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FIG. A.1: The contours of constant γ on Higgs mass vs.
top mass plane, based on 2023 PDG values of SM parame-
ters. The black dot-dashed contours are for γ = 1, 10−100,
10−300, and 10−1000 Gyr−1Gpc−3, taking αs(mZ). In the up-
per shaded region (pink), γ becomes larger than H4

0 . In the
lower shaded region (green), the EW vacuum is stable be-
cause λ is always positive. Dependences of the boundaries of
those regions are shown with lighter and darker colors. We
also show the constraint on the Higgs and top masses (blue-
shaded regions) adding their 1σ (inside) 2σ (middle), and 3σ
(outside) uncertainties in quadrature.

FIG. A.2: The contours of constant γ on Higgs mass vs. top
mass plane, based on 2017 PDG values.

[S. Chigusa, T. Moroiu, YS, ’17 (Updated 2023)]



Introduction



Bubble nucleation rate

γ = 𝒜e−ℬ

𝒜 = VG JG JT
SDet′￼S′￼′￼B

SDet S′￼′￼FV

−1/2

ℬ = SB − SFV

Super-determinants of

all the fields coupled to the bounce

Volume of the group broken by the bounce

Jacobian for the translational and

the gauge zero modes Subtraction of zero modes

Rate of bubble nucleation in unit volume

|Φ |

V( |Φ | )

Bounce

(Euclidean) Bounce action

FV potential

[S. R. Coleman, ’77; G. G. Callan, S. R. Coleman, ’77]
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FIG. 2: The flow of � for the double-scalar potential. The
configuration is shown with the solid line for each �. The
results of CosmoTransitions are also shown with dotted lines.
The parameters are shown on the top of each panel. We also
show the contours of constant V (double).

As we can see from the figures and the values of S[�̄],
our results well agree with those of CosmoTransitions.
This strongly suggests the validity of our gradient flow
method to determine the bounce configuration.

Summary: In this letter, we have proposed a new method
to determine the bounce configuration. We have pointed
out that the bounce configuration can be a stable solu-
tion of the flow equation given in Eq. (11). If the solu-
tion of the flow equation evolves to a fixed configuration
for � > 1, the resultant configuration is always a sad-
dle point of the action, i.e., the bounce configuration.
We have analytically shown that the negative eigenvalue
mode, which destabilizes the bounce configuration, can
be made harmless and that the bounce configuration can
become a stable solution of the flow equation. We have
verified our claims by numerical analysis. We believe
that our method of finding the bounce configuration is
simple, powerful, and useful in many cases. It can be
used in multi-scalar cases and can easily be implemented
to numerical code. We also comment that, even though
we have concentrated on the bounce, our method is ap-
plicable to a generic problem to find a saddle point in a
configuration space.
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O(4)-symmetric solution of

Euclidean EoM

ϕ̄

Bounce from gradient flow of

[S. Chigusa, T. Moroi, YS, ’20]

JT =
ℬ2

4π2



Importance of the prefactor
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Figure 2: Top: The integrand of the decay rate with the central values of SM parameters.
The solid line corresponds to a result at the one-loop level and the dashed one corresponds
to that at the tree level. The horizontal axis is common with the bottom figure. We show
φ̄C = MPl with the vertical dotted line. Bottom: The size of each quantum correction. The
dashed line corresponds to δB(1)

eff .

rate of the present universe). Such a small decay rate is harmless for realizing the present
universe observed.#9

In fig. 3, we show the decay rate in mh vs. mt plane. In the red region, γ becomes larger
than H4

0 , which we call unstable region. In the yellow region, the EW vacuum is metastable,
meaning that 0 < γ < H4

0 . In the green region, the EW vacuum is absolutely stable because λ
is always positive. The dashed, solid, and dotted lines correspond to αs = 0.1192, 0.1181, and
0.1170, respectively. The black dot-dashed contours show log10 [γ ×Gyr Gpc3] = 0,−100,
−300, and−1000 with the central value of αs. We also show 68, 95, and 99 % C.L. constraints
on the Higgs mass vs. top mass plane assuming that their errors are independently Gaussian
distributed. In fig. 3, we terminate the integral at φ̄C = MPl, but it does not change the
figure as far as the cut-off is not so far from the Planck scale.#10 The value of φ̄C at the

#9Cosmologically, the Higgs field may evolve into the unstable region due to the dynamics during and after
inflation [87–107]. We do not consider such cases.
#10Even with a lower cut-off such as φ̄C < 0.1MPl, the result does not change significantly. It reduces
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[S. Chigusa, T. Moroi, YS, ’18]

Standard Model
𝒜 = ATopAHiggsAW AZ ≠ m4

γ
ATop ∼ exp(50)

AHiggs ∼ exp(10) GeV4

AW ∼ exp(−25)

AZ ∼ exp(−70)

