string coupling α′?

I Are there any additional hidden structures that make the corrections
more manifest?

I Use manifest symmetries
I supersymmetry, S-duality, T-duality, . . .

I T-duality: constrains background to be O(d, d) invariant

I Goals:
I revisit the HD corrections to investigate hidden structures of string

theory for d-dimensional compactification
I formulate O(d, d) invariant building blocks to study the additional

structures of the string action that may become manifest
I learn about five point functions with the new building blocks
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Torus reduction - a review
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Torus reduction - a review

I closed string NSNS fields and the tree-level effective action

I massless fields: (GAB, BAB, φ)

e−1L10 = e−2φ

(
R+ 4∂Aφ∂

Aφ− 1

12
HABCH

ABC

)
.

I reduction on T d proceeds by making the ansatz

ds2
10 = gαβdx

αdxβ + gij(dy
i +Aiαdx

α)(dyj +Ajβdx
β),

B = 1
2B̂αβdx

α ∧ dxβ +Bαidx
α ∧ (dyi +Aiβdx

β)

+ 1
2bij(dy

i +Aiαdx
α) ∧ (dyj +Ajβdx

β),

φ = 1
2Φ + 1

4 log det gij ,
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Torus Reduction - A Review

I Torus-reduced 2∂ Lagrangian

L10−d = e−Φ

(
R+ ∂αΦ∂αΦ− 1

12
ĤαβγĤ

αβγ +
1

8
Tr(∂αHη∂αHη)

)

I H is the (2d)× (2d) scalar matrix

H =

(
g−1 −g−1b
bg−1 g − bg−1b

)
, η =

(
0 1
1 0

)
, S ≡ ηH

I H is the generalized metric taking values in O(d, d) and η is the
O(d, d) invariant metric

I 2∂ Lagrangian is invariant under O(d, d) T-duality transformations of
the form

S → g−1Sg, for gT ηg = η
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Torsionful connection

I torsionful connection

Ω± = ω ± 1
2H = ωAB ± 1

2HM
ABdxM ,

I Riemann tensor

RMN
PQ (Ω±) = RMN

PQ(Ω)±∇[MHN ]
PQ +

1

2
H[M

PRHN ]R
Q.
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The T-duality building blocks

Cosmological Reduction

I We start with
L = g−1ġ, M = g−1ḃ,

I and define the linear combinations

N± = L±M or, in components N i
±j = gik(ġkj ± ḃkj).

I One advantage of introducing N± is that the T-duality invariant
traces can be compactly written as

Tr(Ṡ2n) = 2(−1)n Tr((N+N−)n), (n ≥ 0).

I sufficient to check if the action can be written in this form
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The T-duality building blocks

I invariants are formed by taking traces of products of S and its
derivatives

S2 = 1,

I there can be at most one S separating derivative terms inside the
trace

I form the projections
P± = 1

2(1± S).

I n derivatives acting on S
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Single Derivatives

I characterize single trace invariants formed out of S and ∂µS.

I single derivatives: only two inequivalent possibilities

Tr(∂µ1S∂µ2S · · · ∂µ2nS) = (−1)n[Tr(Nµ1−Nµ2+ · · ·Nµ2n+)

+ Tr(Nµ1+Nµ2− · · ·Nµ2n−)].

Tr(S∂µ1S∂µ2S · · · ∂µ2nS) = (−1)n[Tr(Nµ1−Nµ2+ · · ·Nµ2n+)

− Tr(Nµ1+Nµ2− · · ·Nµ2n−)].

I cosmological reduction [MD, Liu, 2108.04370]

Tr(Ṡ2n) = 2(−1)n Tr ((N+N−)n) , (n ≥ 0),
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Second Derivatives

second derivatives on S
I the invariants explicitly break the alternating signature of N [MD,

Liu, 2210.16593]

S = W

(
1 0
0 −1

)
W−1,

∂µS = W

(
0 Nµ−

−Nµ+ 0

)
W−1,

∇µ∇νS = W

(
N(µ−Nν)+ ∇(µNν)− + Yµν−

−∇(µNν)+ − Yµν+ −N(µ+Nν)−

)
W−1,

Yµν± =
1

2
(N(µ∓Nν)± −N(µ±Nν)±)

I build invariants by multiplying these quantities together and taking
the trace

I the diagonal terms follow the alternating pattern
I Yµν± breaks the even/odd of diagonal/off-diagonal entries
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The Algorithm

I breaking of the alternating pattern can also be seen from the
Riemann tensor

Rρσ
µν(Ω±) = Rρσ

µν(ω±),

Rij
µν(Ω±) = − 1

4
(gikN

µk
± lN

νl
∓ j − gjkN

µk
± lN

νl
∓ i),

Rµν
ij(Ω±) = − 1

4
(N i

µ∓kN
k
ν±l −N i

ν∓kN
k
µ±l)g

lj ,

Rνj
µi(Ω±)= − 1

4
(2∇(±)

