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Their best-known description is via the Bondi-Metzner-Sachs (BMS) formalism,
which fully non-linearly (but with a Taylor approximation) describes the solutions
to Einstein's vacuum equations with boundary conditions that allow for describing
a gravitational radiation.

This analysis was generalized recently to allow for a cosmological constant.
However in this analysis it has not been possible to define charges that is similar
to the Bondi mass.

In the following | will discuss linearized gravitational radiation around the de
Sitter background, express it in terms of the multipole moments of the source
that are consistently truncated, and propose charges that includes a “proper”
mass.

I will also discuss a displacement memory effect in terms the source multipole
moments.
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The upshot is that the metric
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solves Einstein's equations if they satisfy the conditions we will describe in a
second. First note that N*(u,x) and M(u,x%) are integration constants that

are completely free.
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For the flat case a strict mass loss can be seen but the same is not true for
N # 0 case, due to the existence of free Eag term.
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To resolve the some of the hardships posed by the non-linear case, let us now
consider the linearization, and further connect the metric components to a matter
source.

Starting from the Einstein equation

G = 87GT,,

we perturb the metric around the dS background,g.., = g.v + hu. and define

- 1 ..
X}“/Za 2 (hp‘y_ig“yha) .

Choosing the generalized harmonic gauge

YV =0

in conformal coordinates where

Zudx”dx” = a’(—dn® + dp® + p*dQ,)



Einstein equations become (Ashtekar,Bonga,Kesavan 2015)
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Einstein equations become (Ashtekar,Bonga,Kesavan 2015)

D(K) _ _167TGT’ D(Xo,-) :_1671'GT0,~7 (D—i—%) (&) _ 167G T,
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Here X := xo0 + Xii, and similarly for 7.
These can be solved using Green's functions. We get for example

) _ 3./ n (!
Xii (1, x) —/d X Ix — x'|(n— |x — x') Tij(n', x )|n’:n—|x—x’|

n—|x—x'| ( ’y
3 i\Nn 7X)
+/d x'/_ dy 222 pe:
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We will make some assumptions relevant for us to simplify these.

We will be interested in results near Zt, i.e. values of x,.(7,p,x") where
—-n/p <L 1.

We will furthermore assume that the size of the source is small: x’ < d < p.
Finally to use a Taylor expansion we will let

Ty > doyTuw > - .

Using these we will write for example
/d3Xlﬁ ﬁj(n,’X/”n’:n—\X—X’l
= / X' (; (T,-,-(nr,x’)+ 7% T (e, x )+%(n*~x”)2T,-§2’(nr,x’)+...)
+ % (ﬁ- % Tyl )+ 5 (7 %P T x) + )
- 23? (% Ty x) +..) + O(p4)>

where 1, :=1n — p.
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Now we will express all of these terms in terms of the multipole moments of the
source. We make the following definition

(p) /d3X a“l(n) Tgo XL .

for any positive intereger £, where we define the multi-index L = i1 - - - iy and the
notation x; = Xiy * X -
Similarly we define

Q)= [ dx (o) Tuse, Pual) = [ d'x o) To x.
Sii(n) = /d3X a™(n) Ty xu.

Note that Q(p)( ) = Sijc- Not all of these are independent since the energy
momentum conservation equations yield

(p) — H(ZQEP) _ Q(P)) _ fP (il ig) +
P,“_:(g—l)HP,‘L (5,

(i |i2--
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We will restrict our attention to contributions up to (and including) the quadrupo-
lar order, i.e. we will assume

/d3x a"™ Ty, x=0forve>2,
i.e. any moment with L more than two indices is zero. Using this in the energy
momentum equations we will more over have the conditions
Pajwy =0, P =0, Sigky =0, Sy = 0.

which will further imply

1
Pijjx = Efli(j-lk)l - 5(k i+ 5jkPi\I/:
1

Sij|k:§6kl( Gy — 5!((:0/) + 5UQk )

Sl'jlkl = 5U0k7 = (6 kQ, +5 kQ,(p))+ Qu 5k/ — 75U5k/Q(P) + 5 k5/ Qmm7
for some J; and Kj;.Thus we see the independent multipole moments we are left

with are Q{p), E’J) with 0,1,2 indices; Jj, Kij and Pj;. In the literature people
have kept Q,E.p) # 0 while letting Sy, = 0, but we see that this is inconsistent.
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+§6;jnkQ£") + D nen QP — n/n(,-Qj()’j) (5U - n,n,)Q(”))

2

nr=—p
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1
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+§6;jnkQ£") + %nkn/Qﬁ’) — mng QY — (6,, —n n,)Q("))

nr=-p
where n' is the unit radial vector such 7 =0 p=M : P>
that pn' = x' and xj(—o0) is a con- )
stant.Now let us consider the case where
our source is static except for a finite static

time n; > n > nr. That means for the .
times outside of this interval all the time " = "Is "
derivatives of the multipole moments are  non-static|
zero. Then the gravitational radiation at 5=, |~
time n = 0 at the points p, > —nr or

. tati
p— < —ni can be written as e

1
0= 0.pi ) = xao0) + 44 (= HQYP + Lmcsiky

Nr=—pP+
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Thus we see that there will be a difference in between the fields at the two
extremities of positions p = —n¢ and p = —n;:

AxiT =xi (n=0,p=—ne,xf) = xi ' (n="0,p=—mi,x")
1 1 3
= 4K ( = HQ (1) + 3O )ews Ky ne) + HOP () = 5 i )ewar Ky m).
One can show that this will produce a memory effect.
m This effect is O(H?),

m however O(p°) unlike the flat counterpart

m even parity part of X,JTT at a single point can be gauged away, but not at both
points.

m the odd parity part cannot be gauged away even at a single point, and angle
dependent.
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For the definition of charges we will use the following observation: Let 7.5 be a
tensor on a manifold M with a metric g,» such that

g"Ty=0 and D*Top=0. (1)

Let us also assume that there exist conformal
Killing vector £ such that
b
D<a£b> = 0 .
T+
Then

| 1!

