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A Brief view on the extended theories of gravity, in particular
on the scalar-tensor picture.

The introduction of homogeneous models, with a focus on
the Bianchi IX model and its features.

Create a Link between extended theories and homogeneus
models, in particular by studying the Mixmaster model in the
Re-gravity case.

For this model we show the point-Universe trajectories in
order to analyse if a quadratic correction in Einstein-Hilbert
Lagrangian modify the nature of the cosmological singularity.




f(R) Gravity

The f(R) theories of gravity are a generalization of the Einstein-Hilbert Lagrangian
consisting in a replacement of the Ricci Scalar R by a general function f(R)

@ |ntroduction of the field X

_ 1 4
S = 157 J d*zy/—gf(R) mmmmmm) o \/yistion respect to the new
field imply x = R

@ Field redefinition ¢ = f'(x)

S = = [ diay=glpR — x(9)¢ + f(x(¢))]  Jordan Frame

@ Conformal substitution 9uv = Jur = PYuv

@ Scalar redefiniion ¢ = ¢ = /1= In f'(R)

h 4
S = fd43:\/—§ [16% — %8O‘qb8agb — U(gb)} Finstein Frame

_ RI(R)(R)
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f(R) Gravity

For small values of the Ricci scalar the first order correction to the Einstein-
Hilbert Lagrangian is represented by a quadratic correction

f(R)=R+qR* mmmmm) U($) = g, (1 —2exptVE? 4 exp_8f¢)

This is the effective potential
that emerges in the so called
Starobinsky-inflation model
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The shape of the scalar field polential term




Bianchi classification

The spatial line element is preserved under the transformation x — '

dI2 = hop(t, 2)dedz? = hapg(t, o' )ds *dx B = dl'2

Vacuum Einstein’s equations | Type | a | m | nz | mns
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The Bianchi Classification




Bianchi | and Bianchi IX models
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Spatial line element
di? =t (da')? + 772 (dz?)? 4 t°7% (da”)?

Kasner relations
p1+p2+p3=1

p+p3+pi=1
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Behaviour of Kasner indexes respect to the
inverse of parameter u
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Logarithmic variables

a=Ina f=Inb y=Inc dt= (abc)dr
Einstein’s Equations
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28, = (a2 - 62)2 =b=

2'777- _ (a2 L b2)2 L (34

R —
_I'T L Iy " ol
I b =X - =
5 | 5 = k1 =
p
3\ B
\ =
\\
Q, Q Q, Qa1 Q =Q

Picture of oscillatory behaviour



Hamiltonian formulation
Misner variables (a, 54, 8-) :> Bianchi IX Line element

o %lnt ds® = N(t)2dt? — nap (e, By Jww®
B, — 1-ps, ,_1-ps
6 2 Isotropic component|| Anisotropies
B = p;\_é” Int = V3(p1 — p2)a of the Universe of the Universe

Bianchi IX SuperHamiltonian constrain
H® = —p% +pi +p2 +127%e**V(B1) =0

!

Reduced Hamiltonian

—pa = Hapm = \/pi + p? + 12m2e42V (51)




Mixmaster dynamics

V(B1) = e 8+ — 4e=2P+ cosh(2v/36_) + 2e*P+ [cosh(4v/36_) — 1)]

SVBe) =0 Bianchil oy e
7 " Opr  Hapm ’
Hapym = \/pi-F—pz_ o = OHapy _ [B B} \/(/BQLV — 1]
ST T

@ V(Bx)=e8+  (Bianchill)

Haiapy = \/pi +p2_ + 1272e40—88+

{V>>1 Hypae* ™% =1 = By ~ Buan = 5o — g In(3244)

The particle always collides on the walls. The

ro— 1
ﬂﬁ waitl = 2] === oscillatory behaviour of the Bianchi IX model is
map in a never-ending bouncing of the point-
Universe against the walls




Misner-Cithre variables

V(B1) = e 8%+ — 4e72P+ cosh(2v/36_) + 2e*P+ [cosh(4v/36_) — 1)]

Misner variables Anisotropy parameters
(a, B+, 5-) Qr = 3+ 22V
ﬁ 9] % = _3;/§ -
( a=—e¢ \ Q3 = % - 23‘%
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Point universe living domain in
Misner-Cithre variables




Poincare halt-plane
Poincare variables I SuperHamiltonian constrain

2, .2 .
e— 17 u:}” 2l Hix = —p +02(py, +py) + 120%2Te 1 S0V (u,0,7) = 0
3v

V3(1 + 2u) @
) = — arctan
—1 + 2u + 2u? + 202

Reduced Hamiltonian

—pr = Hapy = /v2(p2 + p2) + 12m2e27e—4e7E(w0) V (u, v, 7)
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Anisotropy parameters
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Point universe living domain in Poincare variables




Mixmaster Universe in the R¢ Gravity

Bianchi IX action in the Scalar-Tensor framework

S = [ d*oy=g | — 10°00u6 - U(0)]

| !

