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Lepton Mixing With Unitarity 
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Our current measurements of neutrino oscillations 
assume unitarity → 6 parameter problem: 
3 angles 𝜃𝑖𝑗          
1 complex phase 𝛿         
2 mass squared splittings ∆𝑚𝑖𝑗

2Lepton mixing matrix mixes the mass states into 
the flavour states as is the case for quark mixing.

Unitarity conditions on rows and columns 
preserve neutrino oscillation probabilities.



Lepton Mixing Without Unitarity 
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Without unitarity → 15 parameter problem: 
9 magnitudes 𝑈𝛼𝑖

4 complex phase 𝛿𝛼𝑖

2 mass squared splittings ∆𝑚𝑖𝑗
2

We can measure the matrix elements directly as a 
model-independent test for unitarity as is done in 
quark sector. 

If this matrix is non-unitary it could hint that the 3𝜈 
mixing matrix is a sub-matrix of a larger lepton 
mixing matrix → sterile sector.



Current Measurements 4

Quark mixing unitarity triangle Lepton mixing unitarity triangle

Unitarity Assumed 

Unitarity Assumed 

Unitarity Not Assumed 

Electron row much better constrained than 
muon and tau rows.
Atmospheric neutrinos have lots of muon 
neutrino oscillations so can we exploit that?

NuFit JHEP 09 (2020) 
178 [arXiv:2007.14792]

S. Parke, M. Ross-Lonergan 
arXiv:1508.05095v1 [hep-ph] 

S.A.R. Ellis, K.J. Kelly, S.W. Li (2020). Phys. 
Rev. D 102, 115027

P.A. Zyla et al. (Particle Data Group), Prog. 
Theor. Exp. Phys. 2020, 083C01 (2020).
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http://dx.doi.org/10.1007/JHEP09(2020)178
http://dx.doi.org/10.1007/JHEP09(2020)178
http://arxiv.org/abs/2007.14792
https://pdg.lbl.gov/2020/html/authors_2020.html
https://academic.oup.com/ptep/article/2020/8/083C01/5891211


Atmospheric Neutrino Oscillation Probability
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Super-K Collaboration (2018). 
Phys. Rev. D 97, 072001

Super-K Collaboration (2024).
Phys. Rev. D 109, 072014
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Modification to Atmospheric Oscillations
Since the 𝑈𝛼𝑖  no longer necessarily obey the unitarity conditions → get a ‘zero-distance’ 
effect: L, E independent term
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Compare 𝑃 Unitary − 𝑃 Non−Unitary = eg 𝑃 𝑈𝜇3 = 0.663 − 𝑃 𝑈𝜇3 = 0.653
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Super-Kamiokande 7

• 50 kiloton water-Cherenkov 
detector in Gifu, Japan

• 22.5 kiloton fiducial mass
• 11000 20” inner detector 

photosensors
• 1800 8” photosensors in 

optically separated outer 
detector for veto of cosmic µ

• 7076 days live-time between 
1996-2022 (pure water phase 
1996-2020, Gd loaded 2020-
present)

nobelprize.org 



Super-Kamiokande Atmospheric Sample 8

Fully Contained
~10 / day

Partially Contained
~0.6 / day

Upward-Going µ
~1.5 / day

Three main classifications of 
atmospheric neutrino events

Particle identification

e-like µ-like

Kajita, Takaaki. (2004). Atmospheric Neutrinos. New Journal 
of Physics. 6. 194. 10.1088/1367-2630/6/1/194. 



Cosine Zenith and Momentum Distributions

Unitary: 𝑈𝜇3 = 0.663 

Non-Unitary 𝑈𝜇3 = 0.653

9

Monte Carlo 
distributions of 
atmospheric samples 
reweighted according 
to neutrino oscillation 
probability.



