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Construction of the dynamical domain wall universe, where the four
dimensional FRW universe is realized on the domain wall in the five
dimensional space-time.

Localization of the fields (graviton, chiral spinor, vector, ...)



Introduction

Our universe could be a brane or domain wall embedded in a higher
dimensional space-time.
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String Theories,” Mod. Phys. Lett. A 4 (1989) 2073.
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Brane world scenario.

L. Randall and R. Sundrum, “A Large mass hierarchy from a
small extra dimension,” Phys. Rev. Lett. 83, 3370 (1999) [hep-
ph/9905221].

L. Randall, R. Sundrum, “An Alternative to compactification,” Phys.
Rev. Lett. 83, 4690-4693 (1999). [hep-th/9906064].

Dynamics of brane?
Brane: a limit where the thickness of domain wall vanishes
= Dynamics of domain wall



Domain wall model with two scalar fields
General FRW in the five dimensional space-time, the metric is given
by

ds® =dw? + L2e“ Wt s .

d 2
dsipw = — dt> +a (t)° {1 Tk 5 + r?df? + r? sin” 9dgb2} .
— kr

Action with two scalar fields ¢ and y:
S /o i 1 I %
SQbX — d°x —4g ﬁ i §A(¢7 X)a,u«¢8 ¢ i B(¢7 X)8M¢a X

—%0 (¢, x)0ux0"x — V(9, x)} :



Energy-momentum tensor

T2 =g { ~5A(6:00,60°6 — B(6,200,60°x = 5C(6, 000X — V(63 |
+ A(¢, X)0u, 90 ¢ + B(¢, x) (0,900 x + 0,90,x) + C (&, X)OuxOvX -
Field equations read
0 :%Agbﬁuqb@”qb + AV"9,¢ + A, 0,00" x + (Bx — %C¢> 0, x0" x
T BV“@MX — Vs,
0= <_%Ax + B¢) 8,90" ¢ + BV"8,¢ + %CxauXaMX + OV 0ux
+ Cy0,90"x — V.

Ay = 0A(9, x)/09, etc.
We now choose ¢ =t and y = w.



We can construct a model to realize the arbitrary metric in the form,
ds? = dw? + L2 W1 dsZ v,

dsipw = —dt* + a (t)° {—137,;2702 + r2dh? 4 r? sin? qubQ},
by choosing (H = (1/a) (da/dt))

1 (26 . (@)?

1 3 2k 1 . . 12 . 2
C:—2<——u + 2~ Sou (u—|—2H—|—(u) —i—5uH—|—6H) ,

3 " N 2 3k 1 . 3 N2 - 2
<_Z <u t2 (u) ) b = (3u +6H 4+ 3(a)% + 154 + 18H ) .

Einstein equation is satisfied.
Field equations are nothing but the Bianchi identities.



If any eigenvalue of the matrix ( g g ) is negative, there appears
a ghost.

Example without ghost

a(t) oc t"0, &Y = W (w) T (¢) ,
2
1-3h —92h IR 2
T(t) — Tlt 0 —I— Tgt 0 ] W(w) = c 0

. 2

3 T (t 2h 3 w2

= A= ()+ °} >0, B=0, C= 0 > 0.
2k2 \ T'(t) t

-+ No ghost.
General FRW universe can be realized by the Brans-Dicke type
model.



Localization of graviton

Perturbation g, — g, + hy,.
Assume h,, =0 if por v #1,2, 3.
Einstein eq. = equation for graviton in five dimensions:

0= [ai_u//_u/2_|_L_2e_u <u+%+u&g+2g+%&g—83+?>] h’LJ

By assuming h;;(w,z) = e“WD ] (z),

. . AN
0= (2@—u8t+29+98t—a§+—2) hij -
a a a a

If © goes to minus infinity sufficiently rapidly for large |w|, h;;(w,x)
is normalized in the direction of w and therefore there occurs the
localization of graviton.



Graviton localized on the domain wall

. . AN .
0= (2%—u8t+29+36’t—6’§+—2>h@.
a a a a

In the four dimensional FRW space-time,
.. A
0= (29+98t—83+—2) g -
a a a

If 4 (22 — &) hi; = 0, two expressions coincide with each other.
If w # 0, there could appear some corrections proportional to 1.



Localization of chiral spinor

There was an attempt to localize the fermion on the domain wall has
been failed.

