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Gravitational Radiation and Charges on de Sitter

Introduction

First proposed in early 1900s, gravitational radiation/waves and their effects
opens up one of the most important window to the gravitational physics.

Their best-known description is via the Bondi-Metzner-Sachs (BMS) formalism,
which fully non-linearly (but with a Taylor approximation) describes the solutions
to Einstein’s vacuum equations with boundary conditions that allow for describing
a gravitational radiation.
This analysis was generalized recently to allow for a cosmological constant.
However in this analysis it has not been possible to define charges that is similar
to the Bondi mass.
In the following I will discuss linearized gravitational radiation around the de
Sitter background, express it in terms of the multipole moments of the source
that are consistently truncated, and propose charges that includes a “proper”
mass.
I will also discuss a displacement memory effect in terms the source multipole
moments.
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Asymptotically dS Solutions

Asymptotically dS Solutions

Let us start by a quick review of the (Λ)-BMS procedure/solutions. Compere

et.al.’19

The upshot is that the metric

ds2 = e2β
V

r
du2 − 2e2βdudr + gAB(dx

A − UAdu)(dxB − UBdu)

where

gAB = r 2qAB + r CAB+
1

4
qABC

2 +
1

r
EAB+O(r−2) ,

V

r
=

Λ

3
r 2 − R[q]

2
+

Λ

16
CABC

AB − 2M

r
+ o(r−1) ,

β = − 1

32r 2
CABCAB +O

(
r−4
)

,

UA = − 1

2r 2
DBC

AB − 2

3r 3

(
NA − 1

2
CABDCCCB

)
+O

(
r−4
)

solves Einstein’s equations if they satisfy the conditions we will describe in a
second. First note that NA(u, xC ) and M(u, xC ) are integration constants that
are completely free.
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To solve the Einstein equations CAB need to satisfy

Λ

3
CAB = ∂uqAB

whereas M and NA need to satisfy the flux-balance laws

∂uN
(Λ)
A − ∂AM

(Λ) +
Λ

2
DBJAB = 0 ,

∂uM
(Λ) +

Λ

6
DAN

(Λ)
A +

Λ2

24
CABJAB = 0 ,

where

M(Λ) = M+∂uCCDC
CD + · · · ,

N
(Λ)
A = NA−

3

2Λ
DB∂uCAB + · · · ,

JAB = −EAB−
2

Λ2
∂2
uCAB + · · · .

Let us look at the spatial integral of the ∂uM equation

∂u

∫
S2

M = −1

8

∫
∂uCAB∂uC

AB +
Λ2

24

∫
CABEAB + Λ[· · · ] .

For the flat case a strict mass loss can be seen but the same is not true for
Λ ̸= 0 case, due to the existence of free EAB term.
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Linearized Solution and Multipole Expansion

To resolve the some of the hardships posed by the non-linear case, let us now
consider the linearization, and further connect the metric components to a matter
source.

Starting from the Einstein equation

Gµν = 8πGTµν

we perturb the metric around the dS background,gµν = ḡµν + hµν and define

χµν = a−2

(
hµν − 1

2
ḡµνh

α
α

)
.

Choosing the generalized harmonic gauge

∇̄µχµν = 0

in conformal coordinates where

ḡµνdx
µdxν = a2(−dη2 + dρ2 + ρ2dΩ2)
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ḡµνh

α
α

)
.

Choosing the generalized harmonic gauge

∇̄µχµν = 0

in conformal coordinates where
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ḡµνdx
µdxν = a2(−dη2 + dρ2 + ρ2dΩ2)



Gravitational Radiation and Charges on de Sitter

Linearized Solution and Multipole Expansion

Einstein equations become (Ashtekar,Bonga,Kesavan 2015)

□

(
χ̂

η

)
= −16πGT̂

η
, □

(
χ0i

η

)
= −16πGT0i

η
,

(
□+

2

η2

)(
χij

η

)
= −16πG

η
Tij .