Typical scale

Today’s topic

𝒜e−ℬ ≲ H4
0 = exp(−386) GeV4
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Gauge independence



Setup
One complex scalar + U(1) gauge boson in 4D

Background gauge 
~  gauge in a broken phase~Rξ

Fermi gauge 
~  gauge in a symmetric phase~Rξ

ℒ =
1
4

FμνFμν + |DΦ |2 + V( |Φ | ) + ℒGF + ℒghost

ℒGF =
1
2ξ [∂μAμ − 2ξg(ℜΦ)(ℑΦ)]

2

ℒghost = c̄ [−∂2 + 2ξg2 |Φ |2 ] c

ℒGF =
1
2ξ [∂μAμ]

2

ℒghost = c̄ [−∂2] c

|Φ |

V( |Φ | )



Partial wave expansions

h(x) = hl,mA,mB
(r)Yl,mA,mB

(Ω)

a(x) = al,mA,mB
(r)Yl,mA,mB

(Ω)

c(x) = cl,mA,mB
(r)Yl,mA,mB

(Ω)

Lorentz scalar Lorentz vector

Aμ(x) = aS
l,mA,mB

(r)
xμ

r
Yl,mA,mB

(Ω)

+aL
l,mA,mB

(r)
r
L

∂μYl,mA,mB
(Ω)

+aT1
l,mA,mB

(r)iϵμνρσV(1)
ν LρσYl,mA,mB

(Ω)

+aT2
l,mA,mB

(r)iϵμνρσV(2)
ν LρσYl,mA,mB

(Ω)

Lμν =
i

2
(xμ∂ν − xν∂μ) : independent vectorsV (i)

μ

They mix with each other

Φ =
ϕ̄ + h + ia

2
: Bounceϕ̄



Functional determinant
Background gauge

[S, L, a]

[T1,T2]

l = 0

l > 0

[c, c̄]

ℳ(T)
l = − Δl + g2ϕ̄2

× 2

ℳ(cc̄)
l = − Δl + ξg2ϕ̄2

× 2

ℳ(SLa)
l =

−Δl + 3
r2 + g2ϕ̄2 − 2L

r2 2gϕ̄′￼

− 2L
r2 −Δl − 1

r2 + g2ϕ̄2 0

2gϕ̄′￼ 0 −Δl +
(Δ0ϕ̄)

ϕ̄
+ ξg2ϕ̄2

ℳ(Sa)
0 =

1
ξ (−Δ0 + 3

r2 + ξg2ϕ̄2) 2gϕ̄′￼

2gϕ̄′￼ −Δ0 +
(Δ0ϕ̄)

ϕ̄
+ ξg2ϕ̄2

l > 0

l ≥ 0

Δl = ∂2
r +

3
r

∂r −
L2

r2
L = l(l + 2)

+(1 −
1
ξ )

∂2
r + 3

r ∂r − 3
r2 −L ( 1

r ∂r − 1
r2 ) 0

L ( 1
r ∂r + 3

r2 ) − L2

r2 0

0 0 0

Diagonalisable

BG vs Fermi

Zero at  and r = 0 r = ∞

BG gauge with  is often used for numerical calculationsξ = 1

cancel accidentally when ξ = 1



Functional determinant
Fermi gauge

[S, L, a]

[T1,T2]

l = 0

l > 0

[c, c̄]

ℳ(T)
l = − Δl + g2ϕ̄2

× 2

ℳ(cc̄)
l = − Δl

× 2

ℳ(SLa)
l =

−Δl + 3
r2 + g2ϕ̄2 − 2L

r2 gϕ̄′￼− gϕ̄∂r

− 2L
r2 −Δl − 1

r2 + g2ϕ̄2 − L
r gϕ̄

2gϕ̄′￼+ gϕ̄∂r + 3
r gϕ̄ − L

r gϕ̄ −Δl +
(Δ0ϕ̄)

ϕ̄

ℳ(Sa)
0 =

1
ξ (−Δ0 + 3

r2 + ξg2ϕ̄2) gϕ̄′￼− gϕ̄∂r

2gϕ̄′￼+ gϕ̄∂r + 3
r gϕ̄ −Δ0 +

(Δ0ϕ̄)

ϕ̄

l > 0

l ≥ 0

Δl = ∂2
r +

3
r

∂r −
L2

r2
L = l(l + 2)

+(1 −
1
ξ )