ν Nµi
∓ j + N i

ν±kN
µk
∓ j),

Rkl
ij(Ω±) = − 1

4
(Nµi

∓ kN
j
∓µl −Nµi

∓ lN
j
∓µk),

I this does not appear to be a problem in the cosmological reduction!
I our steps to ensure T-duality

1. reduce the higher derivative couplings to scalar interactions

2. integrate by parts and introduce on-shell field redefinitions

3. express the result in terms of N±
4. traces must be a string of matrices with alternating N+ and N− to

ensure T-duality (for the cosmological reduction)

5. find constraints on the higher derivative couplings
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Some Examples:
H2R3 Scattering Amplitudes
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H2R3 Scattering Amplitudes

I reexamine tree-level 8∂ terms in the type II effective action
I reformulate via our building blocks
I consider each order of H separately (order H2n does not affect the

counterterms introduced at O(H2n−2))

I [Liu, Minasian, 1912.10974]

Ltree ∼ R4︸︷︷︸
O(H0)

+H2R3︸ ︷︷ ︸
O(H2)

+ · · ·

I focus on the cosmological reduction and utilize the algorithm

Marina David T-duality building blocks in stringy corrections KU Leuven 12 January 2023 14 / 19



T-duality at O(H0)

I the cosmological reduction [Meissner, 9610131, Godazgar, Godazgar,
1306.4918, Hohm, Zwiebach, 1510.00005]

I pure gravity sector

LR4 ∼ t8t8R4 − 1

4
ε8ε8R

4

LR4 → 3 Tr(Ṡ)4 − 9
2

Tr(Ṡ8)− 1
64

(TrL)8 − Tr
(
L3) (TrL)5 + 45

16
Tr

(
L4) (TrL)4

− 6 Tr
(
L5) (TrL)3 − 5

2

((
Tr

(
L3))2 − 3 Tr

(
L6)) (TrL)2

I remaining terms can be rewritten in terms of the dilaton
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T-duality at O(H2)

I by matching with the tree-level string five-point amplitude [Liu,
Minasian, 1912.10974]:

LH2R(Ω+)3 ∼ −2t8t8H
2R (Ω+)3 − 1

6
ε9ε9H

2R (Ω+)3

+ 8 · 4!

8∑
i

diH
µνλHρσζQ̃iµνλρσζ + · · · ,

I recover four-dimensional supersymmetry based on Calabi-Yau
compactification [Grimm, Mayer, Weissenbacher, 1702.08404]

t8t8H
2R3 ≡ t8µ1···µ8t

ν1···ν8
8 Hµ1µ2αHν1ν2αR

µ3µ4
ν3ν4R

µ5µ6
ν5ν6R

µ7µ8
ν7ν8

I six-index combinations
Q̃1
µνλαβγ = Rµαa

bRνβb
cRλcγ

a,

Q̃2
µνλαβγ = Rµνa

bRαβb
cRλcγ

a,

Q̃3
µνλαβγ = Rµνa

bRλαb
cRβcγ

a,

Q̃4
µνλαβγ = Rµaα

bRνbβ
cRλcγ

a,

Q̃5
µνλαβγ = RµabcRνα

bcRλβγ
a,

Q̃6
µνλαβγ = RµabcRαβ

bcRνλγ
a,

Q̃7
µνλαβγ = RµabcRν

a
α
cRλβγ

b,

Q̃8
µνλαβγ = RµναβRλabcRγ

abc.
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T-duality at O(H2)

I check if these tree-level H2R3 couplings are compatible with
T-duality at order O(H2)

I follow a cosmological reduction and utilize N±
I only introduce complete basis up to O(H2) and leave the rest

undetermined with terms fixed via the five-point scattering amplitudes

I the couplings are found to be [Liu, Minasian, 1912.10974]

{di} = k

(
1,−1

4
, 0,

1

3
, 1,

1

4
,−2,

1

8

)
, k = 1
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T-duality at O(H2)

I demand that the final action is traces of alternating N+ and N−

d3 =
1

2
(4− d1) , d4 =

4

3
, d6 =

1

8
(−2d1 − 4d2 − 2d5 + 20) , d7 = −8, d8 =

1

2
.

I T-duality does not uniquely fix all 8 coefficients di → not sufficient in
completely determining the couplings for the five-point function.

I coefficients agree provided k = 4 which corrects a normalization error
in [Liu, Minasian, 1912.10974]
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Conclusion and Outlook

I Conclusion
I investigated T-duality building blocks for HD’s for torus

compactifications

I torsionful connection allows us to write O(d, d) invariants as N±
I can also use building blocks for the first order α′ corrections to the

heterotic and bosonic string action
I the couplings for H2R3 found are consistent with scattering amplitudes

I Outlook/Future Directions
I deriving covariant and gauge invariant 10D expressions from N±
I inclusion of Kaluza-Klein and winding gauge fields [Eloy, Hohm,

Samtleben 2004.13140]
I a more inclusive understanding on α′3 corrections
I nature of the redundancies that arise after compactification
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