Here χ̂ := χ00 + χii , and similarly for T̂ .

These can be solved using Green’s functions. We get for example

χij(η, x) =

∫
d3x ′ η

|x − x ′|(η − |x − x ′|) Tij(η
′, x ′)

∣∣
η′=η−|x−x′|

+

∫
d3x ′

∫ η−|x−x′|

−∞
dη′Tij(η

′, x ′)

η′2
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Approximations

We will make some assumptions relevant for us to simplify these.

We will be interested in results near I+, i.e. values of χµν(η, ρ, x
A) where

−η/ρ ≪ 1.
We will furthermore assume that the size of the source is small: x ′ < d ≪ ρ.
Finally to use a Taylor expansion we will let

Tµν ≫ d∂ηTµν ≫ · · · .

Using these we will write for example∫
d3x ′ η

|x − x ′| η′ Tij(η
′, x ′)

∣∣
η′=η−|x−x′|

=

∫
d3x ′

(
1

ρ

(
Tij(ηr , x

′) + n⃗ · x⃗ ′ T
(1)
ij (ηr , x

′) +
1

2
(n⃗ · x⃗ ′)2T

(2)
ij (ηr , x

′) + . . .

)
+

1

ρ2

(
n⃗ · x⃗ ′ Tij(ηr , x

′) +
3

2
(n⃗ · x⃗ ′)2T

(1)
ij (ηr , x

′) + . . .

)
+

3

2ρ3

(
(n⃗ · x⃗ ′)2 Tij(ηr , x

′) + . . .
)
+ O(ρ−4)

)
where ηr := η − ρ.
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Multipole Expansion

Now we will express all of these terms in terms of the multipole moments of the
source.

We make the following definition

Q
(ρ)
L (η) :=

∫
d3x aℓ+1(η) T00 xL .

for any positive intereger ℓ, where we define the multi-index L = i1 · · · iℓ and the
notation xL = xi1 · · · xiℓ .
Similarly we define

Q
(p)
L (η) :=

∫
d3x aℓ+1(η) Tii xL, Pi|L(η) :=

∫
d3x aℓ+1(η) T0i xL,

Sij|L(η) :=

∫
d3x aℓ+1(η) Tij xL.

Note that Q
(p)
L (η) = Sii|L. Not all of these are independent since the energy

momentum conservation equations yield

Q̇
(ρ)
L = H(ℓQ

(ρ)
L − Q

(p)
L )− ℓP(i1|i2···iℓ) ,

Ṗi|L = (ℓ− 1)HPi|L − ℓSi(i1|i2···iℓ) .
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Quadrupolar Truncation

We will restrict our attention to contributions up to (and including) the quadrupo-
lar order,

i.e. we will assume∫
d3x aℓ+1 Tµν xL = 0 for ∀ℓ > 2 ,

i.e. any moment with L more than two indices is zero. Using this in the energy
momentum equations we will more over have the conditions

P(i|jk) = 0, Pi|jkl = 0, Si(j|kl) = 0, S(ij|k) = 0.

which will further imply

Pi|jk =
1

2
ϵli(jJk)l −

1

2
δi(kPj)|ll +

1

2
δjkPi|ll ,

Sij|k =
1

2
ϵkl(iKj)l −

1

2
δk(iQ

(p)
j) +

1

2
δijQ

(p)
k ,

Sij|kl = δijQ
(p)
kl − (δi(kQ

(p)
l)j + δj(kQ

(p)
l)i ) + Q

(p)
ij δkl −

1

2
δijδklQ

(p)
mm +

1

2
δi(kδl)jQ

(p)
mm,

for some Jij and Kij .Thus we see the independent multipole moments we are left

with are Q
(p)
L ,Q

(ρ)
L with 0,1,2 indices; Jij ,Kij and Pi|jj . In the literature people

have kept Q
(p)
ij ̸= 0 while letting Sij|kℓ = 0, but we see that this is inconsistent.
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Now we use these definitions in the expression for χij . We will focus on the time
η = 0.