D. P. George, M. Trodden and R. R. Volkas, “Extra-dimensional
cosmology with domain-wall branes,” JHEP 0902 (2009) 035
[arXiv:0810.3746 [hep-ph]].

Dirac equation in five dimensions
MV U + fx (w) T =0.

fx: a function of the scalar field Y = w, general yukawa interaction.
Vi covariant derivative:

e 1
Vs E B - —wnmpt e

ABdgfl A 1B
A , T _2[1“,1“].



U =7 (t,w)y (z) (¢: four dimensional Dirac spinor)
MY\ + fx (w) @

) 1 - .
—Lle=/? {Foao%b + mr@m} n+ {0sn + ' (t,w)n} Iy

- 3 /1 : A
+ fx (w) Y + [~ le—u/2 {8077 + 5 (5& + g) n} FO¢.

Let C; (w) and D; (t) be arbitrary functions.

0 (tw) S ¢ () A (w) g (t,w)

g (t,w) % exp [él (w) + Di (t) — u (¢, w)} |



By assuming Fg@b = +1,

=TYV ¥ + fx (w) ¥

1
— oo {F S + anﬂb} U]

a (t)
£ Cg { 95X (w) + €7 (w) A (w) £ Fx (w) A (w) |
+ L7 te /%) {aog (t) + @% - lu (t,w) + Dy (t)> ¢ (t)} I

ett:w) — T (£) W (w) and using the Dirac equation,

Aw) = Caexp |Gy (w) % F [ du(w)]

C(t) = Caa™? 2T % exp [—D1 (¢)] .



n (t,w) =C3C4a"3/2T* exp [—u (t,w) F f/dwx (w)]
=Csa 32T 73/ L exp lqif/dwx(w)] ,

X (w) =w =

foo
Fow

n(t,w) = Csa 32T 34 W Lexp

Condition of localization

400 + 00 _
I = / dw /2 |p|* = C’ga_‘g/ dw W~—1/2 exp {I|wa2] < 00.

— 0 — 00



Fermion can be localized on the domain wall and the localized fermion
can be chiral or anti-chiral.

In

D. P. George, M. Trodden and R. R. Volkas, “Extra-dimensional
cosmology with domain-wall branes,” JHEP 0902 (2009) 035
[arXiv:0810.3746 [hep-ph]]

It was assumed that the warp factor does not depend on the time
but we have used the time-dependent warp factor.



Localization of vector field

Action of vector field

1

1
SV :/d5ZB\/ —g {—ZFMNFMN — §m(x)2AMAM} .

Fyn =0pAN — ONAp .
Background

ds? =dw? + L2W (0)T(t)ds2pyy
3
by =~ +alt) Y. (')’

=l



Salt)F3, — <alt) '
— om0 (LW ()T (1)2a(t)* 43

—L*W (w)T(t)a(t)>Af + LW (w)T(t)a(t) A7)} .



Variation of A5, Ag, and A; =

0 =L*W (w)dy (T(t)a(t)’ (8540 — Do As))
— LW (w)T(t)a(t) (050;A; — 07 As)
— m(x)*L*W (w)*T(t)?a(t)’ As,
0 =— LT (t)a(t)’0s (W (w) (0549 — OpAs))
+ a(t) (000;A; — 07 Ao) + m(x)*L*W (w)T (t)a(t)* A,
0 =L*T(t)a(t)0y (W (w) (054; — 0;A5)) — 0o (a (0pA; — 0;Ap))
—a(t)~" (8;,0;A4; — 8?141) — m(x)*L*W (w)T(t)a(t)A; .



Assuming

As =0, A, =Xw)C,(z"), pv=0,1,23,
and choosing m(x = w)2 = (V‘Z/(Zuw)));gz;) ;
= 0=0:X(w) {0 (T()a(t)*Co) — T(H)a(t)d;Cs}

0 =000;C; — 8,?00 ;
0 =0y (a(t) ((9002 — &C’O)) =7 a(t)_l ((92(9303 — (9]20@) :

Last two eqgs. : nothing but the field equations of the vector field in
four dimensions.
First eq. : a gauge condition, which is a generalization of the Landau

gauge, 04, = 0.



If X(w) — 0 sufficiently when |w| — oo, A,: normalizable.
= Localization of vector field on the domain wall.

In case
(W (w)X'(w)) =0 = m(x)=0.

