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MANY-BODY PROBLEM IN COSMOLOGY

 Define the density field

𝜌 𝒙, 𝑡 ≡෍

𝑖

𝑚𝑖𝛿
𝐷 𝒙 − 𝒙𝑖 𝑡

 Thermodynamic limit: 𝑁 → ∞, 𝑚𝑖 → 0 such that 𝑀 ≡ σ𝑖𝑚𝑖 is fixed.

 Initial conditions: Gaussian random field, with velocities determined by the over-

density field.
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NON-LINEAR LIMIT OF COLD DARK-MATTER COLLAPSING SYSTEMS

 The Universe is homogeneous and isotropic on the largest of scales.

 On large scales, can study evolution of matter by means of cosmological perturbation 

theory.

 Breaks down on small scales, when non-linearities matter.

 Simulations nonetheless show universal structure. 

 Here, study the density power-spectrum ො𝜌 𝑘 ො𝜌∗ −𝑘 on small scales.

 Expect: highly non-linear system might give rise to phase-space turbulence.
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SIMULATIONS SHOW UNIVERSAL SCALING
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[(Illustris)TNG 3D: 

Springel et al. 

(2018)]

𝑙𝑖𝑛𝑒𝑎𝑟
𝑡ℎ𝑒𝑜𝑟𝑦 ∝ 𝑘−3



SIMULATIONS SHOW UNIVERSAL SCALING
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[1D: Taruya & Colombi (2017)]



VLASOV-POISSON SYSTEM

 Concerned with modes well inside the horizon. For simplicity in this talk set 𝑎 = 1. 

BUT results do apply to ΛCDM. 

 Let 𝑓(𝑥, 𝑣, 𝑡) be the probability of finding a dark-matter particle at (𝑥, 𝑣, 𝑡).  

 Neglecting any other matter, dark matter follows the Vlasov-Poisson system (e.g. 

Peebles 1980) 

𝜕𝑓

𝜕𝑡
+ 𝑣 ⋅

𝜕𝑓

𝜕𝑥
+ 𝑔 ⋅

𝜕𝑓

𝜕𝑣
= 0

∇2Φ = 4𝜋𝐺 𝛿𝜌
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A GALACTIC-DYNAMICS DISTRIBUTION FUNCTION MIGHT BE:
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[Hénon

sphere: 

Colombi

et al. 

(2015)]

[Gaia snail: Frankel et al. (2023)]



WHAT DOES THIS ACTUALLY LOOK LIKE?

 I simulated 1𝐷 cold 

dark-matter 

turbulence using 

the Gkeyll code 

(Juno et al. 2017) 

for plasma physics.

 𝜀0 < 0 turns 

plasma into gravity.
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WHAT DOES THIS ACTUALLY LOOK LIKE?

 Three streams now.
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TWO TIME-SCALES IN THE VLASOV EQUATION

𝜕𝑓

𝜕𝑡
+ 𝑣 ⋅

𝜕𝑓

𝜕𝑥
+ 𝑔 ⋅

𝜕𝑓

𝜕𝑣
= 0

 𝜏𝑝 ∼
𝑥

𝑣

 𝜏𝑔 ∼
𝑣

𝛿𝑔

Fourier transform in both 𝑥 and 𝑣: 

መ𝑓 𝑘, 𝑠, 𝑡 = ∫ ei𝑘𝑥−i𝑠𝑣𝑓 𝑥, 𝑣, 𝑡 d𝑥d𝑣

𝜕 መ𝑓

𝜕𝑡
+ 𝑘

𝜕 መ𝑓

𝜕𝑠
+ i𝑠∫ ෡Φ 𝑞 መ𝑓 𝑘 − 𝑞, 𝑠, 𝑡

d𝑞

2𝜋
= 0
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CRITICAL BALANCE

 If perturbations are small, then the gravity term is negligible.

 The advection term then gives linear phase-mixing, which increases 𝑠 unboundedly. 

 Eventually (in non-linear régime), the gravity term becomes as large.

 System establishes critical balance between the linear and non-linear time-scales! 

𝜏𝑝 =
𝑠

𝑘
~

1

𝛿𝑔𝑟 𝑠
= 𝜏𝑔

 For smooth field 𝛿𝑔𝑟 ~𝜅𝑟 – the fluctuation on a scale 𝑟 =
1

𝑘
, is  ∝ 𝑟. 

 Thus, 𝑘 ∼ 𝜅 𝑠, so 𝜏𝑝 ∼ 𝜏𝑔 ∼ const.
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COLD DARK MATTER HAS LARGE-𝑠 STRUCTURE

 For hot dark matter, the volume-averaged field has only 

large-scale velocity structure, up to 𝑠 ∼
1

𝑣𝑡ℎ

 For cold dark matter, 𝑣𝑡ℎ → 0 so maximum 𝑠 is large. 
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LOCALLY IN PHASE-SPACE, EVERYTHING IS STILL A STREAM
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JEANS INSTABILITY FOR COLD STREAMS

 Locally in phase-space, 𝑓 is a stream. 

 Shift to its freely-falling frame of reference.

 Jeans instability: this stream is unstable with growth rate

𝜏𝐽
−2 = 𝜏𝑔

−2 − 𝑘2𝑣𝑡ℎ
2

 For critically-balanced system, growth rate independent of scale for cold case.

