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An unbinned, Phase-Corrected measurement of the CKM angle 𝜸
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Direct measurements : BPGGSZ

IoP Annual Conference, 7th April 2025 jozie.meldrum@bristol.ac.uk

B-decay amplitudes: 

contains 𝛾, accessible 

with LHCb datasets, 

object of analysis

D-decay amplitudes:

need as input, accessible in 

both LHCb and BES-III 

datasets

{𝑟𝐵 , 𝛿𝐵, 𝛾} {𝐴, ҧ𝐴, 𝛿𝐷}

𝒜𝑡𝑜𝑡
− 2 ∝ 𝐴2 + ҧ𝐴2𝑟𝐵

2 + 2𝐴 ҧ𝐴𝑟𝐵cos(𝛿𝐷 − 𝛿𝐵 − 𝛾 )

= 𝐴2 + ҧ𝐴2(𝑥−
2 + 𝑦−

2) + 2𝐴 ҧ𝐴 (𝑥− cos 𝛿𝐷 + 𝑦−sin 𝛿𝐷 )

𝐵−

𝐷0𝐾−

ഥ𝐷0𝐾−

𝑓𝐾−

𝑟𝐵𝑒
𝑖(𝛿𝐵−𝛾)

1 𝐴𝑒𝑖𝛿𝐷

ҧ𝐴
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B-decay amplitudes: 

contains 𝛾, accessible 

with LHCb datasets, 

object of analysis

{𝑟𝐵 , 𝛿𝐵, 𝛾} {𝐴, ҧ𝐴, 𝛿𝐷}
𝐵+

𝐷0𝐾+

ഥ𝐷0𝐾+

𝑓𝐾+

𝑟𝐵𝑒
𝑖(𝛿𝐵+𝛾)

1

𝐴𝑒𝑖𝛿𝐷

ҧ𝐴

= 𝐴2(𝑥+
2 + 𝑦+

2) + ҧ𝐴2 + 2𝐴 ҧ𝐴 (𝑥+ cos 𝛿𝐷 − 𝑦+sin 𝛿𝐷 )

𝒜𝑡𝑜𝑡
+ 2 ∝ 𝐴2𝑟𝐵

2 + ҧ𝐴2 + 2𝐴 ҧ𝐴𝑟𝐵cos(𝛿𝐷 + 𝛿𝐵 + 𝛾 )

D-decay amplitudes:

need as input, accessible in 

both LHCb and BES-III 

datasets



Direct measurements : BPGGSZ
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|𝒜𝑡𝑜𝑡
− | ∝ 𝐴2 + ҧ𝐴2(𝑥−

2 + 𝑦−
2) + 2𝐴 ҧ𝐴 (𝑥− cos 𝛿𝐷 + 𝑦−sin 𝛿𝐷 )

|𝒜𝑡𝑜𝑡
+ | ∝ 𝐴2(𝑥+

2 + 𝑦+
2) + ҧ𝐴2 + 2𝐴 ҧ𝐴 (𝑥+ cos 𝛿𝐷 − 𝑦+sin 𝛿𝐷 )

B-decay amplitude: 

4 free parameters, 

Contains 𝛾, 

From fit to LHCb, 𝐵 → 𝑓 𝐷𝐾 data

D-decay amplitude:

2 magnitudes, 1 phase

Depends on the final state f,

Needed as an input



D-decay input: 𝑓 = 𝐾𝑆𝜋
+𝜋−
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𝐾𝑆𝜋
+

𝐾𝑆𝜋
−



D-decay input: 𝑓 = 𝐾𝑆𝜋
+𝜋−
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e.g.

