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Why study vacuum decay?



3

• The electroweak vacuum is metastable.

• Beyond the Standard Model it is possible to have first 
order phase transitions in the early universe. They could 
lead to detectable gravitational waves’ signals.

• It is an interesting and challenging problem to tackle from 
the theoretical point of view.
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In this talk the focus is on computing the full one-loop decay rate
in a theory with only one real scalar field in flat spacetime.
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Coleman, Callan 1977
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Classical bounce action
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The bounce is O(4) spherically symmetric. 

<latexit sha1_base64="FxyhdHL4lWWSPhdeiz14p8M5WYA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR48FLx4rGA/oF1KNs22sdkkJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXqQ4M9b3v73C2vrG5lZxu7Szu7d/UD48ahmZakKbRHKpOxE2lDNBm5ZZTjtKU5xEnLaj8e3Mbz9RbZgUD3aiaJjgoWAxI9g6qdVTI9aP+uWKX/XnQKskyEkFcjT65a/eQJI0ocISjo3pBr6yYYa1ZYTTaamXGqowGeMh7ToqcEJNmM2vnaIzpwxQLLUrYdFc/T2R4cSYSRK5zgTbkVn2ZuJ/Xje18XWYMaFSSwVZLIpTjqxEs9fRgGlKLJ84golm7lZERlhjYl1AJRdCsPzyKmldVINatXZ/Wanf5HEU4QRO4RwCuII63EEDmkDgEZ7hFd486b14797HorXg5TPH8Afe5w+HTo8Z</latexit>

�b is the bounce: a field configuration that extremizes the action,                    .  
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Thin wall approximation
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Solve the bounce equation order by order in 
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shift the field

<latexit sha1_base64="5iGOFxUKMSsf0sUVuJDOyqdFQjg="></latexit>

V (�) =
�

8
(�2 � v2)2 + �v3�(�� v)

<latexit sha1_base64="Tq0c/iibrhoViJW4x+2+f5VuCpA="></latexit>

V (�) =
1

2
m2�2 + ⌘�3 +

�

8
�4

<latexit sha1_base64="5mMRGXg87TAGh1HnnfERiqjsd3g="></latexit>

' ⌘ 2⌘

m2
� , ⇢̃ ⌘ m⇢ , "↵ ⌘ 1� �

m2

4⌘2

introduce dimensionless variables

<latexit sha1_base64="E6/+4Hp38UqsYLjN9c3zOjI6sZE="></latexit>

S = ⌦
m6�D

4⌘2
SC("↵) = ⌦

m6�D

4⌘2

Z 1

0
d⇢̃ ⇢̃D�1

 
1

2

✓
d'

d⇢̃

◆2

+ Ṽ (')

!

<latexit sha1_base64="PYPWe3Bvc/yD1i+8hR4CdHdxFJI="></latexit>

Ṽ (') =
1

2
'2 +

1

2
'3 +

1� "↵
8

'4

Cubic parametrization

There is an exact analytic map
<latexit sha1_base64="7zzwySwj1yPtvr9Gz8Y55n1/gYY="></latexit>

{�, v,�}  ! {m, ⌘, "↵}
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-1.5 -1.0 -0.5 0.5 1.0 1.5
φL

-0.4

-0.3
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-2.5 -2.0 -1.5 -1.0 -0.5 0.5
φC

-0.4

-0.2

0.2

V

C(φC)