∂2
r + 3

r ∂r − 3
r2 −L ( 1

r ∂r − 1
r2 ) 0

L ( 1
r ∂r + 3

r2 ) − L2

r2 0

0 0 0

BG vs Fermi



Gauge (in)dependence

𝒜 = JT

∞

∏
l=0

det′￼ℳ(h)
l

det ̂ℳ (h)
l

−(l+1)2/2

× VGJG ( det′￼ℳ(Sa)0

det ̂ℳ (Sa)
0

)
−1/2 ∞

∏
l=1 (

det ℳ(SLa)
l

det ̂ℳ (SLa)
l

)
−(l+1)2/2

×
∞

∏
l=1 (

det ℳ(T)
l

det ̂ℳ (T)
l

)
−(l+1)2

×
∞

∏
l=0 (

det ℳ(cc̄)
l

det ̂ℳ (cc̄)
l

)
(l+1)2

=1 for Fermi gauge

Manifestly gauge independent

Gauge dependence should be canceled

ℳ(SLa)
l =

−Δl + 3
r2 + g2ϕ̄2 − 2L

r2 2gϕ̄′￼

− 2L
r2 −Δl − 1

r2 + g2ϕ̄2 0

2gϕ̄′￼ 0 −Δl +
(Δ0ϕ̄)

ϕ̄
+ ξg2ϕ̄2

+(1 −
1
ξ )

∂2
r + 3

r ∂r − 3
r2 −L ( 1

r ∂r − 1
r2 ) 0

L ( 1
r ∂r + 3

r2 ) − L2

r2 0

0 0 0

(BG)



Related works

[N. K. Nielsen, ’75; R. Fukuda, T. Kugo, ’76] [J. Baacke, K. Heitmann, ’99]
Nielsen-Fukuda-Kugo identity

Not a complete proof (no asymptotic analysis)

Rather a hand waving discussion for the other FP determinant

Should be applicable also to a saddle point

Indirect proof

From Gelfand-Yagrom theorem

Found one FP determinant in the gauge determinant

No discussion on gauge zero modes

(ξ
∂
∂ξ

+ C(v, ξ)
∂
∂v ) Veff(v, ξ) = 0

The treatment of gauge zero modes is not clear

Re λ

Im λ

α

branch cut

C0
Re λ

Im λ

Cout

Cin

Figure 1: The contours C0, Cin, and Cout on the complex λ plane. The blobs on the real axis
indicate the eigenvalues of the fluctuation operators. The dotted line is the branch cut of λ−s.

For the calculation the ζ functions, we use the following relation:

det(u1(r = R;λ = λn) u2(r = R;λ = λn) u3(r = R;λ = λn)) = 0, (A.17)

det(û1(r = R;λ = λ̂n) û2(r = R;λ = λ̂n) û3(r = R;λ = λ̂n)) = 0, (A.18)

which are based on the boundary conditions on the eigenfunctions of the differential operators
(see Eq. (A.3)). Thus, the logarithmic derivatives of above determinants with respect to λ
have simple poles with unit residue at the eigenvalues of corresponding fluctuation operators,
and hence we can express the ζ functions as [14, 15]

ζM(s)− ζM̂(s) =
1

2πi

∫

C0

dλλ−s d

dλ
ln

det(u1(R;λ) u2(R;λ) u3(R;λ))

det(û1(R;λ) û2(R;λ) û3(R;λ))
, (A.19)

where C0 is a contour along the real axis, surrounding all eigenvalues in counterclockwise
direction (see Fig. 1). The contour C0 avoids the branch cut of λ−s, which is defined to be
a straight line starting from the origin with the angle α to the real axis.

The next task is to deform the contour to enclose the branch cut of λ−s. To do so,
information about the behavior of the integrand at |λ| → ∞ is necessary. We can use the
fact that uI(r;λ) should satisfy

uI(r;λ) = u⋆
I(r) +

∫ r

dr1r
3
1G(r, r1;λ)δM(r1)uI(r1;λ), (A.20)

where δM ≡ M−M⋆. Here, the function G is given by

G(r1, r2;λ) ≡
πλξ2

2

[
v1(r1;λ)w

T
1 (r2;λ)− w1(r1;λ)v

T
1 (r2;λ)

]

+
πλ

2

[
v2(r1;λ)w

T
2 (r2;λ)− w2(r1;λ)v

T
2 (r2;λ)

]

+
πλ

2

[
v3(r1;λ)w

T
3 (r2;λ)− w3(r1;λ)v

T
3 (r2;λ)

]
, (A.21)

32

Our work is along this line



Gelfand-Yaglom for gauge sector

det ℳ(SLa)
l

det ̂ℳ (SLa)
l

= [ lim
r→∞

det (ψ1(r) ψ2(r) ψ3(r))
det (ψ̂1(r) ψ̂2(r) ψ̂3(r)) ] [lim

r→0

det (ψ1(r) ψ2(r) ψ3(r))
det (ψ̂1(r) ψ̂2(r) ψ̂3(r)) ]

−1

ℳ(SLa)
l ψi(r) = 0 ̂ℳ (SLa)

l ψ̂i(r) = 0
Three independent solutions that are regular at r=0

Proof for the gauge determinant is available in [M. Endo, T. Moroi, M. M. Nojiri, YS, ’17]



