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ez rathe 4/4‘/%6 picdure (s may«'aj
;@/ the /zm-pefﬁzrém.‘/l/e £apa/aj/ca/ Sé?y .

LPs gwrers ﬁapo/gical .sé)y / speciral {/eq:ﬂ
Riemam- Hifberk problems /
DT i«ﬂm//‘a‘ds
non- perturbotlive susy gauge {fj
z{opo/ojica/ sﬁvy - baa"‘j/wnab
wall- crossing
holomorphic. Floer thy BPsS states
spedtral networks
(H, Neitebe ] TBA- ik indegral 91

exact WKB Ma/js,s- 4 Liiles, Szabo]
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yat,{/:z theories and Se/‘éerj— Witlen jcomal:‘/



Start in yod with N=2 thy, €9 pure SUlz) SYM

Low eneryy description :

B = 7am£m
Coudomb brandhy




ﬁd N=2 {A/s 00( dass S <€ g. phre Sd&—)jwjé 4‘7

rank K «» su ﬁK) bub also m&rihsim/ﬁ sfra:vjﬁ
coupled 1‘9 MV £4
zZ

Sebeg- Witlen carve Z € 7;*Cx @
"

fald:[y-sp(x)):oj qgjd,x l »

spectrol curve i
Hilchin integrable system Q
C



Low eneryy 7 :

/ y€H (Z)
l Y
¥ x W
B = 7am£m
Coudomb brandh

hol'c cenkral c/m/yc fwwé/om Z: /[_1[5“)—) C
Z(y)= §2
s

Z(Kr) = a.I } 3)‘-;

Z(BI)E a,r -5:1' = aD,I /w/'c /of‘epafuébd
0.



va,aw"jj I @

/ Y-3D €H (Z)

1 ;
/ * )
B = 7um£m

Coulomb brandy

BPS partides

8Ps

Muy = 1weNuy [ Hy= 12,4y}

¢ Hilbert space in vacuum w

BPS condition /f A/ = j;/’}\/

( calibration) ¢ phase A “constant along y



hol'c /Ofepaéwéb'al Z(KT) = aI } SE,
Z(BI)': ApT

;s 7 4 L EADY,
Ta’  atlogat

BPS  particles Hfl;s = vy [Hy- 12, 0]y §

Hilbert space in vacuum w
beautifil refation betweere these ofjects

rn-p ///Vc consider the A/=2 a“a

m the (2 - éac&:;mm&



Sur/ace defects and. BPS states



UV wrve C p/ay.s anobher important role

in the yd N-=2 ““’7-’ @
C

= moduli space of X
canomcal surface
defect S x 2

x R*c R‘I
LLL)
Z
x L% parametrize the

- vacua of the 2d MN=(22)

j’ K:1 World volume ﬂag 7;

—_— c on the da/eot




The 2d theory Ty has a

?C :xc»
spedram of 2d BPS states Y

that desaribe the tunneling l K:1
bebween the vacua xt9
— C

BPS condition : /Jgo_:)/ = 4, 12

Both 24 and gd 6PS stales may be visualized using the
&dao/w of speciral nedworks Wu, o

Fix phase &, draw ol real -dim '€ érgedones on C with

(’AJ.-’Ak) -V e&/&k



Example: S- ¢ y2= x’—-mf ?

2:1 Y
! /\ ,

C=¢

real 4-dim '€ trajeclones defined by K-vé eC R :

geneic o :



Example: S- ¢ y2= X"-mf ?

211 Y
l /\ ,

C=¢

read 4-dum '€ fr?/'ea‘a/fe.s defined éj AV E &i& k.’

- «— asert swface
genuic (9 : de/ lect Ta



Example: S- ¢ y2= X"-mf i’

211 Y
l /\ ,

C=¢

read 4-dum '€ fr?/'ea‘a/fe.s defined é} AV E &i& k.’

consider open
trajecor uaﬁv on X
% / J
L Gpisto s Yo
x¢2)
L 2:1
sy = (9,_“‘ ——

2d BPS stade in Ty
vith arg(?z¢)= 02“



Example: S - g y2= X"-mf ?

