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INTRODUCTION

Entanglement entropy (EE) of CFTs across a spherical entangling region S92

B d-2
See = —Trpalog pa

pa = Trg p = Tra(|¢)(Y])
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INTRODUCTION

Entanglement entropy (EE) of CFTs across a spherical entangling region S92

B d-2
See = —Trpalog pa

pa = Trg p = Tra(|¢)(Y])

The universal (reqularized) part of the EE is given by myers, Sinha '10, 11

(—)%Mog(%) even d
(=)F 27 odd d

SeE = vg_1a°, where vy_1 = {

a* = a-type trace anomaly even d, a* = Fg odd d

=} = = = E DA
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INTRODUCTION

Entanglement entropy (EE) of CFTs across a spherical entangling region S92

B d-2
See = —Trpalog pa

pa = Trg p = Tra(|¢)(Y])

The universal (reqularized) part of the EE is given by myers, Sinha '10, 11

(—)%Mog(%) even d
(=)F 27 odd d

SeE = vg_1a°, where vy_1 = {

a* = a-type trace anomaly even d, a* = Fg odd d

Goal: generalize this result to the case of finite chemical potential

=} = = = E DA
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INTRODUCTION

Charged entanglement entropy: can be defined in a theory with a global
symmetry and a current J?
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INTRODUCTION

Charged entanglement entropy: can be defined in a theory with a global
symmetry and a current J?

More generally: charged Rényi entropies

@ p = chemical potential
@ For y =0 we recover the usual RE and EE

@ We wish to study the expansion of Sge(p) around =0
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INTRODUCTION

Tools we use to attack this problem:
(1) Relation between entanglement and thermodynamic entropies

S, across S92 ~ thermal entropy on the R x Hd_lBelin, Hung, Maloney, Matsuura, Myers,
Sierens 13

ds? = —dt> + dx?dx® = ds® = —d1® + R* (dx? + sinh® xdQ3_,)
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INTRODUCTION

Tools we use to attack this problem:

(1) Relation between entanglement and thermodynamic entropies

S, across S92 ~ thermal entropy on the R x Hd_lBelin, Hung, Maloney, Matsuura, Myers
Sierens "13

ds? = —dt? + dx?dx? = ds®=—

= —d7? + R? (dx? + sinh® xdQ3_,)

n 1 To

1
— S T,u)dT, To=—
n—1 -,—0 Toin thermal( U) 0 7R

Sn(p) =

=} =l 12N Ge
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INTRODUCTION

Tools we use to attack this problem:

(1) Relation between entanglement and thermodynamic entropies

S, across S92 ~ thermal entropy on the R x Hd_lBelin, Hung, Maloney, Matsuura, Myers,
Sierens "13

ds? = —dt> + dx?dx® = ds® = —d1® + R* (dx? + sinh® xdQ3_,)

o) = "2 [ Sy To)dT, To=
nlJ—n_l-I—0 Toin thermall /| + H ’ 0_27TR

(2) AdS/CFT

Thermal entropy of a CFT < thermodynamic entropy of a black hole

CFT on R x HY™! &> black holes with hyperbolic horizons
Chemical potential <> black holes with electric charge

Especially useful: holography with higher derivatives
=} = = E DA
IBERIAN STRINGS 2023 4123
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INTRODUCTION

AdS/CFT correspondence

Understood as a general principle: theory
of gravity on AdS < CFT on the boundary

time anti-de Sitter space N

conformal . . . .

soundary Holographic Einstein gravity: explore a
certain universality class of CFTs (e.q.,

with same correlator structure of T,p)

12N Ge
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INTRODUCTION
A

AdS/CFT correspondence

time

anti-de Sitter space

Understood as a general principle: theory
of gravity on AdS < CFT on the boundary
1-\

conformal

soundary Holographic Einstein gravity: explore a
certain universality class of CFTs (e.q.,

with same correlator structure of T,p)

Higher-derivative gravity in the bulk: two different views
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INTRODUCTION
A

AdS/CFT correspondence

time

anti-de Sitter space

Understood as a general principle: theory
of gravity on AdS < CFT on the boundary
1-\

conformal

soundary Holographic Einstein gravity: explore a

certain universality class of CFTs (e.q.,
with same correlator structure of T,p)