Lower Energy Neutrinos (< 1.33 GeV) 10

More 𝜈𝜇 are oscillating to 𝜈𝑒  
so more 𝜈𝑒  and less 𝜈𝜇

Difference Difference

Unitary: 𝑈𝜇3 = 0.663 

Non-Unitary 𝑈𝜇3 = 0.653



Higher Energy Neutrinos (> 1.33 GeV) 11

Difference Difference

Above horizon less 𝜈𝜇 are 
oscillating to 𝜈𝑒  
Below horizon it depends on 
energy

Unitary: 𝑈𝜇3 = 0.663 

Non-Unitary 𝑈𝜇3 = 0.653



Higher Energy Neutrinos (>2 GeV) 12

Difference Difference

*Contains higher 
momentum 
events

Unitary: 𝑈𝜇3 = 0.663 

Non-Unitary 𝑈𝜇3 = 0.653



Fitting Method
• Form grid of points in 𝑥 number of parameters that want to fit and 

test each combination of parameters for (fake) data-MC 
agreement → grid becomes extremely large quickly for large 𝑥

• Minimise for sum of 𝑛 bins
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2

where:
𝑂𝑛 is observed events in 𝑛th bin
𝜖𝑖  is 𝑖th systematic pull in units of 𝜎
𝐸𝑛 = 𝐸𝑛

0 1 + σ𝑖 𝑓𝑛
𝑖𝜖𝑖  is expected events in 𝑛th bin for nominal MC 

events 𝐸𝑛
0 scaled with fractional change 𝑓𝑛

𝑖  from systematics
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𝑈𝜇𝑖  & 𝑈𝜏𝑖  Magnitude-Only Sensitivity 14

Electron row fixed 𝑈𝑒𝑖 = 0.823,0.548,0.148 . CP phase 𝛿=-1.75 included. ∆𝑚23
2 =0.0024 eV2, ∆𝑚12

2 =7.53×10-5 eV2. 
Thus, only performing 6-dimensional sensitivity here where unitary case in normal hierarchy is nominal.

𝑈𝜇1 𝑈𝜇2 𝑈𝜇3

𝑈𝜏1
𝑈𝜏2 𝑈𝜏3

Additional studies are 
required to 

understand ∆𝜒2

*Preliminary



Summary
• Studies for lepton mixing matrix unitarity are increasing as 

neutrino experiments become more precise
• Can use atmospheric neutrinos to better measure muon and tau 

row elements
• Super-K has over 7000 live-days of atmospheric neutrino data 

available to provide sensitivity to the matrix elements

Future Work
• Measure more of the mixing matrix parameters simultaneously 

including complex phases 
• Complete a fit using Super-K pure water data

15



Backup
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Atmospheric Neutrino Oscillation Probability
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−4 ෍

𝑖>𝑗

Re 𝑈𝛼𝑖
∗ 𝑈𝛽𝑖𝑈𝛼𝑗𝑈𝛽𝑗

∗ sin2 ∆𝑚𝑖𝑗
2 𝐿

4𝐸

± 2 ෍

𝑖>𝑗

Im 𝑈𝛼𝑖
∗ 𝑈𝛽𝑖𝑈𝛼𝑗𝑈𝛽𝑗

∗ sin2 ∆𝑚𝑖𝑗
2 𝐿

2𝐸

Eg 

𝑃𝜇 𝑒 ≈ sin2𝜃23sin22𝜃13 sin2 ∆𝑚23
2

𝐿

4𝐸

17

Normal Hierarchy Inverted Hierarchy

Transition 
Zone

Mantle
Core



Modification to Atmospheric Oscillations
Since the 𝑈𝛼𝑖  no longer necessarily obey 
the unitarity conditions
→ get a ‘zero-distance’ effect: 𝐿, 𝐸 
independent term
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On the right, compare 

𝑃 𝑈𝜇3 = 0.663 − 𝑃 𝑈𝜇3 = 0.653
𝑃 Unitary − 𝑃(Non−Unitary)
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In Context With Literature 19

𝑈 3𝜎 =
0.823 0.548 0.148

0.34 → 0.42 0.53 → 0.68 0.61 → 0.78
0.30 → 0.49 0.48 → 0.69 0.60 → 0.80

NuFit JHEP 09 (2020) 178 [arXiv:2007.14792]

S. Parke, M. Ross-Lonergan arXiv:1508.05095v1 [hep-ph] 

SK sensitivity study so far…

http://dx.doi.org/10.1007/JHEP09(2020)178
http://arxiv.org/abs/2007.14792


Complex Phases 20

S.A.R. Ellis, K.J. Kelly, S.W. Li. JHEP12 (2020) 068
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