<latexit sha1_base64="17yQypJKnwf3cmUHLUXjE3XTzvo=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRA8KAT14jGAemCxhdtJJhszOLjOzQljyF148KOLVv/Hm3zhJ9qCJBQ1FVTfdXUEsuDau++3kVlbX1jfym4Wt7Z3dveL+QUNHiWJYZ5GIVCugGgWXWDfcCGzFCmkYCGwGo5up33xCpXkkH8w4Rj+kA8n7nFFjpcfOLQpDyTVxu8WSW3ZnIMvEy0gJMtS6xa9OL2JJiNIwQbVue25s/JQqw5nASaGTaIwpG9EBti2VNETtp7OLJ+TEKj3Sj5QtachM/T2R0lDrcRjYzpCaoV70puJ/Xjsx/Us/5TJODEo2X9RPBDERmb5PelwhM2JsCWWK21sJG1JFmbEhFWwI3uLLy6RxVvYq5cr9eal6lcWRhyM4hlPw4AKqcAc1qAMDCc/wCm+Odl6cd+dj3ppzsplD+APn8wcGeI/W</latexit>

� = 0

<latexit sha1_base64="jaIw7gvjddGGEUSaWBEyfkYvz74=">AAACEHicbZC7SgNBFIZnvcZ4i1raDAbRKu4GSSwUAlpYRjAXyC7L7GSSDJnZXWfOimHJI9j4KjYWitha2vk2Ti6FJv4w8PGfczhz/iAWXINtf1sLi0vLK6uZtez6xubWdm5nt66jRFFWo5GIVDMgmgkeshpwEKwZK0ZkIFgj6F+O6o17pjSPwlsYxMyTpBvyDqcEjOXnjtwrJoDgCzwBP3WVxJI8DI3lnLj6TkFaLA/9XN4u2GPheXCmkEdTVf3cl9uOaCJZCFQQrVuOHYOXEgWcCjbMuolmMaF90mUtgyGRTHvp+KAhPjROG3ciZV4IeOz+nkiJ1HogA9MpCfT0bG1k/ldrJdA581IexgmwkE4WdRKBIcKjdHCbK0ZBDAwQqrj5K6Y9oggFk2HWhODMnjwP9WLBKRVKN6f5yvk0jgzaRwfoGDmojCroGlVRDVH0iJ7RK3qznqwX6936mLQuWNOZPfRH1ucPd1+bmw==</latexit>

� = �max = 1/
p
27

<latexit sha1_base64="3dBEaxbhKUPw+cXppyyRQ/GnVHA=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEpLpQKLhxWcE+oAnlZjpph06SYWZSKLELf8WNC0Xc+hvu/BunbRbaeuDCmXPuZe49geBMacf5tgorq2vrG8XN0tb2zu6evX/QVEkqCW2QhCeyHYCinMW0oZnmtC0khSjgtBUMb6d+a0SlYkn8oMeC+hH0YxYyAtpIXfvIG4GkQjFuXh5wMQB8g52uXXYqzgx4mbg5KaMc9a795fUSkkY01oSDUh3XEdrPQGpGOJ2UvFRRAWQIfdoxNIaIKj+b7T/Bp0bp4TCRpmKNZ+rviQwipcZRYDoj0AO16E3F/7xOqsMrP2OxSDWNyfyjMOVYJ3gaBu4xSYnmY0OASGZ2xWQAEog2kZVMCO7iycukeV5xq5Xq/UW5dp3HUUTH6ASdIRddohq6Q3XUQAQ9omf0it6sJ+vFerc+5q0FK585RH9gff4ARVCVmQ==</latexit>

"↵ = 0

<latexit sha1_base64="QRl+L0p37oFcSwWvD9FZxYE/yt4=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEpLpQKLhxWcE+oAnlZjpph06SYWZSKLELf8WNC0Xc+hvu/BunbRbaeuDCmXPuZe49geBMacf5tgorq2vrG8XN0tb2zu6evX/QVEkqCW2QhCeyHYCinMW0oZnmtC0khSjgtBUMb6d+a0SlYkn8oMeC+hH0YxYyAtpIXfvIG4GkQjFuXh5wMQB8g92uXXYqzgx4mbg5KaMc9a795fUSkkY01oSDUh3XEdrPQGpGOJ2UvFRRAWQIfdoxNIaIKj+b7T/Bp0bp4TCRpmKNZ+rviQwipcZRYDoj0AO16E3F/7xOqsMrP2OxSDWNyfyjMOVYJ3gaBu4xSYnmY0OASGZ2xWQAEog2kZVMCO7iycukeV5xq5Xq/UW5dp3HUUTH6ASdIRddohq6Q3XUQAQ9omf0it6sJ+vFerc+5q0FK585RH9gff4ARtSVmg==</latexit>