Higher-derivative gravity in the bulk: two different views
@ Corrections to EG ~ finite N and A corrections in the CFT
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INTRODUCTION

AdS/CFT correspondence

Understood as a general principle: theory
of gravity on AdS < CFT on the boundary

time anti-de Sitter space Y

conformal . . . .

soundary Holographic Einstein gravity: explore a
certain universality class of CFTs (e.q.,

with same correlator structure of T,p)

Higher-derivative gravity in the bulk: two different views
@ Corrections to EG ~ finite N and A corrections in the CFT

@ Non-perturbative higher-derivative gravity ~ more general CFTs

o = = =

DA
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INTRODUCTION

Higher-derivative gravity as holographic models
Many applications

@ Holographic theories with a # ¢ in d = 4. General form of the correlator
<TTT> e.g., Hofman, Maldacena '08; Boer, Kulaxizi, Parnachev '09; Myers, Paulos, Sinha '10; etc

o Find new phenomena, e.g., new types of phase transitions e.g, Camanho, Edelstein,
Giribet, Gomberoff '14; Frassino, Kubiznak, Mann, Simovic '14; Hennigar, Brena, Mann '15

@ Test universality of holographic EG results. For instance, n/s # 1/47 eg, Kats,
Petrov '07; Brigante, Liu, Myers, Shenker, Yaida '07; Buchel, Myers, Sinha '08; Cai, Nie, Sun '08; Myers,
Paulos, Sinha 10

@ Provide evidence of true universality (e.g., holographic c-theorem Myers, Sinha
10, Renyi entropy Perlmutter '14; Chu, Miao ‘16, corner contribution to EE Bueno, Myers,
Witczak-Krempa 15, free energy on squashed spheres Bueno, Cano, Hennigar, Mann '19...)

=} = = = E DA
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INTRODUCTION

Plan of the talk

@ Holographic computation of charged EE
@ Universal result from holography

@ Proof of the universal relation from first principles
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HOLOGRAPHIC COMPUTATION

0 HOLOGRAPHIC COMPUTATION
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HOLOGRAPHIC COMPUTATION

We consider bulk theories with a (d — 2)-form B,

I= ,/ddﬂx V18l L(guv: Ruvpor Hyyoopy 1), H=dB

=] 5 = = E DHAQ
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HOLOGRAPHIC COMPUTATION

We consider bulk theories with a (d — 2)-form B

. / 4"/ 18] L& Ruvpo Hugosy )

H=dB

Four-derivative “Electromagnetic Quasitopological Gravities” (see Javier's and
Angel’s talks!)

g dd-1 2, A
S R - H 12X,
B0t =1g,6 | 4 X |g|[ te T Ty Td—a=3-
(d—1)! (HR -

(d —1)2d — )R™,, (H*),,) +

S (R, — (= 1R, (H7,,) + Ly
by = H ey

Vi-Vnlnt1-Hd—1
PaBLO A. CANO
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HOLOGRAPHIC COMPUTATION
Electromagnetic dual theory

_ ay...0p—_2
Edual =L + —47TG(d — 1)! (*F)a1...aD_2H

F =dA
F=4nG(d—1)!*g—£
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HOLOGRAPHIC COMPUTATION
Electromagnetic dual theory
1
_— ay...0p—_2 —
Lgval = L + —47TG(O' —)i (*Fey..apaH F=dA
F=4nG(d —1)'*%

- 1 da1 d(d—1) o
leora = 7= /d x |g|lR+ 2 F
2

CEPrEE R
das
d_2RF2 (3d o + (d—1))

212

FuaF, " R" (4(2d 1)y 4 B9

W)

TP +(’)L4]

+2L2
d—2

FuvFooR*P7((2d — 1) oy + o2) 4+ — B
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HOLOGRAPHIC COMPUTATION

Setup: we consider the theory legr,4 as a model for a holographic CFT

To make contact with holography we will use its electromagnetic dual theory

hay — T2, A, - 6,07
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HOLOGRAPHIC COMPUTATION