Semi-analytic decomposition
Case1: gauge symmetry broken at the false vacuum

det ℳ(SLa)
l

det ̂ℳ (SLa)
l

=
ϕ̄(0)
ϕ̄(∞)

f (η)
l (∞)
̂f (η)
l (∞) (

f (cc̄)
l (∞)
̂f (cc̄)
l (∞) )

2

BG gauge Fermi gauge

det ℳ(cc̄)
l

det ̂ℳ (cc̄)
l

=
f (cc̄)
l (∞)
̂f (cc̄)
l (∞)

det ℳ(cc̄)
l

det ̂ℳ (cc̄)
l

= 1

det ℳ(SLa)
l

det ̂ℳ (SLa)
l

=
ϕ̄(0)
ϕ̄(∞)

f (η)
l (∞)
̂f (η)
l (∞)

det ℳ(Sa)
0

det ̂ℳ (Sa)
0

=
ϕ̄(∞)
ϕ̄(0) (

f (cc̄)
0 (∞)
̂f (cc̄)
0 (∞) )

2
det ℳ(Sa)

0

det ̂ℳ (Sa)
0

=
ϕ̄(∞)
ϕ̄(0)

(Δl − ξg2ϕ̄2) f (cc̄)
l = 0 (Δl − g2ϕ̄2) f (η)

l −
2ϕ̄′￼

r2ϕ̄
∂r (r2f (η)

l ) = 0
FP modes Physical modes

[M. Endo, T. Moroi, M. M. Nojiri, YS, ’17] [M. Endo, T. Moroi, M. M. Nojiri, YS, ’17]



Gauge zero mode



Gauge zero mode
Case2: gauge symmetry restored at the false vacuum

[A. Kusenko, K. M. Lee, E. J. Weinberg, ’97]

BG gauge Fermi gauge

1
ξ (−Δ0 + 3

r2 + ξg2ϕ̄2) gϕ̄′￼− gϕ̄∂r

2gϕ̄′￼+ gϕ̄∂r + 3
r gϕ̄ −Δ0 +

(Δ0ϕ̄)

ϕ̄

( 0
gϕ̄) = 0

1
ξ (−Δ0 + 3

r2 + ξg2ϕ̄2) 2gϕ̄′￼

2gϕ̄′￼ −Δ0 +
(Δ0ϕ̄)

ϕ̄
+ ξg2ϕ̄2 (∂r f (cc̄)

gϕ̄f (cc̄)) = 0

Scalar potential is lifted

Φ → eiθΦ, Aμ → AμΦ → ?, Aμ → ?

VG = 2π
VG = ?
JG = ? JG = π∫ drr3ϕ̄2

Global symmetry: Global symmetry:

Determine these to reproduce

the Fermi gauge result



Semi-analytic decomposition
Case2: gauge symmetry restored at the false vacuum

det ℳ(SLa)
l

det ̂ℳ (SLa)
l

=
l
2

ϕ̄(0)
mh

lim
r→∞

f (η)
l (r)

r ̂f (h)
l (r)ϕ̄(r) (

f (cc̄)
l (∞)
̂f (cc̄)
l (∞) )

2

BG gauge Fermi gauge

det ℳ(cc̄)
l

det ̂ℳ (cc̄)
l

=
f (cc̄)
l (∞)
̂f (cc̄)
l (∞)

det ℳ(cc̄)
l

det ̂ℳ (cc̄)
l

= 1

det ℳ(SLa)
l

det ̂ℳ (SLa)
l

=
l
2

ϕ̄(0)
mh

lim
r→∞

f (η)
l (r)

r ̂f (h)
l (r)ϕ̄(r)

det′￼ℳ(Sa)
0

det ̂ℳ (Sa)
0

=
1

2πmhϕ̄(0)
lim
r→∞

1
r3ϕ̄(r)f (h)

0 (r)
πr3∂r f (cc̄)

0 (r)
ξg2 f (cc̄)

0 (r) (
f (cc̄)
0 (∞)
̂f (cc̄)
0 (∞) )

2
det′￼ℳ(Sa)

0

det ̂ℳ (Sa)
0

=
1

2πmhϕ̄(0)
lim
r→∞

1
r3ϕ̄(r)f (h)

0 (r)
J2

G

(Δl − ξg2ϕ̄2) f (cc̄)
l = 0 (Δl − g2ϕ̄2) f (η)

l −
2ϕ̄′￼

r2ϕ̄
∂r (r2f (η)

l ) = 0

FP modes Physical modes

[M. Endo, T. Moroi, M. M. Nojiri, YS, ’17] [M. Endo, T. Moroi, M. M. Nojiri, YS, ’17]

(Δl − m2
h) ̂f (h)

l = 0



Jacobian for the BG gauge

BG gauge

Fermi gauge

VGJBG
G (

det′￼ℳ(Sa)
0

det ̂ℳ (Sa)
0

)
−1/2

(
det ℳ(cc̄)