2:1 Y
l VAN )

C=¢

read 4-dum '€ fr?/'ea/a/fe.s defined éj AV E &i& k.’

p 7
0: 06' 0:0‘ 05 064'

2\

2d BPS state in Ty yd BPS state in T,
with arg(Z,4)= O with arg(Z,4)= &



Ex: ¢4 BPS states in pure SUL2) SIM

S, fwi %[2-) =of Getyon
Concpole
weak
" u=+AN*
strong
B = 7uan.£m

Coulomtb brands



Ex: ¢4 BPS states in pure SUL2) SIM

> T A @ (2) =of

0‘”- boson

e
u=+A

/ B- quantum
Cowlomb brands




"E‘ - éacéjraanct and, 7ucw£bza£im



(2 - éadvj/aanob

sd M1 SYM

on C 2 bundle over 5; s

(2,2.2) = (2 €%% 2,e7% x . g)

o

yd N=2 SYM
in the (2- éaa(f‘jrmmd

436, X 661

/Y e

also I)ce.aL. S U[Z)I rotadion

ziﬁ[é, f-é;)/z O
o z-//?(é, f-é;)/z

to preseve Sus y

and ju‘]orofw'am .2/733' € G



Pamé/éian, ﬂn chion in. (2 - éad«yrmmob 2

N
Tr sd compale index C‘B/

/3

2;:? (..T a) = f[‘)FC'BHj

5 }3-—)0

24 duces n ydb to cnstanbon pwé/z‘fam fwzaf’o/b:

[?j 'Z/V* [éI;Z)T/ E_) =

less
5//7“/” n €,3

)

5 W Frrpaéeaﬂaj



‘7;;’{7 we ae whesested 'Z/__Q‘ Aaaé‘j/mwaé .

) The 5 Q-badkgrouncl
[ x ) Jef x S g
.e//ea//'ve/‘j /c}e’acs
C C.
a 3d A/SZ acorj on CX S,;

: 2 '
ce. C°-bundle over 5’3 3 B-o

aka tx (£X7 Sﬁ:) a 24 /{/:[z,z) {Aga,j on t
At fow wnergies Z‘_«/é/, Zhis ﬁeofﬁ /s descrnbed @
an zf/&a//lc twisted Sc;aa,ao@tﬁ'd/

WHle,7,2)= ln & 2" (6;,T2)

&0



/
- {2- 5adcjratmab 7umﬁus the 5&5{/3— Witten jcvm&b"j N
(=)

SW- curve é A abffaw&a/ operator dé

d
4 (= oper = quantum curve,)

pure SUlz) syM: VA ﬁ[z) =0 ~»p

~>  diffeence oqpoator Dg
seol
(= q- ifference oper )

pure W) SYM: Y- ’-I‘TQ)%(



Solutions to the diff’ € -eqn
C 0‘6 ’y’a)(X) =0

X characherize the vacuum

—T' .¢xpeo/waq, value 0/ “6
12| R*c P! 7
c R suface defect Ty

w “c Vacdum x“)

The monodromies of ?‘L)(x) @rouncl cydes y € H'CE)
define the 7«4@&0)& peiods

2. (xT) =al } IWH@T) .

2T
Ze (/31') = a—ealz' Daer



Note . the quantum periods ae:z andl aj, r are perturbative in €
What oo we aoéua/‘[} expecd nan,-peréwéz&re@ n €€

Ts bee a sirzj/e [anaéin,e) solubion to défy«[x)zo?