"↵ = 1

<latexit sha1_base64="PYPWe3Bvc/yD1i+8hR4CdHdxFJI="></latexit>

Ṽ (') =
1

2
'2 +

1

2
'3 +

1� "↵
8

'4
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<latexit sha1_base64="fsLCsvOBYBkFJ6OkrvLaJYGKgpg="></latexit>

S(N)
C ("↵) = S(0)

C

 
1 +

NX

n=1

"n↵s
C
n

!

<latexit sha1_base64="jnQAvcoP08WFdP3CZ/iLqTZjIwo="></latexit>

S(0)
C =

1

"D�1
↵

✓
D � 1

3

◆D�1 2

3D

<latexit sha1_base64="j93QL9trwQwo+MRz0KrwW6DSiF4="></latexit>

S = ⌦
v4�D

�D/2�1
SL(�) = ⌦

m6�D

4⌘2
SC("↵)

<latexit sha1_base64="iL5IRpiXj33Pn0X4zukS0lRxUTU="></latexit>

SL(�) =
�D/2�1

v4�D

m6�D

4⌘2
SC("↵) '

f3�D/2
m2 (�)

f2
⌘ (�)

S(2)
C ("↵(�))

<latexit sha1_base64="q5+eoxXt7SpEhyRJCJ66ZRxlO/4="></latexit>

m2 = �v2fm2(�) ⌘ =
1

2
�vf⌘(�)
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Unbounded potential

<latexit sha1_base64="QRl+L0p37oFcSwWvD9FZxYE/yt4=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEpLpQKLhxWcE+oAnlZjpph06SYWZSKLELf8WNC0Xc+hvu/BunbRbaeuDCmXPuZe49geBMacf5tgorq2vrG8XN0tb2zu6evX/QVEkqCW2QhCeyHYCinMW0oZnmtC0khSjgtBUMb6d+a0SlYkn8oMeC+hH0YxYyAtpIXfvIG4GkQjFuXh5wMQB8g92uXXYqzgx4mbg5KaMc9a795fUSkkY01oSDUh3XEdrPQGpGOJ2UvFRRAWQIfdoxNIaIKj+b7T/Bp0bp4TCRpmKNZ+rviQwipcZRYDoj0AO16E3F/7xOqsMrP2OxSDWNyfyjMOVYJ3gaBu4xSYnmY0OASGZ2xWQAEog2kZVMCO7iycukeV5xq5Xq/UW5dp3HUUTH6ASdIRddohq6Q3XUQAQ9omf0it6sJ+vFerc+5q0FK585RH9gff4ARtSVmg==</latexit>

"↵ = 1 <latexit sha1_base64="6aP0f63J/HdKzk9SuFwZfYcp5HE=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5KoVBcKBTcuK9gHNKHcTCft0EkyzEwKJXbhr7hxoYhbf8Odf+O0zUJbD1w4c869zL0nEJwp7Tjf1tLyyuraemGjuLm1vbNr7+03VJJKQusk4YlsBaAoZzGta6Y5bQlJIQo4bQaD24nfHFKpWBI/6JGgfgS9mIWMgDZSxz70hiCpUIyblwdc9AHf4POOXXLKzhR4kbg5KaEctY795XUTkkY01oSDUm3XEdrPQGpGOB0XvVRRAWQAPdo2NIaIKj+b7j/GJ0bp4jCRpmKNp+rviQwipUZRYDoj0H01703E/7x2qsMrP2OxSDWNyeyjMOVYJ3gSBu4ySYnmI0OASGZ2xaQPEog2kRVNCO78yYukcVZ2K+XK/UWpep3HUUBH6BidIhddoiq6QzVURwQ9omf0it6sJ+vFerc+Zq1LVj5zgP7A+vwBSdyVnA==</latexit>