𝜏𝑔
−4 ∝ 𝐺2𝛿𝜌𝑟

2 ∝ 𝐺2න
𝑘

∞

𝑃 𝑘 d𝑘 = 𝑐𝑜𝑛𝑠𝑡

 Collapse of over-densities of size 𝑘−1 is balanced with the tidal shearing from the 

larger scales
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TWO IMPORTANT LENGTH SCALES
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𝜏

𝜏𝑔(𝑘) for putative 

steeper density power-

spectrum

𝑘

𝜏 = 𝜏𝑐𝑟𝑖𝑡

𝑘 = 𝜏𝑐𝑟𝑖𝑡𝑣𝑡ℎ
−1𝑘 = 𝑘𝑛𝑙

Here 𝜏𝐽 ≪ 𝜏𝑐𝑟𝑖𝑡 which 

is impossible 

dynamically.

Here 𝜏𝐽 ≫ 𝜏𝑐𝑟𝑖𝑡 so not 

unstable

Hence 𝜏𝑐𝑟𝑖𝑡 = 𝜏𝐽



STATIONARY-PHASE APPROACH

 Express power-spectrum as integral over initial phase-space positions of all particles:

𝑃 𝑘, 𝑡 =
𝑀2

𝑉
ඵෑ

𝑛=1

𝑁

d𝑞𝑛d𝑝𝑛 𝒫 𝑞, 𝑝 ei 𝑘 𝑥1 𝑡 −𝑥2 𝑡

 Take 𝑘 → ∞ and do asymptotic analysis (Konard, Ginat & Bartelmann, 2022; Ginat et al. 2025).

 Cold dark matter implies that 𝒫 𝑞, 𝑝 ∼
𝐴

𝑞
exp −𝐴

𝑝2

𝑞2
+ 𝒪 𝑝2𝑞−3−𝑛𝑠 ln2 𝑞 +⋯ at 𝑞 → 0.

 Define 𝑥 ≡ 𝑥1 − 𝑥2 = 𝑞 + 𝑝𝑡 + 𝜓

 𝜓 = 𝜓 𝑞𝑛, 𝑝𝑛, 𝑡
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Non-linearities



POSSIBLE SADDLE POINTS

 Saddle points in 𝑞, 𝑝 can be from either large or small phase-space separations (as 𝑘 → ∞) 

After evaluating all possibilities:

 Sub-leading contributions: 𝑞 → ∞ or 𝑝 → ∞ as 𝑘 → ∞. 

 Leading-order contribution from 𝑞, 𝑝 ∼ 𝑘−1 as 𝑘 → ∞. 

 Smooth field: 𝜓 ∼ 𝑞 𝜓𝑞 𝑞1 + 𝑞2, 𝑞3, … , 𝑝1 + 𝑝2, … + 𝑝 𝜓𝑝 𝑞1 + 𝑞2, 𝑞3, … , 𝑝1 + 𝑝2, …

 Critical balance: 𝜓𝑞,𝑝, 𝑡 ∼ 𝒪 1 .

 Substitute in and carry out integrations.  

𝑃 𝑘, 𝑡 ∝ ඵd𝑞d𝑝
𝐴

𝑞
exp −𝐴

𝑝2

𝑞2
+⋯ ei 𝑘 𝑞+𝑝𝑡+𝑞𝜓𝑞+𝑝𝜓𝑝+⋯ ∼

1

𝑘
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SPECTRA FROM SIMULATIONS
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SPECTRA FROM SIMULATIONS
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COLD VS WARM
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COLD VS WARM – SPECTRA 
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Cold
Warm



SUMMARY

 At the beginning, everything is linear, which predicts that perturbations 
grow.

 Non-linearly, the system evolves along critical-balance lines.

 Balancing collapse time shows that the spectrum is 𝑘−𝑑 . 

 For warm DM (or electrostatic plasma), this is modified (to 𝑘−2𝑑 ; Nastac 
et al. 2024, 2025). 

 Similar scaling obtainable from formal stationary-phase analysis for 
integral expression for 𝑃(𝑘). 
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THE VLASOV EQUATION ADMITS CASIMIR INVARIANTS

 The second Casimir invariant is 𝐶2 =
1

𝑉
∬d𝑥d𝑣 𝑓2 𝑥, 𝑣, 𝑡

 𝐶2 is exactly conserved by the VP system.

 The equation for መ𝑓
2

is (in the large 𝑘 limit)

𝜕 መ𝑓
2

𝜕𝑡
− 𝑘

𝜕 መ𝑓
2

𝜕𝑠
+ 𝑠Φ′′

𝜕 መ𝑓
2

𝜕𝑘
= መ𝑆

 Sign of Φ′′ fluctuates so this describes rotation in 𝑘-𝑠 space, as well as flow along the 

critical-balance line 𝑠 ∼ 𝑘 to larger values.  

 Valid for scales 𝑘 ≫ 𝑘𝑛𝑙 which is the ‘outer scale’ for this turbulence. 
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THIS SPECTRUM IS ASSOCIATED WITH A 𝑘𝑑 FLUX OF 𝐶2

ሶ𝐶2,𝑘 ∼
1

𝜏𝐽
න
𝑘

∞

d𝑞න
0

𝑠𝑐𝑟𝑖𝑡 𝑘

d𝑠 መ𝑓
2
𝑞, 𝑠

ሶ𝐶2,𝑘 ∼ න
0

𝑘

d𝑘′න
0

min 𝑠𝑐𝑟𝑖𝑡 𝑘 ,
1
𝑣𝑡ℎ

d𝑠 መ𝑆

 መ𝑆 ∼ i 𝑠 ො𝑔 𝑘 መ𝑓∗ 𝑘, 𝑠 𝑓 𝑠 + c. c.

 Match if 𝑃 𝑘 ∼
1

𝑘
and similarly for 𝑠. 

 Then ሶ𝐶2,𝑘 ∼ 𝑘𝑑
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