χij(η = 0, ρ, xA) = χij(−∞) + 4H2

(
1

2
Q̇

(ρ+p)
ij − HQ

(ρ)
ij +

1

2
nkϵkl(iKj)l −

1

2
n(iQ

(p)
j)

+
1

2
δijnkQ

(p)
k +

δij
2
nknl Q̇

(p)
kl − nln(i Q̇

(p)
j)l − 1

4
(δij − ninj)Q̇

(p)
mm

)∣∣∣∣
ηr=−ρ

where ni is the unit radial vector such
that ρni = x i and χij(−∞) is a con-
stant.Now let us consider the case where
our source is static except for a finite
time ηi > η > ηf . That means for the
times outside of this interval all the time
derivatives of the multipole moments are
zero. Then the gravitational radiation at
time η = 0 at the points ρ+ > −ηf or
ρ− < −ηi can be written as

χTT
ij (η = 0, ρ±, x

A) = χij(−∞) + 4H2

(
− HQ

(ρ)
ij +

1

2
nkϵkl(iKj)l

)∣∣∣∣
ηr=−ρ±
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Thus we see that there will be a difference in between the fields at the two
extremities of positions ρ = −ηf and ρ = −ηi :

∆χTT
ij = χTT

ij (η = 0, ρ = −ηf , x
A
f )− χTT

ij (η = 0, ρ = −ηi , x
A
i )

= 4H2

(
− HQ

(ρ)
ij (ηf ) +

1

2
nk(x

A
f )ϵkl(iKj)l(ηf ) + HQ

(ρ)
ij (ηi )−

1

2
nk(x

A
i )ϵkl(iKj)l(ηi )

)

One can show that this will produce a memory effect.

This effect is O(H2),

however O(ρ0) unlike the flat counterpart

even parity part of χTT
ij at a single point can be gauged away, but not at both

points.

the odd parity part cannot be gauged away even at a single point, and angle
dependent.
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Charges

Now we would like to get back to the question of charges.

For our linearized construction above EAB is no longer independent of other
variables, using this we will be able to define a proper charge.
For the definition of charges we will use the following observation: Let Tab be a
tensor on a manifold M with a metric gab such that

g abTab = 0 and DaTab = 0 . (1)

Let us also assume that there exist conformal
Killing vector ξ such that

D<aξb> = 0 .

Then ∫
Σ1

ϵΣ1naT
abξb =

∫
Σ2

ϵΣ2naT
abξb

for any Σ1,Σ2 such that ∂(Σ1 ∪ Σ2) = 0
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Charges

One can show that if we let

Tab =

[
− 4

3
M(Λ) − 2

3
N

(Λ)
B

− 2
3
N

(Λ)
B J

(Λ)
AB + 2

Λ
M(Λ)qAB

]

then (1) is satisfied for the Bondi metric at I+ by virtue of flux-balance laws.

For the case qAB = q̊AB isometries of dS4 are conformal Killing vectors at I+,
and the charges will be conserved in u.
We will use the same definition for the case qAB ̸= q̊AB to see how the charges
flow. We define

QT
ξ (u) =

∫
u

ϵS2T ubξb =

∫
S2
u

(
M(Λ)ξu +

1

2
N

(Λ)
A ξA

)
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Charges

Then we write down the SO(1, 4) charges by letting ξa be the pullback of
isometries to I+.