"↵ = 3

<latexit sha1_base64="aXBAK3Pmjr21OLMFaK5kWvSdvYQ=">AAAB+nicbVBNS8NAEN34WetXqkcvi0Wol5KIVA8eCl48VrAf0ISy2WzapZtN2J1USu1P8eJBEa/+Em/+G7dtDtr6YODx3gwz84JUcA2O822trW9sbm0Xdoq7e/sHh3bpqKWTTFHWpIlIVCcgmgkuWRM4CNZJFSNxIFg7GN7O/PaIKc0T+QDjlPkx6UsecUrASD275AEXIcOtijciKh3w855ddqrOHHiVuDkpoxyNnv3lhQnNYiaBCqJ113VS8CdEAaeCTYtepllK6JD0WddQSWKm/cn89Ck+M0qIo0SZkoDn6u+JCYm1HseB6YwJDPSyNxP/87oZRNf+hMs0AybpYlGUCQwJnuWAQ64YBTE2hFDFza2YDogiFExaRROCu/zyKmldVN1atXZ/Wa7f5HEU0Ak6RRXkoitUR3eogZqIokf0jF7Rm/VkvVjv1seidc3KZ47RH1ifP2yxk3U=</latexit>

Ṽ (')

<latexit sha1_base64="2aZbDj/TSHaMILL7YXpjoNSVgyc=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVA8eCl48VrAf0C4lm2bb0Gw2JNlCWfojvHhQxKu/x5v/xrTdg7Y+GHi8N8PMvFAJbqznfaPCxubW9k5xt7S3f3B4VD4+aZkk1ZQ1aSIS3QmJYYJL1rTcCtZRmpE4FKwdju/nfnvCtOGJfLJTxYKYDCWPOCXWSe3ehGg14v1yxat6C+B14uekAjka/fJXb5DQNGbSUkGM6fqeskFGtOVUsFmplxqmCB2TIes6KknMTJAtzp3hC6cMcJRoV9Lihfp7IiOxMdM4dJ0xsSOz6s3F/7xuaqPbIONSpZZJulwUpQLbBM9/xwOuGbVi6gihmrtbMR0RTah1CZVcCP7qy+ukdVX1a9Xa43WlfpfHUYQzOIdL8OEG6vAADWgChTE8wyu8IYVe0Dv6WLYWUD5zCn+APn8AfQ6Pqw==</latexit>'

<latexit sha1_base64="PYPWe3Bvc/yD1i+8hR4CdHdxFJI="></latexit>

Ṽ (') =
1

2
'2 +

1

2
'3 +

1� "↵
8

'4
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<latexit sha1_base64="whB4NXqsfSUT7ABkMgC4jZ6+Im0="></latexit>

SFL
C ("↵) =

8

3

1

"↵ � 1
⇡ 8

3"↵
, for "↵ � 1

<latexit sha1_base64="jg7//MKcANRMsszk54CWhmXO2vE="></latexit>

S(2)
C ("↵) =

1

6"3↵

⇥
1 + 10"↵ + (37� 2⇡2)"2↵

⇤
����!
"↵�1

1

6"↵
(37� 2⇡2)

Fubini-Lipatov

Thin-wall expansion



21

Fluctuations
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<latexit sha1_base64="w9oDEBKz4H1GZ/I9AsuXjCRdiAM="></latexit>

