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My focus is supergravity in 11
dimensions

Unique maximal supergravity in maximal dimension (11)

Field content: Gµν Cµνρ Ψµ

or E a
µ

S =

∫ √
−G (R − 1

2F
2) + 1

6C ∧ F ∧ F + fermionic

δεE
a
µ = ε̄γaΨµ δεCµνρ = 3ε̄γ[µνΨρ] δεΨµ = Dµε+

1
24 (γµ/F−3/Fγµ)ε

Dimensional reductions: maximal SUGRA in lower dimensions
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11-d SUGRA is the low energy limit
of M-theory

A portrait of the theory as a young M
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Other limits give other ways of
exploring M-theory

This talk: non-relativistic string/brane limits

Decoupling limits → strings/branes with non-relativistic target
space, spectrum, symmetries

Why study?
– Quantum Gravity (aka M-theory) via its non-relativistic corner
– non-rel versions of AdS/CFT (previous talk)

– related by duality to other limits of M-theory (early 2000s) e.g.
DLCQ, non-commutative open string/brane theories
– curved non-Lorentzian (Newton-Cartan) geometries (recently)
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Non-relativistic limit of strings

Following [Gomis, Ooguri]: A,B = 0, 1 and a, b = 2, . . . , 8

ds2 = c2ηABdXAdXB + δabdX adX b B = −1
2c

2εABdXA ∧ dXB

Worldsheet action:

S =

∫
d2σ c2

(
ηAB∂αX

A∂αXB − εABεαβ∂αXA∂βX
B
)

+ ∂αX
a∂αXa

↔
∫

d2σ 1
2c2λα

AλαA + λαA(ηABεBC∂
αXC − εαβ∂βXA) + ∂αX

a∂αXa

c→∞−→
∫

d2σ λαA(ηABεBC∂
αXC − εαβ∂βXA) + ∂αX

a∂αXa

=

∫
d2σ λ+∂−X

+ + λ−∂+X
− + ∂αX

a∂αXa

– non-relativistic spectrum E ∼ P2

– boost invariant δX a = ΛA
aXA, δXA = 0

δλ± = −Λ±
a∂±Xa

lightcone coordinates in both

worldsheet and target space:

XA become chiral/antichiral

(x ′ = x + vt)
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Non-relativistic limit of membranes

Similar limits for any p − 1 brane using associated p-form potential

M-theory: membrane non-relativistic limit (also possible: five-brane)

Curved geometry version: A = 0, 1, 2 and a = 3, . . . , 10

Gµν = c2τAµτ
B
νηAB + c−1eaµe

b
νδab

Cµνρ = −c3εABC τ
A
µτ

B
ντ

C
ρ + cµνρ

Two types of (orthogonal) vielbeins: longitudinal (‘time’) τAµ

transverse (‘space’) eaµ

τAµτ
µ
B = δAB eaµe

µ
b = δab τAµτ

ν
A + eaµe

ν
a = δνµ

τAµe
µ
a = 0 = τµAe

a
µ
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This gives a ‘membrane
Newton-Cartan geometry’

Gµν = c2τAµτ
B
νηAB + c−1eaµe

b
νδab Cµνρ = −c3εABC τ

A
µτ

B
ντ

C
ρ + cµνρ

Geometric objects:
– Intrinsic torsion: Tµν

A = 2∂[µτν]
A

– Field strength: Fµνρσ = fµνρσ − c36T[µν
AτBρτ

C
σ]

– Connection s.t. ∇τA = 0 = ∇(eµae
νa)

→ curvature R̄, torsion Γ[µν]
ρ ∼ τρATµνA

– Measure Ω = c
√
−G

– Define fabcd ≡ eµae
ν
be
ρ
ce
σ
d fµνρσ, fabcA ≡ eµae

ν
be
ρ
cτ
σ
Afµνρσ,

etc.

fµνρσ = 4∂[µcνρσ]
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Expand 11-d SUGRA (bosonic part)

Gµν = c2τAµτ
B
νηAB + c−1eaµe

b
νδab Cµνρ = −c3εABC τ

A
µτ

B
ντ

C
ρ + cµνρ

Expanding the action

S =

∫ √
−GR − 1

2
F ∧ ?F − 1

6
C ∧ F ∧ F

= c3

∫
− Ω

4!
f (−)abcd f

(−)
abcd

+ c0

∫
Ω(R̄ − T aABTa(AB) + 3

2
T aA

ATaB
B − 1

12
f abcAfabcA

+ 1
4
εABC f

ABabTab
C ) + 1

6
c3 ∧ f4 ∧ f4

+ O(c−3)

At O(c3):
– T 2 terms from R and F 2 cancel
– Non-zero term from F 2 and CFF involving (anti-)self-dual field

strengths f
(±)
abcd = 1

2 (fabcd ± 1
4!εabcd

efghfefgh)

fµνρσ = 4∂[µcνρσ]

Tµν
A = 2∂[µτν]

A
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Possible divergences can be
removed using Lagrange multiplier
trick