Exact WKB Mﬂ/j.slé and nonr- pe/‘[ faré/'ffom/ﬁnatfon.s



Somd/u'aj natural to consider :

take the Bored sum g/ «y"i‘)[z) and, /’z‘//#/a,:z)

n fac/, because bobh fave 5&#’&/—1 asympobcs,
lhis is the unigue %0‘7 one can Ao

Questions :
o physics inbesprelation ?

o how do we tompule in pariadar W &
exad m & 2



R&mmécf‘, the Bore) sum Bs fle) of a

f;mm/, divergend series //le) o5 defned as:
J

co l'ad 6&«1/:7-1
oCiverJM ;/Zé)= g C € Where c,.~/z,/ Series

X Cn
~>  Borel bransform T #s) = ,,2—9 ik

o e'® -5
~~> Bored sum ?@f[é):j £ Tf{es)ds

2er0 modes

4 rom inst
M{}u Lhink Df Bore/ sum as *Cansserres . 7 andi- in;ﬁ

4
Bopfle)= EZ e, é"_e‘é;/e /(4/1'-4’){

non-pert instantons



Bord sums are ,aa/éfw/arg natwrdd m context of bff'L eqns

29 Schm"d/'/zja’ eqns, more vaz/@ ope/s

example: L€ Lgn on & with eg sing at oo
) A’ff it € e di= €% -2, cef

~> spedtral curve Z = gjz‘-‘xfz—:; cC=¢C

O -7



Airy L€ egn g = €29, - 2 argls) = &

3
consider asljm,aéa{/'c sofulions ?i’ [1,' é) ~A L tex /2/36

and, Stokes /‘ﬁs where these sofibions d“ﬁ ﬂrsvfeﬂé :
4}, + /V -
>€
¢ |
4/, +

Mobe that tbhese reys are precisely (B - trgjedries of
the S/ec/ﬂd ne/work Aefined (/J V= Vx dx




Fk xe € and consider Ber! sum B ¥, (z,€)

o X Kemember that 3@, Y /s
(2
% analybic in & and
] /oca/g constant in &

In /aafffada/; B@. () is not deppned when we rotate (& such

that é/;o Stokes /y wndersed/s wiéh .

But this precasely happens when
‘ the 2d theory To supporis @

2d, BPS state with arg (‘Z) (}




Moroﬂwe/a(ﬁ, wn exact WKE one considers any (C, aéé)

. g X ;
and ansatlz +“(x) = exp / ‘El f e« Sz)lzf)dx)

The st of Stokes Unes
becomes a 5£aées(ympé,:

And, basically since 5.7 = 2

ﬂ.& Stokes J/‘ap/y %,,- aﬁ ée);&?a

I's .&/w'm/ouﬁ bo a spechral netwark }l/y



The Bored sum B ,VL&) /5 nob defined day some  critical dire ctions (3

These criical diedhions O} corresponal. pnza;scg bo be phases

60:0‘ = asz;at of the 22 Fps partides in the theory 7.

2 i  x“

x4)
/9= 02(1 X
l K:1
—- ° C
X

Hence UmJumpS of Bs "/";)(JC,é) encode Hhe 2o BPS

partide spectrum !



;‘as bhe

monodromies of B@, ’y'“) aroundl ¢ydes Y € H'CE)

Mow define exact guctrebum poeriods X

@ L new object :
Lt’j Xuf g Qg A, 4/( )
lo & . a = ApT
J ’)(51' 0T aag D,

T/Le exact 7aaa£am puiods )(;G are also known as:
l/oro.s /acr/‘ods [exacé h//(g)
spectral coordinates ( W- 459/’@452“’#”2)

L—) geom ebric /'/tterprdaﬁon exact WKB
on /qf/aé (¢,sL)



e
The non- perturbative superpobertial h/u,(, 5 again

plece-wise constant i C*. Tt Jumps whenever there s a

sadddfe fr@’e a‘a/y in the spectral nebwork h/ct, 2

yd BPS partide
with Zb' = "gﬂ

Hence W‘:/: ncodes the 9¢ BPS pwtide spectrum /



e Whereas the Bored sum of WM can only be computecd
with a ;vz.a-é& coupled. description, the defnibon of
Wu, @ ( €,T, 2) in bems of may
be extendedd b all of B (and used for

theories withoul a Weal'é coufed descr/,‘oém)

e Jhe rcsuléiy W ca (e, _g) is the sofulion to a
Riemann- Hilbel problem specifieol éﬁ bhe

corresponding BPS straclure



. 6&0/}106/764/@) exp Ne, o [e,z;g,)
érnﬂsﬁ/ms as a sedhon of a "dassical Chen- Simons’

bine bundfe over M flel X féﬁ

Cew Cayon

! (phonopo/a
‘ ) ~» Wu,a (e 3’) € K
! l

/"ffu(C) X (f:

8 ’/.—’ weak




E xample of a computation: pure Sucz) syM

O boson Syt vt @ l2) =0}




One can write X : v and 7(,;/‘/ as Wronskians of special

solutions ( aslly W FA/~ abelians2ation o exact h//(ﬁ)

dE

Crw
)
/X«, = “"JM rafue g/ 52,// around. /aan/s gc/e
')(;” _ 545’ sas”

5157 545,



Now we need to know s, and s, i terms of s
Le. we necd lo compale comedion iog/f for the

Mathicw £gn
Sb . % 52// N % 5,//
FN
[aj X« = a ~ eff 174F /
W W4 a) = Wa = Ve
[’J IXS = a, £ ;—'M
a

This conneds exad WKB with the VRS //9”54 that |/ ‘//[6/7’7_”:)

vs the gJerereting Function of opers i Fenchel Melsen coordinales



e Tr tems of zf;’d¢ ﬂteo/y, a‘anje 0/ F/mse. (4%

Corves ponds {o Caapb"zj a 3d M=2 ﬂ‘j to the

éoundafy Df PZ X Ez

1
SN T AN
N/

o '\l e
/s
v coupling 3d T ( L) +o boundary
alcad: a’m’ . 2
ap = 4a&+’°3/'-6m'%) ~~» Ah/=-2% Li, (7 7%)



Summ afj

e
o Wec have defined a non-perburbabive sepespotential W“‘” ( €, T 5—)

which dgpmds on uﬁ? andd (Fe //2/271'2.

0 TAJS su/a‘powb/ m.g é& compwkd as a j”’”% ﬂnd/on
of geers in bems of cerfamn gencralized dusber coord.

o IL may also be depined Umwg/t exacl WKE anelysis
in tberms of a Bore) sum of guantum poeriods,

’ ;7 :/cﬁ, _encodes the BFPS partidde speclrum in s JUmpPs.



o extension to ful 2Nk (&, ¢) of this pidure
rdabion to /'soma/zwlrov / Fanleve

o one muy be able to olepive yd T5/ST ﬁfﬂlfjé« this prdure

o Uft to sd i resolved conifold example

dream to understand local P2/ P'x P



A pplication: Spectral problems



d¢ ylx) =0 defines a spectral )orablm if we choose:

some ’2“//9 condition. on € & Hilber € space

st. de y=0 with Y€ M has discrete seb af Solwtions

qu antum harmonic osdllator

Ay (x) + (-E)w(x) =0 with w(x)e L*CR)

C [aim : erspedkive of spectrad nebworks | exact WKB analysis for all (¥
P3P J
is hdpfud Co define and Ma‘//Z& new and old spectre/

Froé/cm s

T3- equation
reso/ved conifo/cl



L 2
Mathow aff € cgn: dg= €%+ (45 + 118, L)

c=k>0 and x=e“" with xeR ~»

Mathien spedhral problem iy l(x)- [uas[x)J-zf)'y«Zx):o
with ’V’[X-I'Zﬂ')zfy,&), E <o

W
N
F ~» bound stales ~ X:‘i 4
j X :A/ needs to be written in terms of XA ”’;
X BFM to ana/.yze using WKE

X =ix'+m and x'e R ~>
modified Mathiew spectral problem %*4"(x') - (cosh x'- 2E) 3(x’) =0
with ~(x')e L*(R), E>o

)\)np ~p exact 7«44&‘2014?94
condition ?(BF” =1

can be anelyzed using WKE since E>o