�

V
= lim

T!1

1

TV

Im
R
D�e�S[�b]� 1

2�S
00[�b]�

R
D�e�S[�FV]� 1

2�S
00[�FV]�

=

✓
SR

2⇡~

◆D
2

��������

det0
✓
�@2 + d2V

d�2

���
�b

◆

det

✓
�@2 + d2V

d�2

���
�FV

◆

��������

� 1
2

e�
SR
~ �S(1)

ct +S(1)
ctFV (1 +O(~))

Coleman, Callan 1977

<latexit sha1_base64="I+nbg1WCO30xJPUCOZUAeMn8J/s="></latexit>

SR + S(1)
ct � S(1)

ctFV = S

 
1� 9�0

(4⇡)2

✓
1

"
+ ln

µ

µ0

◆!
<latexit sha1_base64="kFrTsKrSjv8z8DfqPGTTyseQc5s=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mV0vYiFPTgsYL9gHYp2TTbxmaTJckKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJbWxube/kdwt7+weHR8Xjk7aWiSK0RSSXqhtgTTkTtGWY4bQbK4qjgNNOMLmZ+50nqjST4sFMY+pHeCRYyAg2VmrfomtUQYNiyS27C6B14mWkBBmag+JXfyhJElFhCMda9zw3Nn6KlWGE01mhn2gaYzLBI9qzVOCIaj9dXDtDF1YZolAqW8Kghfp7IsWR1tMosJ0RNmO96s3F/7xeYsK6nzIRJ4YKslwUJhwZieavoyFTlBg+tQQTxeytiIyxwsTYgAo2BG/15XXSvip71XL1vlJq1LM48nAG53AJHtSgAXfQhBYQeIRneIU3RzovzrvzsWzNOdnMKfyB8/kDkGKNzA==</latexit>

D = 4

dimensional regularization

x x x x x

x

+ + + …
<latexit sha1_base64="sjlrOdOfJgABz1KsGDQb6i/MhZA=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0lEao8FLx4r2A9oQtlsN83SzWbZ3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5oeRMG9f9djY2t7Z3dkt75f2Dw6PjyslpV6eZIrRDUp6qfog15UzQjmGG075UFCchp71wcjf3e09UaZaKRzOVNEjwWLCIEWys5PsyZsOw5qs4vRpWqm7dXQCtE68gVSjQHla+/FFKsoQKQzjWeuC50gQ5VoYRTmdlP9NUYjLBYzqwVOCE6iBf3DxDl1YZoShVtoRBC/X3RI4TradJaDsTbGK96s3F/7xBZqJmkDMhM0MFWS6KMo5MiuYBoBFTlBg+tQQTxeytiMRYYWJsTGUbgrf68jrpXte9Rr3xcFNtNYs4SnAOF1ADD26hBffQhg4QkPAMr/DmZM6L8+58LFs3nGLmDP7A+fwBb+GRRw==</latexit>

�b(⇢)

<latexit sha1_base64="1TvChmNHWVwim+2jxOGPYM9U+8Y=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKtB4LXjxWsB/QhrLZbpqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzgoQzbVz32yltbe/s7pX3KweHR8cn1dOzno5TRWiXxDxWgwBrypmkXcMMp4NEUSwCTvvB7C73+09UaRbLRzNPqC/wVLKQEWxyaZREbFytuXV3CbRJvILUoEBnXP0aTWKSCioN4Vjroecmxs+wMoxwuqiMUk0TTGZ4SoeWSiyo9rPlrQt0ZZUJCmNlSxq0VH9PZFhoPReB7RTYRHrdy8X/vGFqwls/YzJJDZVktShMOTIxyh9HE6YoMXxuCSaK2VsRibDCxNh4KjYEb/3lTdJr1L1mvflwU2s3ijjKcAGXcA0etKAN99CBLhCI4Ble4c0Rzovz7nysWktOMXMOf+B8/gASSo46</latexit>