= non-abelian gauge theory?
(In general, non-normalizable)



Summary

e We have constructed the dynamical domain wall, where arbitrary
four dimensional FRW universe is realized on the domain wall in
the five dimensional space-time.

e Graviton, Chiral Spinor, and Vector can localize on the brane.



Graviton in FRW Universe in Four Dimensions

Perturbation ¢, — g, + h, =

1
SR, = (V. VPhyp+ VuNhu, — Vh — ViV (67 hoy)
—2RNP hap + R by + R by,
R =—h, R" +V"V'h,, — V(9" ) .

Imposing the gauge condition V*h,, = g""h,, =0
Einstein equation R, — g, R = k°T),, =
L -vRn AP ) o h
5[_v ,LW_2R1/,UJ >\P+R,LL ,W/—I_Rl/ PH
—hu R+ g R hon| = k26T, .



By using the formulation in

S. Nojiri and S. D. Odintsov, “Unifying phantom inflation with late-
time acceleration: Scalar phantom-non-phantom transition model
and generalized holographic dark energy”, Gen. Rel. Grav. 38 (2006)
1285 [hep-th/0506212].

consider scalar field theory

So= [ dlav=gLs, Lo=-50(6)0,00°~ V(@)

= T’LW — —w(gb)ﬁﬂqﬁ@y(b + g,ul/['cb )

1
= 6Ty = huLy+ §gww(gb)8pgb8>‘¢hp>\.



Because we are now interested in the graviton, we may assume
h,, = 0 except the components with p, v = 1,2, 3.
In the FRW universe (k = 0), assume ¢ = t, FRW equations

.2 1 . .2
34 _w o _<29+a_> ¢y,

k2a?2 2 k2 \ a a?

1 a a* 1 [(a a2
= — = (22448} v=—= (242
R ( . a2) K2 (a i a,2>

a a



Explicit expressions of connections and curvatures in five

dimensions
Metric
/_L2eu(w,t) \
2
— Leeutt) 1—(2«2
dAB = LQGU(w’t)a(t)2’r’2
L2e™(w:) q(4)2r? sin2 0

\ 1)

Connections
1 1 a 1 1
t . 2 / 0 . t 0

t 2y & L. r kr w L, 0 b 1
i = b eu<5+§u>gij’ e =773 Lij=—35vgy, Ter=1Ig. =—,

A :—rl—kr2, e =cotf, I — (1 — kr? sin29, % = —cosfsinf.
00 b0 ol ol



Ricci curvatures

B 1 3 o o .o
Rtt — ——’U,// — U/2 -+ —L_Qe_“ (u -+ % + 2%)] git
| 2 2 a a
1 7 /12 1 -2 —u [ au a dz . 2 k
wa _ _2u// . u/2
3.
Rtw = —5’11,, .

Scalar curvature

1 P .o . 2 k'
R=—4u —5u2+3L 2% " [i+-02+38 + 2% 4192 10"
2 a a a? a?



Explicit form of spin connection

Vierbein field ¢Z, gyn =

def A )
= C MNABE N

B

[[ev/2 0 0 0 0
A 0 Le“?a 0 0 0
= e, =1 0 0 Le*?a 0 0
0 0 0 Le*/2q 0
0 0 0 0 1
[— a2 0 0 0
def B 0 Le*/2q 0 0
Civg — NMABE M — 0 0 Leu/QCL 0
0 0 0 Le%/2q
0 0 0 0

o O O O




GA — GANg
[ ~1le—u/2 0 0 0
0 L1le—v/2q-1 0 0
= 0 0 L~ te=u/2q~1 0
0 0 0 i Ve 2 g1
0 0 0 0

Ricci rotation coefficients and spin connections

def C C
Qapm = <3A6 B — OBe A) eay = —S2BaAM

det L
WABM = =3 (Qaym — QBma — QyaB) = —wBam -

— o O O O




Non-vanishing components

y
1 U
Qoso = —$500 = §U/L2€
1
{ QOij = _Qin = (iﬂCLQ + CLCL) L2€u5ij ;
1
Q5ij = _Q'L’Sj = —’LL/LQGuCLQ(Sij ]
\ 2
( 1 I T2
Wos50 — —Ws500 — —5’& L7e",
1
{ Woi; = —Wigj = — (iucﬁ + aa> L2e“5ij,
1
W54 = —Wi55 = —§u’L2e“a25ij ;
\