Setup: we consider the theory legr,4 as a model for a holographic CFT

To make contact with holography we will use its electromagnetic dual theory
hap — T2,

AdS vacuum:

A, — 0, )7

. dr? 2
ds® = 22+

%nabdxadxb
The AdS radius is denoted by [ = L/\/f, and we have

fw=2—1/\[1—m]

Observe that the value of A is bounded to A < 1/4
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HOLOGRAPHIC COMPUTATION

Hyperbolic black holes

dr? _
ar +r?d=?, H=Qu41

ds® = —Ef(r)dtz +
R? £(r)
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HOLOGRAPHIC COMPUTATION
Hyperbolic black holes

ds® = —Ef(r)dtz + ar’ +r’d=?, H=Quw
- R2 f(r) - - d—l
2
f(r)=—1+

r

3 | T & VTP =41+ Y(r)]
L 2a @ _ o omL BL*Q*
M =1- TG YW =-G=0e " Ga—ad-neD
2L2Q2
(d—1){d—2)2 7

(1 —(d— 2)%(4(d —1)oy + az))
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HOLOGRAPHIC COMPUTATION

Hyperbolic black holes

2 dr? —
ds? = — 5 F(Nde? + 7+ 7=, H = Qua

f(r)
2
f(r) = =1+ 55 [ 1) &/ — 41+ Y(r)
201 12Q2 mL? BL*Q*
M =1- T Y =—G 09 ~ Ga—ad- 1T
2L2Q2

L2
(d — 1)(d — 2)r2d-1) (1 —(d=2)5(4d—T)a + az))

In the dual frame we have a electrostatic potential A = ®(r)dt,

¢(r)=—%[(d_;)rd_2 L “1 (3(d — 1) +3(d — 1)f(r) + rf'(r))

L 0(2 L2Q23
(1 +f(r ))_m] + Py

PasLo A. CaNo UNIVERSAL FEATURE OF CHARGED ENTANGLEMENT ENTROPY IBERIAN STRINGS 2023 11/23



HOLOGRAPHIC COMPUTATION

The black hole horizon is the largest root of f(r.) = 0. From this, we get
o Hawking temperature T = Ak

o Chemical potential p = ®o. /4, (from ®(ry) = 0)
e Entropy (Wald's formula) S = —2x [, d¥*xv'h

4nR

oL
OR,vap
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HOLOGRAPHIC COMPUTATION

The black hole horizon is the largest root of f(r.) = 0. From this, we get
o Hawking temperature T = Ak
o Chemical potential p = ®o. /4, (from ®(ry) = 0)

4nR
e Entropy (Wald's formula) S = —2x [, d¥*xv'h
We have

oL
SRyuap
rd=1 Vo Q%12 2(d —1)L2A
S— + HT 1.9 _
1G [ TN T g )2 ]
and we should understand S = S(T, p).

Here Vjgo-1 is the volume of the hyperbolic space, whose reqularized part reads

Q41
\/de1 = V4-1

47
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HOLOGRAPHIC COMPUTATION

Holographic entanglement entropy on a disk

o For T =1/(2nR), the hyperbolic black hole entropy computes the EE,
S = See(p)

@ Dependence on p is complicated. Expansion around py = 0 yields
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HOLOGRAPHIC COMPUTATION
Holographic entanglement entropy on a disk
o For T =1/(2nR), the hyperbolic black hole entropy computes the EE
S = See(p)

EQG
EE (/J)

ace +
Vd—1

@ Dependence on p is complicated. Expansion around py = 0 yields

422 — 2L~ 3d(d ~ et — dasfs [d-3¢2
(d —1)8I(d/2)a? ot
where e = 1 — f,01(3d? — 7d + 2)

=R

foo02(d — 2) and
fd-1 qld-2)12

2(d — 1)
8G I(d/2) [1_ d—3 ’\f“]‘

@ agp is the correct quantity for holographic GB gravity (conformal anomaly
or free energy on the sphere)

* —
acB =

e Can we interpret the p? term?