We express them in terms of multipole moments by writing
M(Λ),N

(Λ)
A , JAB in terms of Bondi fields, which we express in terms of harmonic

gauge fields χab, which then we express in terms of multipole moments.
For example for dilatations D = ∂/∂u, we have

QT
D =

∫
S2
u

M(Λ)

and the flow can be shown to be

Q̇T
D = −Q̇add

D − G

2

( ...
Q

2
ij + 5H2Q̈2

ij + 4H4Q̇2
ij +

...
J ij

...
J ij + 5H2J̈ij J̈ij + 4H4J̇ij J̇ij

)
where we identify an additional term Qadd

D in terms of the multipole moments,

Qadd
D = H2Q̈ij Q̇ij + H4Q̇ijQij + · · ·+ J̈ij J̇ij + · · ·

so that we get a positive mass loss with a redefinition of the charge:

Q̇F
D = −G

2

( ...
Q

2
ij + 5H2Q̈2

ij + 4H4Q̇2
ij +

...
J ij

...
J ij + 5H2J̈ij J̈ij + 4H4J̇ij J̇ij

)
where QF

D := QT
D + Qadd

D . So we see a modification of the naive proposal of
M(Λ) as the Bondi mass aspect on dS.
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Similar manipulations can be performed for rotations, boosts and translations.

For rotations

Q̇F
R i = −2G

5
ϵimn

(
Q̈

(ρ+p)
km

...
Q

(ρ+p)
kn + 5H2Q̇

(ρ+p)
km Q̈

(ρ+p)
kn + 4H4Q

(ρ+p)
km Q̇

(ρ+p)
kn

+ J̈km
...
J kn + 5H2J̇kmJ̈kn + 4H4JkmJ̇kn

)
,

whereas for translations ε = 1 and boosts ε = −1

Q̇F
P i ,K i = −4GeεHu

15
ϵimt(3εH

3ζml J̇lt+2H6QmlJlt+6H4Q̇ml J̇lt+6H2Q̈ml J̈lt+
...
Q ml

...
J lt) .

Here ζij(u) is defined as a solution to

∂2
uζij − 3H2ζij = −2GH4Q

(ρ+p)
ij .

Flat limit H → 0 of our charges matches the previous results found for the flat
case, e.g Bekenstein’73, Thorne’74.

Mass loss matches that of Bonga,Bunster,Perez’23; calculated in a different
gauge.
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Similar manipulations can be performed for rotations, boosts and translations.
For rotations

Q̇F
R i = −2G

5
ϵimn

(
Q̈

(ρ+p)
km

...
Q

(ρ+p)
kn + 5H2Q̇

(ρ+p)
km Q̈

(ρ+p)
kn + 4H4Q

(ρ+p)
km Q̇

(ρ+p)
kn

+ J̈km
...
J kn + 5H2J̇kmJ̈kn + 4H4JkmJ̇kn

)
,

whereas for translations ε = 1 and boosts ε = −1

Q̇F
P i ,K i = −4GeεHu

15
ϵimt(3εH

3ζml J̇lt+2H6QmlJlt+6H4Q̇ml J̇lt+6H2Q̈ml J̈lt+
...
Q ml

...
J lt) .

Here ζij(u) is defined as a solution to

∂2
uζij − 3H2ζij = −2GH4Q

(ρ+p)
ij .

Flat limit H → 0 of our charges matches the previous results found for the flat
case, e.g Bekenstein’73, Thorne’74.

Mass loss matches that of Bonga,Bunster,Perez’23; calculated in a different
gauge.
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Conclusions

To summarize, in our papers with G.Compere and J.Hoque we have performed a
consistent quadrupolar truncation of the multipole moments of a localized source
on a dS background and written down metric perturbations near I+ for slowly
varying sources.

We have seen a displacement memory effect appears by passage of a gravitational
wave

Displacement memory is not subleading differently than the flat case

Even parity contributions can be interpreted as a Λ-BMS vacuum transition.

We have defined charges that includes a proper mass, and matches the flat space
formulae at the H → 0 limit.

Open questions:

Other types of memories?

Charges related to the asymptotic symmetries?

Asymptotic symmetries of dS? Different claims in the literature...

Appearance of ζ? It looks non-local in general.
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