Most precise single measurement: (68.7−5.1
+5.2)° [LHCb-PAPER-2020-019] 

Current world average: (66.4−3.0
+2.8)° [HFLAV 2024]

[PhysRevD.82.112006]

𝑠𝑖 =
𝑖׬ 𝐴 ҧ𝐴 sin 𝛿𝐷 𝑑𝑠+𝑑𝑠−

𝑖׬ 𝐴2 𝑑𝑠+𝑑𝑠 𝑖׬
ҧ𝐴2 𝑑𝑠+𝑑𝑠−

https://cds.cern.ch/record/2742273
https://inspirehep.net/literature/2854243
https://inspirehep.net/literature/873121


D-decay input: 𝑓 = 𝐾𝑆𝜋
+𝜋−
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{𝐴, ҧ𝐴, 𝛿𝐷}

{𝐴, ҧ𝐴, 𝛿𝐷}

{𝐴, ҧ𝐴, 𝛿𝐷}

{𝐴, ҧ𝐴, 𝛿𝐷}

{𝐴, ҧ𝐴, 𝛿𝐷}

{𝐴, ҧ𝐴, 𝛿𝐷}

{𝐴, ҧ𝐴, 𝛿𝐷}

{𝐴, ҧ𝐴, 𝛿𝐷}

{𝐴, ҧ𝐴, 𝛿𝐷}

{𝐴, ҧ𝐴, 𝛿𝐷}

𝑠𝑖 =
𝑖׬ 𝐴 ҧ𝐴 sin 𝛿𝐷 𝑑𝑠+𝑑𝑠−

𝑖׬ 𝐴2 𝑑𝑠+𝑑𝑠 𝑖׬
ҧ𝐴2 𝑑𝑠+𝑑𝑠−

e.g.

Most precise single measurement: (68.7−5.1
+5.2)° [LHCb-PAPER-2020-019] 

Current world average: (66.4−3.0
+2.8)° [HFLAV 2024]

[PhysRevD.82.112006]

https://cds.cern.ch/record/2742273
https://inspirehep.net/literature/2854243
https://inspirehep.net/literature/873121


The Phase-Correction method
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𝛿𝐷 → 𝛿𝐷 + 𝛿𝐶

fixed value 

from a model

floating in fit, contains 

many parameters

[JHEP 09 (2023) 007]

- No binning maximises statistical precision

- Phase-correction provides model-independency

https://inspirehep.net/literature/2660852
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𝛿𝐷 → 𝛿𝐷 + 𝛿𝐶

fixed value 

from a model

floating in fit, contains 

many parameters

[JHEP 09 (2023) 007]

|𝒜𝑡𝑜𝑡
− | ∝ 𝐴2 + ҧ𝐴2(𝑥−

2 + 𝑦−
2) + 2𝐴 ҧ𝐴 (𝑥− cos 𝛿𝐷 + 𝛿𝐶 + 𝑦−sin 𝛿𝐷 + 𝛿𝐶 )

|𝒜𝑡𝑜𝑡
+ | ∝ 𝐴2(𝑥+

2 + 𝑦+
2) + ҧ𝐴2 + 2𝐴 ҧ𝐴 (𝑥+ cos 𝛿𝐷 + 𝛿𝐶 − 𝑦+sin 𝛿𝐷 + 𝛿𝐶 )

𝛿𝐶 shared between 

𝐵± amplitudes

B-decay amplitude: 

contains 𝛾, from fit to 

LHCb data, unchanged

D-decay amplitude:

input from the amplitude 

model, magnitude unchanged

- No binning maximises statistical precision

- Phase-correction provides model-independency

Still D-decay amplitude: 

from fit using both LHCb 

and BES-III data

https://inspirehep.net/literature/2660852


Finding the model-input difference
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𝑧−

𝑧+

𝛿𝐶 =෍

𝑖=0

𝑁

෍

𝑗=0

𝑁−𝑖
2

𝐶𝑖,2𝑗+1 𝑃𝑖 𝑧+
′ 𝑃2𝑗+1(𝑧−

′′)