�

<latexit sha1_base64="1TvChmNHWVwim+2jxOGPYM9U+8Y=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKtB4LXjxWsB/QhrLZbpqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzgoQzbVz32yltbe/s7pX3KweHR8cn1dOzno5TRWiXxDxWgwBrypmkXcMMp4NEUSwCTvvB7C73+09UaRbLRzNPqC/wVLKQEWxyaZREbFytuXV3CbRJvILUoEBnXP0aTWKSCioN4Vjroecmxs+wMoxwuqiMUk0TTGZ4SoeWSiyo9rPlrQt0ZZUJCmNlSxq0VH9PZFhoPReB7RTYRHrdy8X/vGFqwls/YzJJDZVktShMOTIxyh9HE6YoMXxuCSaK2VsRibDCxNh4KjYEb/3lTdJr1L1mvflwU2s3ijjKcAGXcA0etKAN99CBLhCI4Ble4c0Rzovz7nysWktOMXMOf+B8/gASSo46</latexit>

�
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Functional determinant
<latexit sha1_base64="ilRThbRPVIM14zrUFdVaCFNzHdA="></latexit>

det

 
�@2 +

d2V

d�2

����
�b

!
⌘ detO =

1Y

l=0

detOl

<latexit sha1_base64="pknuCI5ru2wSByUwBsRI23VcWfI="></latexit>

Ol = �
d2

d⇢2
�

D � 1

⇢

d

d⇢
+

l (l +D � 2)

⇢2
+

d2V

d�2

Gelfand-Yaglom theorem

<latexit sha1_base64="q1cbX3tEqTKwLfa0+dwNbznae7A=">AAACAnicbVBNS8NAEJ3Ur1q/op7Ey2IRBLEkRWovQkEPHivYD2hL2Ww37dLNJuxuhBKCF/+KFw+KePVXePPfuG1z0OqDgcd7M8zM8yLOlHacLyu3tLyyupZfL2xsbm3v2Lt7TRXGktAGCXko2x5WlDNBG5ppTtuRpDjwOG1546up37qnUrFQ3OlJRHsBHgrmM4K1kfr2QVfE6BJxdIq6vsQkuU6TcorOkNu3i07JmQH9JW5GipCh3rc/u4OQxAEVmnCsVMd1It1LsNSMcJoWurGiESZjPKQdQwUOqOolsxdSdGyUAfJDaUpoNFN/TiQ4UGoSeKYzwHqkFr2p+J/XibVf7SVMRLGmgswX+TFHOkTTPNCASUo0nxiCiWTmVkRG2CShTWoFE4K7+PJf0iyX3EqpcnterFWzOPJwCEdwAi5cQA1uoA4NIPAAT/ACr9aj9Wy9We/z1pyVzezDL1gf3/O0lTU=</latexit>

⌫ = l +
D

2
� 1trade      for<latexit sha1_base64="vw6g/ArzwYACnj6z/jDbPWVFptw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUFINS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTVjzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmhD8FZfXift64pXrVSbN+V6LY+jAOdwAVfgwS3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8A1JmM8Q==</latexit>

l

<latexit sha1_base64="5cR8vTbIFaAEC22tjccG60679d4=">AAACLHicbZDLSsNAFIYnXmu9RV26GSxC3ZREpHYjFArisoq9QBPKZDpph04mYWYihJAHcuOrCOLCIm59DqdtkNp6YODn+8/hzPm9iFGpLGtirK1vbG5tF3aKu3v7B4fm0XFbhrHApIVDFoquhyRhlJOWooqRbiQICjxGOt64MfU7T0RIGvJHlUTEDdCQU59ipDTqm42HvsPjskO5r5ILeAMdXyCcOpGki0Y2J6lGqSMCeNvOsl+vb5asijUruCrsXJRAXs2++eYMQhwHhCvMkJQ924qUmyKhKGYkKzqxJBHCYzQkPS05Coh009mxGTzXZAD9UOjHFZzRxYkUBVImgac7A6RGctmbwv+8Xqz8mptSHsWKcDxf5McMqhBOk4MDKghWLNECYUH1XyEeIZ2W0vkWdQj28smron1ZsauV6v1VqV7L4yiAU3AGysAG16AO7kATtAAGz+AVfICJ8WK8G5/G17x1zchnTsCfMr5/ANBvqJc=</latexit>