PasLo A. Can
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HOLOGRAPHIC COMPUTATION

Current two-point functions

(5 b(0) = gy el

where
XaXp

Iab = 5ab — 2W
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HOLOGRAPHIC COMPUTATION

Current two-point functions

() p(0)) = 2

= |X|2(Tl)lab(x)
where

_ XaXp

Iab = 6ab - 2W

The central charge C; can be obtained by studying normalizable perturbations
of A, around the AdS vacuum

0leqc.4
(Jado) ~ — 57—
SAY A

PasLo A. Cano
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HOLOGRAPHIC COMPUTATION
Current two-point functions
Gy
(Ja(x)Jp(0)) = |X|2(Tl)lab(x)

where

Iab = 6ab — 2X3Xb

xI?
The central charge C; can be obtained by studying normalizable perturbations
of A, around the AdS vacuum

ol
(Jody) ~ EQG 4

e
SAD A

Result:

- L _Nd e

T et T(d/2 — 1) 47d2H1G '

Qeif = 1 — foa1(3d? — 7d + 2) — fogan(d — 2)
PasLo A. Cano
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HOLOGRAPHIC COMPUTATION
Energy fluxes
inﬁnitg Hofman, Maldacena '08

Consider a local insertion of T, or J, and we measure the energy flux at null

(€ = 5

E - n|?
[1 + az ( |€ n|
(d-2) €
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HOLOGRAPHIC COMPUTATION

Energy fluxes

Consider a local insertion of T, or J, and we measure the energy flux at null
lnﬁnitg Hofman, Maldacena '08

E le - n? 1
el = Q-2 [1+ 2( le]? _d—l)]
The holographic computation of {
shock-wave background

M), requires studying A, fluctuations on a

- d-2
L—2 lé(er)W (y u) (dy* ) —dytdy” + Z (dy")2 + duzl

ds® =

i=1

PasLo A. Cano
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HOLOGRAPHIC COMPUTATION
Energy fluxes

Consider a local insertion of T, or J, and we measure the energy flux at null
inﬁnitg Hofman, Maldacena '08

_E le n|? 1
Em. = Q-2 [1 e ( e d— 1)]
The holographic computation of (£ (7)), requires studying A, fluctuations on a
shock-wave background
[2 - 2 2,
ds?® = = la(ﬁ)w (v'u) (dy?)" —dyTdy™+) (o) + duzl
i=1
For holographic Einstein-Maxwell a, = 0. For our theory
dy =

2d(d —1)((2d — 1)y + a2) fog
- (d — 2) e
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HOLOGRAPHIC COMPUTATION
Three-point function (TJJ)
(Tab(x1)Jc(x2) Ja(x3)) =

taber (X23)IE(x21) 1] (x31)
[x12||x13|7|x23] 92
where tapcq(X23) is given by

tabea(X?) = 801 (X)8cq + bR (X2)WD(X?) + en)_(X?) + el (X?)
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HOLOGRAPHIC COMPUTATION
Three-point function (TJJ)
(Tab(x1)Je(x2) Ja(x3))

_ taber (X23)IE(x21) 1] (x31)
[x12||x13|7|x23] 92
where tapcq(X23) is given by

tabea(X?) = 801 (X)8cq + bR (X2)WD(X?) + en)_(X?) + el (X?)
Conservation laws imply

da—2b+2(d—2)e=0,
Ward identity yields

b—dd—-2eé=0
d[2
C, = 27

Fansn ¢t
(M)s ~ J{TII] [(II

Energy flux (€

> Chowdhury, Raju, Sachdev, Singh, Strack "12
(d —1)(d(d —2)é = ¢)
azx = A
(d—=2)(c+ 8
PABLO A. CANO
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HOLOGRAPHIC COMPUTATION

Universality of charged entanglement entropy

SeCl) _ ™ P(d — 21— 3d(d — Loy £, — daafi] 202
Vo o C (d — 1)8T (d/2)a?, G
1 el

e T(d]2 — 1) 4792+1G

__2d(d=1)((2d = Vs + ) £

o (d = 2)a

(HR)? + O(u?)

