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Merger-Ringdown Calculations in GR

Q: For merger-ringdown, do we have to solve the full non-linear 
Einstein Equations?

A: For disparate mass systems, can use gravitational self-force.
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Gravitational Self-Force (GSF) Essentials
1) The full metric is a perturbative expansion to a known background.

෦𝑔𝜇𝜈 = 𝑔𝜇𝜈 + ℎ𝜇𝜈 = 𝑔𝜇𝜈 + 𝜖ℎ𝜇𝜈
(1)

+ 𝜖2ℎ𝜇𝜈
(2)

+ 𝑂(𝜖3)

2) The secondary’s motion in the background metric is altered by its 
own backreaction. ‘Self-force’.

𝐷2𝑧𝛼

𝑑𝜏2
= 𝝐𝒇𝟏

𝜶 + 𝝐𝟐𝒇𝟐
𝜶 + 𝑂(𝜖3)

3) For a scalar field 𝜑:
𝑓1
𝛼 = 𝜕𝛼𝜑𝑅

4) The full fields diverge, so one must subtract away singular pieces. 
‘Detweiler-Whiting Regularization’. 
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𝜖 =
1
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What changes here 
because of a scalar 

field?

𝜖 =
1
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𝝐 =
𝒎

𝑴

𝝀 =
𝒒

𝒎



Beyond GR Effects in Merger-Ringdown
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Incorporating Beyond GR Effects

□𝜑 = −4𝜋න𝑞
𝛿4 𝑥𝜇 − 𝑥𝑝

𝜇

−𝑔
𝑑𝜏

𝐺𝛼𝛽[𝒈 + 𝒉] = 8𝜋𝑇𝛼𝛽 [𝑧𝜇 , 𝜑]
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Need to include direct and 
indirect ways the energy-

momentum tensor is affected 
by the scalar field.



Incorporating Beyond GR Effects

□𝜑 = −4𝜋න𝑞
𝛿4 𝑥𝜇 − 𝑥𝑝

𝜇

−𝑔
𝑑𝜏, 𝒎 = 𝑚0 − 𝑞𝝋𝑹

𝑇𝛼𝛽 =
1

4𝜋
∇𝛼𝝋∇𝛽𝝋−

1

2
𝑔𝛼𝛽∇𝛾𝝋∇

𝛾𝝋 +න𝒎𝑢𝛼𝑢𝛽
𝛿4(𝑥𝜇 − 𝑥𝑝

𝜇
)

−𝑔
𝑑𝜏

𝐷2𝒛𝜶

𝑑𝜏2
= 𝝐𝒇𝟏

𝜶 + 𝜖2𝑓2
𝛼 + 𝑂(𝜖3)

𝐺𝛼𝛽[𝒈 + 𝒉] = 8𝜋𝑇𝛼𝛽 [𝒛𝝁, 𝝋]

9Spiers, A., Maselli, A., & Sotiriou, T. P. (2024). 



The Scalar Field PDE

• Standard scalar field equation:
□𝜑 = −4𝜋𝜌 ∝ 𝛿(𝑟 − 𝑟𝑝)

• Scalar field ansatz:
𝜑

=෍

𝑙,𝑚

𝜎𝑹𝒍𝒎(𝝈𝒑(𝒔), 𝝈)𝑌𝑙𝑚(𝜃, 𝜙)𝑒
−𝑖𝑚𝜙𝑝(𝑠)
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Numerical variable 1+1Compactified radius

𝑠 = 𝑢

𝑠 = 𝑣
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Putting it All Together : Waveforms

𝜖 =
𝑚

𝑀
=
1

2
, 𝜆 =

𝑞

𝑚
=

1

10
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No Scalar Field With Scalar Field

*Provisional results



• 𝜖 =
𝑚

𝑀
=

1

2
, 𝜆 =

𝑞

𝑚
=

1
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• Generally, all corrections 
scale as ∝ 𝝀𝟐𝝐𝟐

• Difference on the order of 
𝟏𝟎−𝟑 for these parameters, 
for purely merger-ringdown 
part.