Introduce Lagrange multiplier field λabcd to remove c3 term

S ⊃ c3

∫
−Ω

4! f
(−)abcd f

(−)
abcd

←→ −c0

∫
Ω 2

4!λabcd f
(−)abcd + c−3

∫
Ω 1

4!λabcdλ
abcd

eom sets λabcd = c3f
(−)
abcd
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Take the non-relativistic limit

For c3 →∞ get [CB, Gallegos, Zinnato]

Snon-rel =

∫
Ω(R − T aABTa(AB) + 3

2T
aA

ATaB
B − 1

12 f
abcAfabcA

+ 1
4εABC f

ABabTab
C − 2

4!λabcd f
(−)abcd) + 1

6c3 ∧ f4 ∧ f4

Non-relativistic symmetries:
– local rotations SO(1, 2) on A,B and SO(8) on a, b

– boosts (x′ = x + vt)

δτAµ = 0, δeaµ = Λa
Aτ

A
µ, δcµνρ = −3εABCΛa

Aea[µτ
B
ντ

C
ρ]

δλabcd = a.s.d. part of 4ΛA
[af|A|bcd ]

– emergent dilatations local parameter α
δτAµ = +ατAµ, δeaµ = −1

2αe
a
µ, δcµνρ = 0, δλabcd = −αλabcd
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Now include SUSY

Non-relativistic expansion of all 11-d fields:

E â
µ = (cτAµ , c

−1/2eaµ) Cµνρ = −c3εABC τ
A
µτ

B
ντ

C
ρ + cµνρ

Ψµ = c−1ψ+µ + c1/2ψ−µ Π±ψ±µ = ψ±µ Π± ≡ 1
2 (1± γ012)

Action with ψψ terms: Lagrange multiplier trick still works

SUSY transformations of bosons are finite for c →∞
δQτ

A
µ = ε̄−γ

Aψ−µ δQe
a
µ = ε̄+γ

aψ−µ + ε̄−γ
aψ+µ

δQcµνρ = 6ε̄+εABCγ
Aψ+[µτ

B
ντ

C
ρ] + 3ε̄−γabψ−[µe

a
νe

b
ρ]

+ 6
(
ε̄+γAaψ−[µτ

A
νe

a
ρ] + ε̄−γAaψ+[µτ

A
νe

a
ρ]

)
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µ = (cτAµ , c

−1/2eaµ) Cµνρ = −c3εABC τ
A
µτ

B
ντ

C
ρ + cµνρ

Ψµ = c−1ψ+µ + c1/2ψ−µ Π±ψ±µ = ψ±µ Π± ≡ 1
2 (1± γ012)

Action with ψψ terms: Lagrange multiplier trick still works

SUSY transformations of bosons are finite for c →∞
SUSY transformations of fermions ψ± contain c3 terms

11 / 13



Now include SUSY

Non-relativistic expansion of all 11-d fields:

E â
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→ have to impose geometric constraints s.t. these vanish:

Tab
A = 0 Ta

{AB} = 0 f (+)
abcd = 0 fAabc = 0

more precisely ‘super-covariant’ versions of these tensors
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SUSY transformations of fermions ψ± contain c3 terms
→ have to impose geometric constraints s.t. these vanish:

Tab
A = 0 Ta

{AB} = 0 f (+)
abcd = 0 fAabc = 0

more precisely ‘super-covariant’ versions of these tensors

Constraints ensure SUSY invariance of non-rel action
Presence of c3 terms reveals emergent fermionic shift symmetry
c.f. N = 1 in 10d [Bergshoeff, Lahnsteiner, Romano, Rosseel, Simsek]
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Fermionic symmetries have an
explanation in expansion

Expand action S = c3S3 + c0S0 + c−3S−3 + . . .

Expand SUSY transformation δ = c3δ3 + c0δ0 + c−3δ−3 + . . .

If S3 = 0, δS = 0 then δ3S0 = 0 δ0S0 + δ3S−3 = 0

⇒ form of δ3 gives emergent fermionic shift symmetry

δSψ+µ = τAµρA+ − 1
2e

a
µγaη− δSψ−µ = τAµγAη−

⇒ After limit (no S−3) need δ3 ≡ 0 for δ0S0 = 0

δQψ−µ = ∇µε− + 1
24
eeµγe 6f (−)

ε+ δQψ+µ = ∇µε+ − 1
12
τAµγA/λε+ − 1

8
eeµ/λγeε−

∇µε− ≡ (∂µ + 1
4
ωµ

abγab + 1
4
ωµ

ABγAB − 1
2
bµ)ε−

∇µε+ ≡ (∂µ + 1
4
ωµ

abγab + 1
4
ωµ

ABγAB + bµ)ε+ + 1
2
ωAaγAaε−

true before

c →∞
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What have we found?

– Non-relativistic 11-dimensional supermultiplet

τAµ eaµ cµνρ λabcd ψ+µ ψ−µ

together with constraints (vanishing of geometric tensors)

– Transformations of λabcd determined implicitly by expansion
– Vary constraints → more constraints... closure? Solve by gauge
fixing? (in progress)

– Equations of motion: due to emergent symmetries not all eom
follow from action (Poisson equation + fermionic counterparts)
– Brane solutions

– Repeat for M5 non-relativistic limit using dual six-form?

Thanks for listening!
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