Bianchi IX superHamiltonian constraint in the Scalar-Tensor framework

M= —ps, +pi +p2 +p) +12n%e*V (By) + 4% U () =0

Bianchi IX reduced Hamiltonian in the Scalar-Tensor framework

—py = H = \/pi +p2 +p; + 12n2e4aV (By) + 4eboU(9)

t/[f(m _ R+ qR2]

U(g) = 6471' (1—26Xp \/_¢+exp_8\/_¢)




Mixmaster Universe in the R¢ Gravity

Misner-Cithre-like
variables (7,&,0,46)

[ a=—e'¢ \
Br =€ /&2 — 1cosb 0 =0

B_ =e"\/&? — 1sinf cosd
\¢: T/ E2 — lsinﬁsinéj

Misner-Cithre
variables (7,&,0)

( a=—e"¢ )

Br =e /& —1cosh

Poincare variables transformations

{£,0,6} mommn) {u,v,0}

£ 1+ w4+ u?+ 02
V3w

V3(1 + 2u) )

—1 + 2u + 2u? + 202

f = — arctan (
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k 0<o <2 Y,




Mixmaster Universe in the R¢ Gravity

SuperHamiltonian constrain

2
H = —pf + v? lpi ‘|‘p3 + 4(1 f(;u)Ql T eQTV(u,U,(S, 7) =0
Reduced Hamiltonian

P

H = [v? |p2 +p5+4
Curvature and scalar field potential terms

2TV = e27[1272e 4 WV (u, v, 6, ) + 4€5¢7 WU (u, v, 6, 7)] =
= 1271%e?7 (e_%(u+u2+y2) 4 6_%(1+(1+2U) cos §) + e—%(l—(l—kZU) cos 6)) 4

6e”
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o ( L2e” (1—|—u—|—u2—|—1)2) _ 26—%(1+u+u2+02—2\/27r3(1+2u) sin ) 1—|—u—|—u2+v2—4\/2ﬂ'3(1—|—2u) sin 5))

point-Universe living domain

(1+ (1+2u)coséd >0

1 —(1+42u)cosd >0

u(u+1) + 02 >0

1+ u+u? 402 — 4v273(1 + 2u) sind > 0




Free potential case

@) = 0 Bianchi | model with a massless scalar field -
OH
\/ 7 TS0, o= 0
H = vy /p2+p2+4 !
y ° (1 +2u)? L H ~ e = const.

Line Element for the configuration variables{u, v,d}

ds®> = — |du® + dv® + (A4 2u)? 152 ) e i
— 02 1 Negatnge constant curvature
R=-2

€

™\ @ The presence of the singular

ﬁee potential Hamiltonian equations 2 values u=—2and v =0 allows
g =20 = v, p, = —O0H _ & P to restrict the domain of the
Opu B U Ou e (142u)3 : ;
. 8H 22 _ 9H ; configuration space to analyse
W= G, T T SRR = the point-Universe trajectories
5—8H—4”2 Ps o — _9H _ —i<u<+o0,0<v<+o0,0<8< 27
_ U

\ dps € (1+2u)?




Intermediate potential case

@V ~ 127227 Y (4 v, 6, 7) Bianchi IX model with a massless scalar field

!

point-Universe living domain
(14 (14 2u)cosé >0
1 —(14+2u)cosd >0

uw(u+1) +v2 >0
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The point-Universe is able to approach the
‘absolute” for v — 0, 0o with no other
successive bounces. It shows, in a new
graphic way, the known feature about the
removal of the oscillatory behaviour of the
Mixmaster model coupled with a massless

scalar field




Full potential case

@V = 1212 1" WY ¢ (u, v, 8, 7) + 4€5¢ ¢V U (i, v, 6, 7)

|

point-Universe living domain

(14 (1+2u)cosd >0

1 —(142u)cosd >0

w(u+1) +v* >0

|1+ u+ u? + v — 4v/273(1 4 2u)sind > 0

The point-Universe trajectories that are able
to approach the "absolute” already exist. A
quadratic correction in the Ricci scalar (s
able to remove the typical never-ending
bounces of the point-Universe against the
walls, L.e. the chaos removal.
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Conclusions

@ n the Scalar-Tensor version of the R?-gravity the scalar field
potential term has an exponential profile comparable respect to
the curvature potential.

¥ We individuate a natural parametrization of the configuration
variables, very useful for future attempts to quantize the system.

@ Since the classical evolution is expected to be predictive up to a
finite value of the Universe volume, for sufficiently small coupling
constant g values, the present model can be considered as the
quadratic Taylor expansion of a generic f(R) theory.

@ The result we derived in the homogeneous cosmological setting,
can be naturally extended to a generic inhomogeneous Universe,
simply following the line of investigation related to the BKL
conjecture.




Thank You!




Bianchi IX with a massless scalar field

SuperHamiltonian constrain
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