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TL;DR

Working on the first numerical relativity simulation in the
framework of teleparallel gravity




Motivation

I Curiosity: Understanding general relativity itself from a
different perspective

I Hoping that new reformulations of numerical relativity are
useful

I Teleparallel models as popular frameworks for modified
gravity (f(T); f(Q) ill-posed, others models healthier)

I Claims on improvement of computational efficiency in the

teleparallel framework (to be tested) [Capozziello, Finch, Levi
Said, Magro (2021), Peshkov, Olivares, Romenski (2022) ]


https://arxiv.org/abs/2108.03075
https://arxiv.org/abs/2108.03075
https://arxiv.org/abs/2211.13659

Definitions

I Building blocks: Metric g  and linear connection

I Connection has: torsion T = [ 16&0and
nonmetricity Q =r g &0O0.

I Linear connection can always be decomposed into three
parts

+K (T)+L (Q): (1)



Curvature, torsion and nonmetricity

Figure: L. Jarv, M. Hohmann and M. Saal, 2020, Laiendatud geomeetrilised
gravitatsiooniteooriad, Eesti Vabariigi Preemiad ed T Soomere (Tallinn:
Teaduste Akadeemia Kirjastus) p 5773



The teleparallel framework
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Lagrangians for teleparallel equivalents

For a metric teleparallel connection,

R= T+2r T )

which defines the teleparallel equivalent of general relativity.
For a symmetric teleparallel connection,

R=Q r@Q Q) 3)

defines the symmetric teleparallel equivalent of general
relativity.

Note that the two (independent) traces of the nonmetricity
tensor are

Q =Q ; Q=Q =Q



Connection

For metric teleparallel
12 — 1 ¢ a. 4
= b - b@ C ( )

with @, matrices belonging to the Lorentz group.
For symmetric teleparallel

_ @2 a @X .

~0x 0x @ 2’
with 2 a set of four scalars, representing a coordinate
transformation 2(x ).




ADM decomposition

I We introduce the lapse and shift ' functions, such that

goo= 2+ 'Jygon= 0 o= i (6)
and _ -
00 1 o _ i— i
g7 = — 9 == 9= 5 (7)
I ADM decomposition in the tetrad can be consistently done
as ‘
Po= A+ 1A 8)

while for the spatial tetrad 4,
A Bj AB = jj (9)

and o A4 =0, A A= 1.
I Whatabout 2=(0 and 8=(9 §; )?



Extrinsic curvature

Traditional geometrical definition

K = rn:

However, with the symmetric teleparallel connection
rn=rn L n ,therefore...

R =K + L n
Moreover, if we had considered torsion, then

R[]= nT



The teleparallel equivalent of general relativity (TEGR)
The action for the TEGR is

T=-T T +%T T TT ; (13)
with

TA :@ A @ A +!AB B !AB B : (14)
Its variation wrt A gives equations of motion equivalent to GR.
The variation with respect to “g gives the antisymmetric part
of the eom (trivial).
The 3 + 1 split of the Lagrangian gives (schematically)

p- P- |
L= BM'A sT T80 — T 0 TBRN™ g (15)

+ — TAijTBk| Pg\lg + 2—3T (16)

[Blixt, Guzman and Pati (2022)]


https://arxiv.org/abs/2210.07971

Hamilton’s equations in the TEGR

Canonical var. Conj. momenta | Primary c. | Hamilton’s eq.
Lapse ( ) * =0 Yes Hamiltonian c.
Shift ( ;) Fi=0 Yes Momenta c.

Spatial tetrad  4; A =0L=0" No
vc'=0 Yes A=A
N ) TA
ACi =0 Yes A= 57?
Lorentz matrices “g C*® =0 Yes 8=
A
che — PI[DA BIC CD + Ci c[B A]i (17)
vei=V i :pf_'_TBjk ik jl A e (18)
Aci A i P— 15 i, (19)

[Blixt, Guzman and Pati (2022)] [Golovnev and Guzman (2021)]


https://arxiv.org/abs/2210.07971
https://arxiv.org/abs/2110.11273

The symmetric teleparallel equivalent of GR (STEGR)

The nonmetricity scalar Q is

1 1 1 1
Q_ZQ Q §Q Q ZQQ+§QQ (20)

When =x (coincident gauge), Q coincides with  part of
EH action
Q=g ( ) (21)
Its 3 + 1 splitis
Q= ®Q K'K;+K? lK@i i lS@i '@o +l3(@i @ 1@, !
Pl @nlg +Log e e+ N 6 T +a g )

(22)
[D’Ambrosio, Garg, Heisenberg and Zentarra (2020)] [M.J. Guzman (2023)]


https://arxiv.org/abs/2007.03261
https://arxiv.org/abs/2311.01424

Boundary terms in STEGR

Writing the STEGR Lagrangian as the  part of the Ricci
scalar, we obtain
z h i

s= 5 a4%P @0 D@ Q)+K® KiK; ;
(23)
where it has been defined the 3 dimensional nonmetricity
scalar as _
(S)Q =0© iij(3) ikk ®3 ijk(3) Jik (24)

Without any further action, this action is equivalent to the
Einstein-Hilbert action of GR, since it can be proved that

Or= ©®Q D@ Q) (25)

[D’Ambrosio, Garg, Heisenberg and Zentarra (2020)] [M.J. Guzman (2023)]


https://arxiv.org/abs/2007.03261
https://arxiv.org/abs/2311.01424

Boundary terms in STEGR

After integration by parts, it can be obtained

YA
1 N ; @; . .
s= o d%PT OQ+k? Kik+T@ Q) :
(26)
Evidently, the Hamiltonian constraint is modified as
H= OQ+k? Ki+P @ Q) @)

Consequently, Hamilton’s equations are modified too for
rK;.
[M.J. Guzman (2023)]


https://arxiv.org/abs/2311.01424

Future prospects

I Numerical implementation of STEGR in spherical
symmetry and assess its computational efficiency
compared with GR.

I Working on proving strong hyperbolicity in TEGR.

I Highly speculative, but still only a different reformulation of
GR with different/more fields.

I Work could serve as a base for f(T); f(Q) gravities
(problematic), or scalar-torsion, scalar-nonmetricity or
metric affine (less problematic).