• This should be detectable 
by 3G detectors!
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Putting it All Together : 
Waveform Difference

*Provisional results



Summary and Future Work

• Wanted to study the effect of a scalar field to first-order merger-
ringdown waveforms made with GSF.

• Solved the scalar field PDE in Schwarzschild spacetime. Added 
correction to mass and orbital motion to the gravitational 
waveform.

• Found an amplitude difference which should be detectable by 3G 
detectors. 

• NEXT: Do a rigorous data analysis study for the scalar field 
problem and move on to doing the gravitational merger-
ringdown self-force calculation.
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Extras
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Gravitational 
Self-Force 
(GSF) (1)

• Ideal for extreme mass 
ratio inspirals (EMRIS).

• EMRIS will be a key source 
for the LISA mission.

• Valid for even 
intermediate mass ratio 
inspirals (IMRIS).
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The Pseudo-spectral Method

• Idea: Chebyshev polynomials in space, unknown coefficients in 
time. 

𝑅 𝜎Ω, 𝜎 =෍

𝑖=0

𝑛

𝑐𝑖(𝜎Ω)𝑇
𝑖(𝑋(𝑥 𝜎 ))

• x maps σ to [-1,1]. X still maps x to [-1,1] but clusters points as 
desired. “Analytical mesh refinement” (ANMR)

• Divide spatial domain into multiple cells. Plug above ansatz into 
the PDE problem to get matrix equation; then solve ODE. “Method 
of Lines”. 
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Time Evolution: SDIRK

• Need to pick a time stepper to solve ODE/evolve the ‘lines’.
• Recall: The time component of the PDE vanishes at the ISCO.
• Employ a singly diagonally implicit scheme (SDIRK) of order 3 

to step away from the ISCO and remain unconditionally stable.
• KEY: Easy to turn implicit to explicit for linear system. For 

example, the first step can be manipulated as below:
𝐿 ሶ𝑐 = 𝑅𝑐

𝐿 ሶ𝑐 = 𝑅 𝑐 + 𝑎11 ሶ𝑐𝑑𝜎Ω
𝐿 − 𝑅𝑎11𝑑𝜎Ω ሶ𝑐 = 𝑅𝑐
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Old form

Use Butcher Table, avoid 
ISCO

This is now explicit!

Singular at the ISCO



Current Merger-
Ringdown Waveforms

• Waveform at infinity obtained using 
frequency domain methods.

• Alignment at the peak, minimal 
dephasing during the ringdown, 
compared to a numerical relativity 
simulation, IMRI, non-spinning 
remnant.

• No knowledge of the self-force at 
the particle.
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Scalar Field PDE (2)

• The source term:

−4𝜋𝜌 = −4𝜋𝑞න
𝛿4 𝑥𝜇 − 𝑥𝑝

𝜇

−𝑔
𝑑𝜏 =෍

𝑙,𝑚

−4𝜋𝜌0,𝑙𝑚𝛿(𝜎 − 𝜎Ω)𝑒
−𝑖𝑚𝜙𝑝𝜎3𝑌𝑙𝑚

• The problem reduces to solving the homogeneous PDE:

(𝐶𝜕𝜎Ω,𝜎𝑅 + 𝐵𝜕𝜎
2𝑅 + 𝐸𝜕𝜎𝑅 + 𝑉𝑅)𝑙𝑚= 0

• Subject to the following jump conditions:

[ 𝑅𝑙𝑚 ]𝜎=𝜎Ω= 0

[ 𝜕𝜎𝑅𝑙𝑚 ]𝜎=𝜎Ω=
−4𝜋𝜌0,𝑙𝑚
𝐵 − 𝐶 𝜎=𝜎Ω

+ Δ𝜎=𝜎Ω
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Scalar Field Waveforms
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