Coefficients, C: 

free in fit

Legendre polynomials, P:

functions of Dalitz 

coordinate

Preserving the symmetry

𝛿𝐷 𝑠−, 𝑠+ = −𝛿𝐷 𝑠+, 𝑠−
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𝑟𝐵

𝛿𝐵 𝛾

𝛿𝐶
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𝑥+

𝑦− 𝑥−

𝐶2,1

𝑦+𝐶1,5

𝐶6,3

𝐶1,3

𝐶4,1

𝐶4,3

𝐶1,1

𝐶0,3

𝐶7,1

𝐶3,1

𝐶2,7
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𝑥+

𝑦− 𝑥−

𝐶2,1

𝑦+𝐶1,5

𝐶6,3

𝐶2,7

𝐶1,3

𝐶4,1

𝐶4,3

𝐶1,1

𝐶0,3

𝐶7,1

𝐶3,1



BES-III data
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𝐷1

𝐷2

C-odd

quantum 

correlated

𝑒− 𝑒+



BES-III data
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𝐷2 → 𝐾+𝐾−

𝐷2 → 𝐾𝑠
0𝜋0

𝐷2 → 𝐾−𝜋+

𝐷2 → 𝐾+𝜋−

𝐷2 → 𝐾𝑠
0𝜋+𝜋−

𝐷1

𝐷1

𝐷1

𝐷1

𝐷1

CP-even

CP-odd

Flavour

Flavour

double

CP-odd

CP-even

Flavour

Flavour

double



BES-III data
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𝐷1
0ഥ𝐷2

0 − ഥ𝐷1
0𝐷2

0 𝒜𝑡𝑜𝑡
2 ∝ 𝒜𝐷1

ҧ𝒜𝐷2 −
ҧ𝒜𝐷1𝒜𝐷2

2

CP-even: 𝐴2 − 2𝐴2 ҧ𝐴2cos(𝛿𝐷 + 𝛿𝐶)

CP-odd: 𝐴2 + 2𝐴2 ҧ𝐴2cos(𝛿𝐷 + 𝛿𝐶)

flavour: ҧ𝐴2

flavour-bar: 𝐴2

double: 𝐴1
2 ҧ𝐴2

2 + ҧ𝐴1
2𝐴2

2 − 2𝐴1 ҧ𝐴1𝐴2 ҧ𝐴2(cos 𝛿𝐷1 + 𝛿𝐶1 cos 𝛿𝐷2 + 𝛿𝐶2 + sin 𝛿𝐷1 + 𝛿𝐶2 sin(𝛿𝐷2 + 𝛿𝐶2))

⇒



𝜇−
𝜇+

𝜎−
𝜎+

𝐴

Input change: alter and test the model
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magnitude

ensures 𝛿𝐷 symmetry + 

smooths the boundary

peak on dalitz plane, using usual coordinates
position of bias

width of bias

𝜹𝑫
𝒎𝒐𝒅𝒆𝒍

𝑓 𝑠+, 𝑠−| റ𝐴, റ𝜀, 𝜇±, 𝜎± =෍

𝑖

𝐴 ∙ erf
𝑠+ − 𝑠−

𝜀
∙ exp −

(𝑠+−𝜇+)
2

𝜎+
2 −

(𝑠−−𝜇−)
2

𝜎−
2

𝜹𝑫
𝒊𝒏𝒑𝒖𝒕

= 𝜹𝑪
𝒊𝒏𝒑𝒖𝒕

+

sum over many peaks



Input change: alter and test the model
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How realistic?
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- Guide is from binned hadronic parameters measured experimentally

- Can quantify with a 𝜒2 between them and calculated ones

[arxiv:2503.22126]

[PhysRevD.98.112012]
[PhysRevD.82.112006]

https://arxiv.org/abs/2503.22126
https://inspirehep.net/literature/1668123
https://inspirehep.net/literature/873121


Is 𝛾 interested in the model-data difference (position)?
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Change the model with 𝛿𝐶
𝑖𝑛𝑝𝑢𝑡

at each point in phase space to see the effect on 𝛾 and whether this 

effect is visible in hadronic parameters



Is 𝛾 interested in the model-data difference (position)?
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Impact on 

hadronic 

parameters

Impact on 𝛾
value

See a difference in the hadronic parameters ⟺𝜸 will be biased



Can we resolve a complicated 𝛿𝐶
𝑖𝑛𝑝𝑢𝑡

?
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- Now consider summing many peaks