J =
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HOLOGRAPHIC COMPUTATION

Universality of charged entanglement entropy

SeCl)

ald=22(d — 2)2[1 — 3d(d — 1)ay o, — danfe,] L9362 .
vea | CEoct (d — 1)8T(d/2)a? ¢ WRT+Ou)
c- 1 T 02[d-3
T o T(d)2 — 1) 4n92+1G

_2d(d —1)((2d — 1)a1 + @) £,
= —

(d = 2)aes
We are able to write the EE as follows
& = aEQG + —ﬂdCJEQG [1 + —(d _ 2)35%1 ( R)2 +
Vd— (d—=1)2r(d —2) d(d—1)
Conjecture: universal relation for all CFTs in d > 3

PasLo A. Cano
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PROOF FROM FIRST PRINCIPLES

° PROOF FROM FIRST PRINCIPLES
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PROOF FROM FIRST PRINCIPLES

Twist operators: used as an alternative to the replica trick Tr p = (0,),

Calabrese, Cardy '04; Hung, Myers, Smolkin, Yale '11; Belin, Hung, Maloney, Matsuura, Myers, Sierens "13
Scaling dimension h, and magnetic response k,

(Toonli), = —"2 22 (g, = Pl
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PROOF FROM FIRST PRINCIPLES

Twist operators: used as an alternative to the replica trick Tr p = (0,),

Calabrese, Cardy '04; Hung, Myers, Smolkin, Yale '11; Belin, Hung, Maloney, Matsuura, Myers, Sierens "13
Scaling dimension h, and magnetic response k,

(Toonli), = —"2 22 (g, = Pl

21 yd-1
For S92 entangling surface, these are related to thermo in hyperbolic space

2
halk) = = R (€(To i = 0) = E(Toln, )

kn(u) = 2tnR¥ 1 p(n, p)

o =1 =
PasLo A. Cano

12N Ge
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PROOF FROM FIRST PRINCIPLES

Twist operators: used as an alternative to the replica trick Tr p = (0,),

Calabrese, Cardy '04; Hung, Myers, Smolkin, Yale '11; Belin, Hung, Maloney, Matsuura, Myers, Sierens "13
Scaling dimension h, and magnetic response k,

hn(p) bab ikn(u) Ta
Tab0n =T 5 4 a0On =
< b0, (IJ)>n 27T yd <J Y (IJ)>n 2JT yd_l
For S92 entangling surface, these are related to thermo in hyperbolic space

2
halw) = ’:”1 RY(E(To = 0) —E(To/n, 1)), knlu) = 27tnR¥ 2 p(n, 1)

Expansions around n =1, gy = 0 are related to integrated T and J correlators.

kn = Opkn =0,

n=1,y=0

n=1,u=0
16R 71
0, kn =——[¢+ €
A R P L B
16RdtL R
Gna,,k 1m0 = m [2C — d(d — 3)6] «— (TJJ>

3
|
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PROOF FROM FIRST PRINCIPLES

Let us consider a CFT on R x H9! at temperature T = Ty/n.
First law for the grand potential

dQ = —SdT — Ndpu
where N = Vo1 R91p is the total charge.
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PROOF FROM FIRST PRINCIPLES
Let us consider a CFT on R x H9 ! at temperature T = To/n.

First law for the grand potential

dQ = —-5dT — Ndp
where N = Vo1 R91p is the total charge. The following thermodynamic
relation can be obtained

9,5

0,07Q = —070,Q = a7 N

PasLo A. Cano

UNIVERSAL FEATURE OF CHARGED ENTANGLEMENT ENTROPY

12N Ge
IBERIAN STRINGS 2023

19/23



PROOF FROM FIRST PRINCIPLES

Let us consider a CFT on R x HY! at temperature T = To/n.
First law for the grand potential

dQ = —-5dT — Ndp

where N = Vo1 R91p is the total charge. The following thermodynamic
relation can be obtained

9,5 = —

0,07Q = —070,Q = a7 N

Writing N in terms of the magnetic response k,(u), and using that 01 =
we have

To Vige-
ausz_OHdl

_%am
kn(p1)
2n T2 6,,( n )
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PROOF FROM FIRST PRINCIPLES
Let us consider a CFT on R x H9 ! at temperature T = To/n.