R⌫(1) =
 ⌫(1)

 ⌫FV(1)

<latexit sha1_base64="86IFrUj7Oe8oM2ooz+a9WQxPmhg="></latexit>

O⌫ ⌫(⇢) = 0

O⌫FV ⌫FV(⇢) = 0
with boundary 
conditions at <latexit sha1_base64="d7bcFIoQtqwJOWSxBReNFkd+3oI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKxFyEgBePEUwMJEuYncwmQ+axzswKYclPePGgiFd/x5t/4yTZgyYWNBRV3XR3RQlnxvr+t1dYW9/Y3Cpul3Z29/YPyodHbaNSTWiLKK50J8KGciZpyzLLaSfRFIuI04dofDPzH56oNkzJeztJaCjwULKYEWyd1OnpkULXyO+XK37VnwOtkiAnFcjR7Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3eKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2rgeZkwmqaWSLBbFKUdWodnzaMA0JZZPHMFEM3crIiOsMbEuopILIVh+eZW0L6pBrVq7u6w06nkcRTiBUziHAK6gAbfQhBYQ4PAMr/DmPXov3rv3sWgtePnMMfyB9/kDwcGPHQ==</latexit>

⇢ = 0

<latexit sha1_base64="pj51dRM6yC7E7fPpvC6Y9aOP2qk="></latexit>

d⌫ =
2⌫

�
⌫ + D

2 � 2
�
!

(D � 2)!
�
⌫ � D

2 + 1
�
!
' 2

(D � 2)!
⌫D�2

<latexit sha1_base64="OP5fIxoQQPKmoM3hkM7zd4Z0+ys="></latexit>

ln
detO

detOFV
=

1X

⌫=D/2�1

d⌫ lnR⌫(1)
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<latexit sha1_base64="y4Ry4z89UfylgEP0UO9di03IsQE=">AAACG3icbVDLSsNAFJ3UV62vqks3g0WoUEpSpHZhoeDGZRX7gCaUyXTSDp1M4sxECKH/4cZfceNCEVeCC//GaRtQWw9cOJxzL/fe44aMSmWaX0ZmZXVtfSO7mdva3tndy+8ftGUQCUxaOGCB6LpIEkY5aSmqGOmGgiDfZaTjji+nfueeCEkDfqvikDg+GnLqUYyUlvr5yk0/YXVzUrQp91R8Ci+gCe0SLEH7LkIDOLOtH7sOzX6+YJbNGeAysVJSACma/fyHPQhw5BOuMENS9iwzVE6ChKKYkUnOjiQJER6jIelpypFPpJPMfpvAE60MoBcIXVzBmfp7IkG+lLHv6k4fqZFc9Kbif14vUl7NSSgPI0U4ni/yIgZVAKdBwQEVBCsWa4KwoPpWiEdIIKx0nDkdgrX48jJpV8pWtVy9Pis0amkcWXAEjkERWOAcNMAVaIIWwOABPIEX8Go8Gs/Gm/E+b80Y6cwh+APj8xtuDZ3n</latexit>

Rl=0(1) < 0 , Rl=1(1) = 0

There is ONE negative eigenvalue, D vanishing eigenvalues. 
Gelfand-Yaglom requires a zero removal procedure. 