- More complicated for the polynomials

- Closer to what we expect from data



Can we resolve a complicated 𝛿𝐶
𝑖𝑛𝑝𝑢𝑡

?   Yes!
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increase polynomial order



Can we resolve a complicated 𝛿𝐶
𝑖𝑛𝑝𝑢𝑡

?   Yes!
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Conclusions and status
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- Introduced the Phase-Correction Method

- Sensitivity studies show statistical-only uncertainty same as MD method

- Good progress to an unbinned MI gamma:

- Processed BES-III data ready for input

- Moving forwards with LHCb data processing and CP-fit

Thank you!



Backup



Can we keep the precision? – Yes!
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Uncertainty/0.01: 𝜎 𝑥+ 𝜎 𝑦+ 𝜎 𝑥− 𝜎 𝑦− 𝜎 𝛾

MD, unbinned ±0.81 ±1.08 ±0.89 ±0.94 ±4.3°

MI, binned ±0.96 ±1.22 ±1.08 ±1.45 ±5.2°

PC, unbinned ±0.84 ±1.04 ±0.87 ±0.99 ±4.4°

Binned experimental ±0.98 ±1.23 ±0.96 ±1.14 [LHCb-PAPER-2020-019]

Uncertainties estimated from simulation study:

- Current LHCb/BES-III luminosities

- From 100 toys with a 𝛿𝐶
𝑖𝑛𝑝𝑢𝑡

- Statistical-only uncertainties

- For sensitivity only, pure signal toys

https://cds.cern.ch/record/2742273


Binned hadronic parameters
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𝒜𝑡𝑜𝑡
2 ∝ 𝐴2𝑟𝐵

2 + ҧ𝐴2 + 2𝐴 ҧ𝐴 (x− cos 𝛿𝐷 + 𝑦−sin 𝛿𝐷 )

න
bin 𝑖

𝒜𝑡𝑜𝑡
2 𝑑𝑠+𝑑𝑠− ∝ න

bin 𝑖

𝐴2𝑟𝐵
2 + ҧ𝐴2 + 2𝐴 ҧ𝐴 (𝑥− cos 𝛿𝐷 + 𝑦− sin 𝛿𝐷 ) 𝑑𝑠+𝑑𝑠−

𝐴, ҧ𝐴, 𝛿𝐷 {𝐹𝑖 , ത𝐹𝑖 , 𝑐𝑖 , 𝑠𝑖}integration

𝑐𝑖 =
𝑖׬ 𝐴 ҧ𝐴 cos 𝛿𝐷 𝑑𝑠+𝑑𝑠−

𝐹𝑖 ത𝐹𝑖

𝑠𝑖 =
𝑖׬ 𝐴 ҧ𝐴 sin 𝛿𝐷 𝑑𝑠+𝑑𝑠−

𝐹𝑖 ത𝐹𝑖

𝐹𝑖 = 𝑖׬ 𝐴2 𝑑𝑠+𝑑𝑠+

ത𝐹𝑖 = 𝑖׬
ҧ𝐴2 𝑑𝑠+𝑑𝑠−

= 𝐹𝑖
2 𝑟𝐵

2 + ഥ𝐹𝑖
2
+ 2𝐹𝑖 ഥ𝐹𝑖 𝑥−𝑐𝑖 + 𝑦−𝑠𝑖



Can we handle all shapes?                              Yes!
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Setup for final fit
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𝑟𝐵, 𝛿𝐵, 𝛾

BES-III data:

5 𝐾𝑠𝜋𝜋 tags

𝐶𝑖𝑗 values 

and 

covariances

Joint D-amplitude + B-

mass fit

Signal/Backg

-round 

parameterisat

-ion

LHCb data: 

𝐵± ×
8 𝐾𝑠ℎℎ

channels 

𝐾𝑠𝐾𝐾
binned fit

CKM fitter

𝑥±, 𝑦±, 𝛿𝐶

https://cds.cern.ch/record/2742273