0

det ̂ℳ (cc̄)
0

) = VG 2πmhϕ̄(0) lim
r→∞

r3ϕ̄(r)f (h)
0 (r)JBG

G
ξg2 f (cc̄)

0 (r)
πr3∂r f (cc̄)

0 (r)

VGJG (
det′￼ℳ(Sa)

0

det ̂ℳ (Sa)
0

)
−1/2

(
det ℳ(cc̄)

0

det ̂ℳ (cc̄)
0

) = VG 2πmhϕ̄(0) lim
r→∞

r3ϕ̄(r)f (h)
0 (r)

𝒜 = VGJG ( det′￼ℳ(Sa)0

det ̂ℳ (Sa)
0

)
−1/2

(
det ℳ(cc̄)

0

det ̂ℳ (cc̄)
0

) × ⋯

JBG
G =

πr3∂r f (cc̄)
0 (r)

ξg2 f (cc̄)
0 (r)
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Reduction of computational time

𝒜 = JT

∞

∏
l=0

det′￼ℳ(h)
l

det ̂ℳ (h)
l

−(l+1)2/2

VGJG ( det′￼ℳ(Sa)0

det ̂ℳ (Sa)
0

)
−1/2

(
det ℳ(cc̄)

0

det ̂ℳ (cc̄)
0

)

×
∞

∏
l=1 (

det ℳ(T)
l

det ̂ℳ (T)
l

)
−(l+1)2

×
∞

∏
l=1 (

det ℳ(cc̄)
l

det ̂ℳ (cc̄)
l

)
(l+1)2

BG gauge with

×
∞

∏
l=1 (

det ℳ(SLa)
l

det ̂ℳ (SLa)
l

)
−(l+1)2/2

ξ = 1

Cancel out Known analytically

Gauge sector

( det ℳ(Sa)0

det ̂ℳ (Sa)
0

)
−1/2

(
det ℳ(cc̄)

0

det ̂ℳ (cc̄)
0

)
=

ϕ̄(0)
ϕ̄(∞)

= VG 2πmhϕ̄(0) lim
r→∞

r3ϕ̄(r)f (h)
0 (r)

×

Case 1 (w/o gauge zero mode)

Case 2 (w/ gauge zero mode)



Fubini instanton



Fubini instanton and decay rate 

V( |Φ | ) = λ |Φ |4

(λ < 0)

ϕ̄(r) =
8

|λ |
R

R2 + r2

Bounce

|Φ |

V( |Φ | )

: Arbitrary constantR

Potential Decay rate

ℬ =
8π2

3 |λ |

𝒜 = JDJT

∞

∏
l=0

det′￼ℳ(h)
l

det ̂ℳ (h)
l

−(l+1)2/2

× VGJG ( det′￼ℳ(Sa)0

det ̂ℳ (Sa)
0

)
−1/2 ∞

∏
l=1 (

det ℳ(SLa)
l

det ̂ℳ (SLa)
l

)
−(l+1)2/2

×
∞

∏
l=1 (

det ℳ(T )
l

det ̂ℳ (T )
l

)
−(l+1)2

×
∞

∏
l=0 (

det ℳ(cc̄)
l

det ̂ℳ (cc̄)
l

)
(l+1)2

Translational+dilatational zero modes

γ = ∫ dR𝒜e−ℬ

Gauge zero mode



Gauge independence
Fermi gauge

det ℳ(cc̄)
l

det ̂ℳ (cc̄)
l

= 1
det ℳ(SLa)

l

det ̂ℳ (SLa)
l

=
l

l + 2
Γ(l + 1)Γ(l + 2)

Γ(l + 1 − zg)Γ(l + 2 + zg)

det′￼ℳ(Sa)
0

det ̂ℳ (Sa)
0

=
|λ |
16π

J2
G

[A. Andreassen, W. Frost, M. D. Schwartz, ’17; S. Chigusa, T. Moroi, YS, ’17 & ’18]

zg = −
1
2

1 − 1 −
8g2

|λ |

Gauge independent

det ℳ(T)
l

det ̂ℳ (T)
l

=
Γ(l + 1)Γ(l + 2)

Γ(l + 1 − zg)Γ(l + 2 + zg)

JG = π∫ drr3ϕ̄2 = lim
r→∞

8πR2

|λ |
ln r

Jacobian itself is divergent

(gauge zero mode is not normalisable)


But, it is canceled in the prefactor



Multi-field bounce



Symmetries

Dμϕ = (∂μ + gaTaAa
μ)ϕ

(Ta)T = − Ta [Ta, Tb] = − f abcTc

Symmetries broken by bounce

: Vector of real scalarsϕ =

ϕ1

ϕ2

ϕ3
⋮

Gauge charges of bounce fields

SE[ϕ̄] = SE[eθAT̃A+θα
GT̃α

Gϕ̄] ϕ̄(∞) = eθAT̃A+θα
GT̃α

Gϕ̄(∞)