Ivanov, Matteini, Nemevšek, Shoji, LU 2022 - 2024

<latexit sha1_base64="lNusapY2zGEGG5esS07U/zmA13s="></latexit>X

⌫

d⌫ lnR⌫ ����!
⌫!1

X

⌫

2

�(D � 1)
⌫
D�2

⇣
c⌫1

⌫
+

c⌫3

⌫3
+O(⌫�5)

⌘

The sum is UV divergent, must be regularized. Dunne, Min 2005 
Dunne, Kirsten 2006

<latexit sha1_base64="YHRaoAdeSq0fF+TN49jl4N3/Rv0=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9mVUnsRCnrwWMFtC+1Ssmm2Dc0mS5IVytLf4MWDIl79Qd78N6btHrT1wcDjvRlm5oUJZ9q47rdT2Njc2t4p7pb29g8Oj8rHJ20tU0WoTySXqhtiTTkT1DfMcNpNFMVxyGknnNzO/c4TVZpJ8WimCQ1iPBIsYgQbK/l36AbVBuWKW3UXQOvEy0kFcrQG5a/+UJI0psIQjrXueW5iggwrwwins1I/1TTBZIJHtGepwDHVQbY4doYurDJEkVS2hEEL9fdEhmOtp3FoO2NsxnrVm4v/eb3URI0gYyJJDRVkuShKOTISzT9HQ6YoMXxqCSaK2VsRGWOFibH5lGwI3urL66R9VfXq1fpDrdJs5HEU4QzO4RI8uIYm3EMLfCDA4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gA6AY2i</latexit>

D = 4

<latexit sha1_base64="ZO0X//wAosmmzGDhI9RvO/n4m2Y="></latexit>

Im =

Z 1

0
d⇢ ⇢2m�1

⇣
V (2)m � V (2)m

FV

⌘

<latexit sha1_base64="aR9Pq+15vIgrsoDFNUOZoqF2fzg="></latexit>

Ĩ2 =

Z 1

0
d⇢ ⇢3

⇣
V (2)2 � V (2)2

FV

⌘
1

✏
+ 1 + �E + ln

⇣µ⇢
2

⌘�

<latexit sha1_base64="8AOcfCln76trHnZnkk4f1xpBq0M="></latexit>

⌃4 =
X

⌫

⌫2
✓
lnR⌫ � 1

2⌫
I1 +

1

8⌫3
I2

◆
� 1

8
Ĩ2
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○ BubbleDet

Thin wall analytics

Fit

<latexit sha1_base64="LmEhD0fwyFkIse6fA6w3cvgfHXc="></latexit>

⌃3("↵) =
20 + 9 ln 3

27

1

"2↵

�
1 + 6.0"↵ + 8.0"2↵ � 1.8"3↵

�
,

⌃4("↵) =
27� 2⇡

p
3

48

1

"3↵

�
1 + 7.2"↵ � 0.6"2↵ + 24"3↵ � 15"4↵ + 3.5"5↵

�
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Summary
<latexit sha1_base64="WpsJFmSvP12tOzq1UlnXfq0EPLo="></latexit>

V =
1

2
m2�2 + ⌘�3 +

�

8
�4 , "↵ ⌘ 1� �

m2

4⌘2

<latexit sha1_base64="+8cLBMZj3UFMmg0vVi+1XzfT6lU="></latexit>

�

V =

✓
SD

2⇡

◆D/2

mDe�SD� 1
2⌃D

<latexit sha1_base64="bQFs0FKZxLftDZQ8MlzA6++mzlw="></latexit>

S3 =
32⇡

81

m3

4⌘2
1

"2↵


1 +

17

2
"↵ +

✓
247

8
� 9⇡2

4

◆
"2↵

�
,

S4 =
⇡2

3

m2

4⌘2
1

"3↵

⇥
1 + 10"↵ +

�
37� 2⇡2

�
"2↵

⇤
,

⌃3 =
20 + 9 ln 3

27

1

"2↵

�
1 + 6.0"↵ + 8.0"2↵ � 1.8"3↵

�
,

⌃4 =
27� 2⇡

p
3

48

1

"3↵

�
1 + 7.2"↵ � 0.6"2↵ + 24"3↵ � 15"4↵ + 3.5"5↵

�


