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Quantum Fields on a Fixed Background

Quantum fields on a curved background have a diverging effective La-

grangian. If there is no interaction in the matter sector, this divergence

is purely geometrical and depends on the polynomials of the background

curvature.
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One should add higher-derivative terms in the bare gravitational action

to cancel the divergence from the matter sector. The gravitational theory

with higher-derivative terms can be considered as a low-energy effective

theory of quantum gravity. We will treat gravity as a classical background

theory with gravitons contributing only to the tree-level diagrams.
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We will compute the beta functions for the gravitational couplings in this

setting of quantum fields on a fixed classical background.

Background Field Method and the ERGE

To proceed with the computation, we will employ the background field

method. This will ensure diffeomorphism invariance even in the presence

of an infrared cut-off k.

gµν = gµν + hµν (3)

The Exact Renormalization Group Equation (ERGE) encapsulates the exact

running of the effective action with the renormalization scale:
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Wewill evaluate the trace up to one loop using the heat-kernel expansion.

The expression on the left describes the running of the renormalized effec-

tive action with the renormalization time t = lnk. Rk is a smooth function
of k that ensures that the contribution of modes with energy p < k is sup-
pressed.

The Beta functions

On evaluating the trace, we find the following values for the one-loop beta

functions:
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Terms involving more than four derivatives: The beta functions for all

the terms involving more than four derivatives are zero in the

optimized cut-off scheme.

Beta functions for C2, G, and the vacuum energy Λ/GN cancel
precisely if n1/2 = 4n1, n0 = 0, and n′

0 = 3n1. This is true for a Standard
Model-like theory that has 12 gauge bosons, 48Weyl fermions
(including the right-handed neutrino), and 36 Fradkin-Tseytlin-type
dilatons.

The R2 beta function always vanishes if the fields are conformally
coupled to gravity.

The �R term has a non-vanishing beta function, but being a total

derivative, this term does not contribute to the equations of motion or

the path integral. This term vanishes in the Euclidean signature if the

manifold is closed.

Note that Λ and GN are dimensionful coupling constants. The beta
function for the dimensionless coupling constant G̃N = k2GN is given
by:
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The fixed point for the Newton’s constant is given by the vanishing

beta function βG̃N .
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Running of the Newton’s Constant

Newton’s constant is fixed in the infrared as seen by observations and

obtained by scattering amplitude calculations. In the UV, the fixed point

for the dimensionless coupling G̃N results in a k
−2 running forGN . Note

that for the Standard Model (including right-handed neutrinos) n1/2 =
4n1 and, therefore, the running of Newton’s constant depends purely on
the number of Fradkin-Tsyetlin scalars. Plugging in n′

0 = 36 we obtain
the energy scalar k2 =

√
π

3 M
2
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Figure 1. Running of the Newton’s constant

Applications to Cosmology and Asymptotic Safety

The Fradkin-Tseytlin scalars can be used to explain the scale-invariant

primordial cosmological perturbations without invoking inflation.

To fully realize the asymptotic safety scenario in quantum gravity, all

the gravitational beta functions (not just for GN ) should vanish.

The fixed point for Newton’s constant depends only on the number of

dim-0 scalars, indicating the possible emergence of the

Einstein-Hilbert term from conformal symmetry breaking in the past.
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