False vacuum is symmetric, bounce is notSymmetry of the action (Fermi gauge)

Mia = − ∑
k

gaTa
ikϕ̄k *  is the gauge boson mass matrixMT M

T̃A = ∑
B

κABTB

A : 1,⋯, nU

α : 1,⋯, nNG
∫ d4x(T̃Aϕ̄)T(T̃Bϕ̄) = 0

∫ d4x(T̃Aϕ̄)T(T̃β
Gϕ̄) = 0

∫ d4x(T̃α
Gϕ̄)T(T̃β

Gϕ̄) = 0
(A ≠ B) (α ≠ β)

Orthogonal (would-be) NG bosons

(This is automatic)

a : 1,⋯, nB, nB + 1,…, nG = nB + nU

ϕ̄(r) ≠ eθAT̃A+θα
GT̃α

Gϕ̄(r)

Massive at false vacuum

Massless at false vacuum

is the index for these

Pure NG bosons

* We ignore the gauge bosons that do not couple to the bounce



Jacobian for BG gauge with multi-field bounce

JBG
G = det 𝒦G det 𝒦 det κ (∏

A

g2
A)

−1/2

𝒦AB = lim
r→∞

πr3

ξ [(∂rΨ(cc̄)
0 (r)) (Ψ(cc̄)

0 (r))
−1]

AB
𝒦G

αβ = π∫ drr3 (T̃α
Gϕ̄)T (T̃β

Gϕ̄)
Global symmetry Gauge symmetry

(Δ0 − ξMTM)Ψ(cc̄)
0 = 0

 Group volume measured with VG : T̃A, T̃α

After the subtraction of gauge zero modes in the BG gauge, the Jacobian is given by



Multi-field Fubini instanton
[S. Oda, YS, D. Takahashi, ’20]

V = λ1(μ) |Φ1 |4 + λ2(μ) |Φ2 |4 + λ3(μ) |Φ1 |2 |Φ2 |2 + ⋯

Multi-field quartic potential

Veff = λeff(μ) |Φ |4
(Steepest direction for given μ)

(No dimensionful parameters)

The rest is the same with the single field Fubini instanton calculation

ϕ1
ϕ2

V

(If there are more than one coupling with a similar size, we need to add their decay rates)

Renormalisation scale (=1/R)

Reduced to a single field bounce



Phenomenological applications



Standard Model

7

FIG. A.1: The contours of constant γ on Higgs mass vs.
top mass plane, based on 2023 PDG values of SM parame-
ters. The black dot-dashed contours are for γ = 1, 10−100,
10−300, and 10−1000 Gyr−1Gpc−3, taking αs(mZ). In the up-
per shaded region (pink), γ becomes larger than H4

0 . In the
lower shaded region (green), the EW vacuum is stable be-
cause λ is always positive. Dependences of the boundaries of
those regions are shown with lighter and darker colors. We
also show the constraint on the Higgs and top masses (blue-
shaded regions) adding their 1σ (inside) 2σ (middle), and 3σ
(outside) uncertainties in quadrature.

FIG. A.2: The contours of constant γ on Higgs mass vs. top
mass plane, based on 2017 PDG values.

[S. Chigusa, T. Moroi, YS, ’17 (Updated 2023)]

[A. Andreassen, W. Frost, M. D. Schwartz, ’17; S. Chigusa, T. Moroi, YS, ’17 & ’18]

log10
γ

Gyr ⋅ Gpc3
= − 785+45+155+182

−50−222−277

Δmh Δmt Δαs

mpole
h = 125.25 ± 0.17 GeV

mpole
t = 172.69 ± 0.30 GeV

αs(mZ) = 0.1179 ± 0.0009

Particle Data Group 2023

(Renormalization scale uncertainty: ±2)

(1σ)

Vacuum decay rate in the standard model
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FIG. A.1: The contours of constant γ on Higgs mass vs.
top mass plane, based on 2023 PDG values of SM parame-
ters. The black dot-dashed contours are for γ = 1, 10−100,
10−300, and 10−1000 Gyr−1Gpc−3, taking αs(mZ). In the up-
per shaded region (pink), γ becomes larger than H4

0 . In the
lower shaded region (green), the EW vacuum is stable be-
cause λ is always positive. Dependences of the boundaries of
those regions are shown with lighter and darker colors. We
also show the constraint on the Higgs and top masses (blue-
shaded regions) adding their 1σ (inside) 2σ (middle), and 3σ
(outside) uncertainties in quadrature.

FIG. A.2: The contours of constant γ on Higgs mass vs. top
mass plane, based on 2017 PDG values.