First law for the grand potential

dQ = —-5dT — Ndp
where N = Vo1 R91p is the total charge. The following thermodynamic
relation can be obtained

9,5 = —0,07Q = —979,Q = arN

we have

Writing N in terms of the magnetic response k,(u), and using that 01 =

To Vige-
ausz_OHdl

_%am
kn(p1)
2n T2 6,,( n )

ausEE|

Evaluating for n =1 (T = Ty) and p = 0 it follows that the derivative vanishes
p=0 " 0
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PROOF FROM FIRST PRINCIPLES

Taking a second derivative with respect to p

Kn(H)
271 T? 8,,6,7(
Evaluating again for n =1 and y = 0, we have

=

025ce|,_o = RVio-1 [0ukn — 0,0nkn]

n=1,u=0
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PROOF FROM FIRST PRINCIPLES

Taking a second derivative with respect to p

To Viga—
2 0 VH!
auS = —

Evaluating again for n =1 and y = 0, we have

=

025ce|,_o = RVio-1 [0ukn — 0,0nkn]

n=1,u=0
Using the universal relations for the magnetic response we get

16(d — 2)R? 7+
05 See|,_o = Vo (d —2)

TS L
_ 2Vd_1R27TdCJ 1 (d — 2)32
= d—12r(d=2) [ + d(d—l)]
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PROOF FROM FIRST PRINCIPLES

Conclusion: universal relation for the charged EE valid for any d > 3 CFT
See(p)

d
7?C
a* J
Vd—1

(d—2)a
d—12r(d—2) [1 T dd =1 ] (uR)* +
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PROOF FROM FIRST PRINCIPLES

Conclusion: universal relation for the charged EE valid for any d > 3 CFT

See(M) . ¢ (d —2)ar 5
v 2t acerd—o Pt aa=n WA
Observation: —%

<ay<d-—1and C; > 0 implies

af,SEELI:o >0
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PROOF FROM FIRST PRINCIPLES

Example 1: Dirac fermion and conformally coupled scalar in d = 4 Belin, Hung,
Maloney, Matsuura, Myers, Sierens "13

Stelw) _ ot WR?  Si(W) _ .. WR? WRP

% 12 Vs 24 24

where a? = 11/360, a; = 1/360 We have 0sborn '93, Petkou '96; Hofman, Maldacena '08;
Chowdhury, Raju, Sachdev, Singh, Strack '13

=i

finding perfect agreement with our formula.
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PROOF FROM FIRST PRINCIPLES

Example 1: Dirac fermion and conformally coupled scalar in d = 4 Belin, Hung
Maloney, Matsuura, Myers, Sierens "13

Stel) _ .o, WRP?
V3 f

12

Se() . (WR? | |uR]
el g R

24 24
where ay = 11/360 a. = 1/360 We have 0sborn '93, Petkou '96; Hofman, Maldacena '08
Chowdhury, Raju, Sachdev, Singh, Strack '13

1 1 3
CSZF, Cj:m, af2=—§, 3323
finding perfect agreement with our formula

Example 2: d=4, N =1SCFTs. J = U(l) R-current 0sborn '99; Hofman, Maldacena '08
/=1 Ube 4c

N=1,U1)r _ a
= @ =3 (17
2
SN LUbR — a+—(c—i)(pR)2+...
3 3
PaBLo A. Cano
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CoNCLUSIONS

© ConcLusions
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CoNCLUSIONS

@ Presented a novel universal relation for the charged EE across spherical
entangling surfaces

o Holography with higher derivatives very interesting tool to guess this kind
of relations (previous examples)

@ Proof from first principles was accessible in this case (in other cases this is
much harder)

o Case d = 2 is special. a, = 0, C; divergent, S (y) is non-analytical and
has linear terms in p.

PasLo A. Cano UNIVERSAL FEATURE OF CHARGED ENTANGLEMENT ENTROPY



CoNCLUSIONS

@ Presented a novel universal relation for the charged EE across spherical
entangling surfaces

o Holography with higher derivatives very interesting tool to guess this kind
of relations (previous examples)

@ Proof from first principles was accessible in this case (in other cases this is
much harder)

o Case d = 2 is special. a, = 0, C; divergent, S (y) is non-analytical and
has linear terms in p.

Thank you for your attention
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