/ezlnaTabsz/ es,n T 2
PR

P

for any ¥1, ¥, such that (L1 UX,) =0 — =
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One can show that if we let

Tap = 3 A A
AN Y+ Mg,

A
A 2 }

then (1) is satisfied for the Bondi metric at Z* by virtue of flux-balance laws.
For the case gag = §ag isometries of dS, are conformal Killing vectors at T",
and the charges will be conserved in u.

We will use the same definition for the case gag # Gag to see how the charges
flow. We define

QﬁT(u) = /ESZTUbfb = / (M(A),f” + %NX\)gA)
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gauge fields y.p, which then we express in terms of multipole moments.

For example for dilatations D = 9/0u, we have
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Then we write down the SO(1,4) charges by letting &* be the pullback of
isometries to Zt. We express them in terms of multipole moments by writing
MO, NE‘A),JAB in terms of Bondi fields, which we express in terms of harmonic
gauge fields y.p, which then we express in terms of multipole moments.

For example for dilatations D = 9/0u, we have

Q= [ mM®
si

and the flow can be shown to be

. . G /oo .. s e - ..
Of = —Gadd _ z (@5 +5HQ5 +4H*QF + T Ty + SHJjJy + 4H* Jy ;)

where we identify an additional term QaddD in terms of the multipole moments,
Qaddp = H* Qs Qi + H* Qi Qy + -+ + Jyjdy + -+
so that we get a positive mass loss with a redefinition of the charge:
. G /ow .. o e e - .
®h=-3 (Qi F5HPQZ + AHY Q2+ Ty Ty + SHR ;s + 4H4J,-J-J,-j)

where QF = Q) + QaddD. So we see a modification of the naive proposal of
M® as the Bondi mass aspect on dS.
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Here (j;(u) is defined as a solution to
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m Flat limit H — 0 of our charges matches the previous results found for the flat
case, e.g Bekenstein'73, Thorne'74.



Similar manipulations can be performed for rotations, boosts and translations.
For rotations

O‘LI?—'[ _ _%eimn< "I((fn+p) (P+P + 5 H2 Qkp+P) ngﬂn) + 4H* p+p ‘(jlﬂrp)

i T ko 4 S i + 4H4kajkn)7
whereas for translations ¢ = 1 and boosts ¢ = —1

4GesH

-~ F _
QPI,KI - 15

€imt (3 H? Cont Jie+2HC® Qo Jit+6 H* Qut Jie+-6 H? Qo Jie+ Q oy J 1) -
Here (j;(u) is defined as a solution to

92C; — 3H G = —2GH* QY.

m Flat limit H — 0 of our charges matches the previous results found for the flat
case, e.g Bekenstein'73, Thorne'74.

m Mass loss matches that of Bonga,Bunster,Perez'23; calculated in a different
gauge.



Similar manipulations can be performed for rotations, boosts and translations.
For rotations

O‘LI?—'[ _ _%eimn< "I((fn+p) (P+P + 5 H2 Qkp+P) ngﬂn) + 4H* p+p ‘(jlﬂrp)

i T ko 4 S i + 4H4kajkn)7
whereas for translations ¢ = 1 and boosts ¢ = —1

4GesH

-~ F _
QPI,KI - 15

€imt (3 H? Cont Jie+2HC® Qo Jit+6 H* Qut Jie+-6 H? Qo Jie+ Q oy J 1) -
Here (j;(u) is defined as a solution to

92C; — 3H G = —2GH* QY.

m Flat limit H — 0 of our charges matches the previous results found for the flat
case, e.g Bekenstein'73, Thorne'74.

m Mass loss matches that of Bonga,Bunster,Perez'23; calculated in a different
gauge.



Conclusions

To summarize, in our papers with G.Compere and J.Hoque we have performed a
consistent quadrupolar truncation of the multipole moments of a localized source

on a dS background and written down metric perturbations near Z* for slowly
varying sources.

m We have seen a displacement memory effect appears by passage of a gravitational
wave

m Displacement memory is not subleading differently than the flat case
m Even parity contributions can be interpreted as a A-BMS vacuum transition.

m We have defined charges that includes a proper mass, and matches the flat space
formulae at the H — 0 limit.



Conclusions

To summarize, in our papers with G.Compere and J.Hoque we have performed a
consistent quadrupolar truncation of the multipole moments of a localized source
on a dS background and written down metric perturbations near Z* for slowly
varying sources.

m We have seen a displacement memory effect appears by passage of a gravitational
wave

m Displacement memory is not subleading differently than the flat case
m Even parity contributions can be interpreted as a A-BMS vacuum transition.

m We have defined charges that includes a proper mass, and matches the flat space
formulae at the H — 0 limit.

Open questions:
m Other types of memories?
m Charges related to the asymptotic symmetries?
m Asymptotic symmetries of dS? Different claims in the literature...

m Appearance of (? It looks non-local in general.
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