W/ PDG 2017



Fubini instanton

https://github.com/YShoji-HEP/ELVAS
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Figure 4: The decay rate of the EW vacuum for vector-like quarks with (left) and without
(right) the cut-off at the Planck scale. The red region is unstable, the yellow region is meta-
stable, and the green region is absolutely stable. The solid lines show log10[γ Gyr Gpc3] =
−250,−500, and −1000. The dashed line corresponds to the constraint when we stop the
integration at φ̄C = 0.1MPl.

respectively. For simplicity, we take ML = ME and adopt the following renormalization
conditions

YE(µ = ME) = YE(µ = ME) ≡ yE. (4.9)

The decay rate of the EW vacuum is given by

γ =

∫
d lnR

1

R4

[
A′(h)A(t)A(Aµ,ϕ)A(L,E)A(L,E)e−B

]

MS, µ=1/R
, (4.10)

where [
lnA(L,E)

]

MS
=
[
lnA(ψ)

]
MS

∣∣
y→YE

, (4.11)
[
lnA(L,E)

]

MS
=
[
lnA(ψ)

]
MS

∣∣
y→YE

. (4.12)

In fig. 5, we show the contours of constant decay rate. Since the extra fermions are not
colored, we do not have a region of absolute stability. We observe a larger effect of the cut-off
at the Planck scale. This is because φ̄max

C is typically large in a wider parameter space, as
indicated in the right panel of fig. 6.

Requiring that the lifetime of the EW vacuum should be longer than the age of the
universe, we obtain yE ! 0.4− 0.7 for 103 GeV ! ME ! 1015 GeV. The constraint becomes
significantly weaker for larger ME owing to the cut-off at the Planck scale.
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Figure 5: The same figure as fig. 4 but for vector-like leptons.

4.2 Right-handed neutrino

Next, we consider the case with right-handed neutrinos, which is responsible for the active
neutrino masses via the seesaw mechanism [109–111]. For simplicity, we concentrate on the
case where only one mass eigenstate of the right-handed neutrinos, denoted as N , strongly
couples to the Higgs boson (as well as to the third generation lepton doublet). Then, the
Yukawa and mass terms in the Lagrangian are

LYukawa = L(SM)
Yukawa + YNΦ

∗LN, (4.13)

Lmass =
1

2
MNNN, (4.14)

where, in this subsection, L denotes one of the lepton doublets in the SM. We define

YN(µ = MN) ≡ yN . (4.15)

Assuming that, for simplicity, the neutrino Yukawa matrix is diagonal in the mass-basis
of right-handed neutrinos, the following effective operator shows up by integrating out N :

∆L =
C

4
(ΦL)2, (4.16)

with

C(MN) = −2
y2N
MN

. (4.17)
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Figure 7: The same figure as fig. 4 but for a right-handed neutrino. We also show lines
indicating mν = 0.05 eV and mν = 0.08 eV with purple solid lines.

5 Conclusion

In this paper, we have calculated the decay rate of the EW vacuum in the framework of
the SM and also in various models with extra fermions. We included the complete one-loop
corrections as well as large logarithmic terms in higher loop corrections. We used a recently
developed technique to calculate functional determinants in the gauge sector, which not
only gives a prescription to perform a gauge invariant calculation of the decay rate but also
allows us to calculate the functional determinants analytically. In addition, in calculating
the decay rate of the EW vacuum, zero modes show up in association with the dilatational
and gauge symmetries. We have properly taken into account their effects, which was not
possible in previous calculations. We have given an analytic formula of the decay rate of the
EW vacuum, which is also applicable to models that exhibit classical scale invariance at a
high energy scale.

The decay rate of the EW vacuum is sensitive to the coupling constants in the SM and
their RG behavior. We have used three-loop RG equations for the study of the RG behavior
of the SM couplings. The result is used for the precise calculation of the decay rate of the
EW vacuum. The decay rate of the EW vacuum is estimated to be

log10
[
γPl ×Gyr Gpc3

]
= −582+40 +184 +144 +2

−45 −329 −218 −1, (5.1)

where the errors come from the Higgs mass, the top mass, the strong coupling constant,
and the renormalization scale, respectively. Here, only the bounce configurations with its
amplitude smaller than the Planck scale is taken into account; for the decay rate of the EW
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FIG. 6. The SM-normalized couplings of the 125 GeV Higgs boson. The colors are the same as in

Fig. 5.

ghtt = 1.02+0.11
�0.10, (66)

gh⌧⌧ = 1.07± 0.15, (67)

with the assumption that there is no new particles in loops and decays. Thus, they have

already started to touch the parameter space. Future measurements of the Higgs couplings

by, for example, the combination of HL-LHC and ILC will reach the precision of a few

percent level [69] and will possibly find deviations from the SM values.

Let us discuss the dependence on the IR cut-o↵ and the UV cut-o↵, which are introduced

in Eqs. (32) and (33). Since the beta functions for �1 and �2 become generically positive at

high energy, a factor change of the UV cut-o↵ rarely a↵ects the vacuum decay rate, which

we have checked numerically as well. As for the IR cut-o↵, we have checked that Figs. 5 and

6 are not a↵ected even if we use 1 TeV for the IR cut-o↵, instead of 10 TeV.

Finally, we comment on the e↵ect of A, which we have calculated precisely. Although

the vacuum decay rates are enhanced compared with the tree level ones around � ⇠ H
4
0 ,

we find that the e↵ect is not large enough to change Fig. 6. It is because of the strong

dependence of the vacuum decay rates on the Higgs quartic couplings. However, if we find

the additional Higgs bosons in future, the vacuum decay rate can be determined precisely

from the measurements of the mass di↵erences and the couplings of the Higgs bosons, which

will give an important implication on the scenario.
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DFSZ axion (2HDM)
[S. Oda, YS, D. Takahashi, ’20]

[S. Chigusa, T. Moroi, YS, ’18]
BSMs with Fubini instanton Public code



Multifield bounce + gauge zero mode
SM + bino + sleptons
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γ

μ μ

γ
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γ
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0

(a) (b)

(c) (d)
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Figure 1: One-loop Feynman diagrams, which are enhanced in large tan � limit, giving rise
to the SUSY contribution to the muon g � 2. Here, the mass insertion approximation is
adopted. The black and white blobs are two-point interactions induced by the VEVs of
Higgs bosons.

muon mass, and m2
SUSY is the mass scale of superparticles. (Here, the contributions of

the diagrams that contain the Bino are neglected because they are subdominant.) Taking
tan � ⇠ 50, which is the approximate maximum possible value of tan � for the perturbativity
up to the GUT scale, the superparticles should be lighter than ⇠ 700 GeV in order to make
the total muon anomalous magnetic moment consistent with the observed value at the 2�
level.

Such an upper bound is significantly altered by the Bino-smuon diagram (Fig. 1 (a)). The
other diagrams (i.e., Fig. 1 (b) � (e)) have slepton, gaugino, and Higgsino propagators in
the loop, and hence their contributions are suppressed when any of these particles is heavy.
On the contrary, the Bino-smuon diagram has only the smuon and Bino propagators in the
loop, and its contribution is approximately proportional to the Higgsino mass parameter
µ. Thus, with a very large µ parameter, the contribution of the Bino-smuon diagram can
be large enough to cure the muon g � 2 anomaly even if the smuon and/or Bino are much
heavier than the upper bound estimated above.

In the following, we study the upper bound on the masses of superparticles in the light
of the muon g � 2 anomaly, paying particular attention to the contribution of the Bino-
smuon diagram. In the parameter region where the Bino-smuon diagram has a dominant

3

Figure 3: Contours of constant Se↵ , taking a(SUSY)
µ = 25.1 ⇥ 10�10 and mR = mL. The

red, blue, orange, green, and magenta lines are for Se↵ = 300, 400, 500, 700, and 1000,
respectively. The solid and dashed lines are for tan � = 10 and 50, respectively.

Figure 4: Contours of constant Se↵ (solid) and S(tree)
e↵ (dashdotted), taking a(SUSY)

µ = 25.1⇥
10�10, mR = mL and tan � = 10. The red, blue, orange, green, and magenta lines show the
contours on which Se↵ or S(tree)

e↵ is equal to 300, 400, 500, 700, and 1000, respectively.
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𝒜 = A(ℜH0,ℜℓ̃L,ℜℓ̃R)

× A(W±,H±,ν̃L)A(Z,γ,ℑH0,ℑℓ̃L,ℑℓ̃R)

× A(tL,tR)A(B̃,ℓL,ℓR)

× A(ν̃L)A(ℑℓ̃L,ℑℓ̃R)

3x3

4x4 7x7

4x4 6x6

1x1 2x2

Gauge zero mode from the U(1) EM breaking

scalars

gauge+scalars

fermions

other generations of sleptons if they are light

(Minimal supersymmetric particles to explain the muon g-2 anomaly)

One-loop

Tree

Seff = − ln
γ

GeV4
≳ 386

[S. Chigusa, T. Moroi, YS; ’22 & ’23]

ℳlsize of (A = v4)

Bounce

Prefactor

h(r), ℓ̃L(r), ℓ̃R(r)
Smuon instability (heavy staus)

(smuon or stau) 

(The trig-linear coupling is determined to explain the muon g-2 anomaly)



Summary

• Precise determination of vacuum decay rate requires computation of the prefactor, 
and contributions from gauge bosons are not negligible


• It was not clear whether the prefactor is gauge independent because the functional 
determinant depends the gauge parameter non-trivially


• We have explicitly shown that the prefactor is gauge-independent and is reduced to 
one physical functional determinant


• We derived the Jacobian for the gauge zero modes, which enables the computation 
of the gauge determinants for any scalar potential


• We have applied our prescription to standard model and several models beyond the 
standard model



Semi-analytic solution
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Semi-analytic solution
Fermi gauge
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