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Table 2: The orthosymplectic quivers on the left have Coulomb branches that are closures of exceptional algebras En for n = 4, . . . , 8.
Folding these quivers along the identical legs gives the non-simply laced orthosymplectic quivers on the right. The Coulomb branches
of these theories are given as well. In all the quivers here, there is an overall Z2 which is ungauged, see [14] for more details.
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Over the past 10 years we faced an 
impressive progress in the understanding 

of theories with 8 supercharges



Hypermultiplet moduli space
Theoretical tools

• Applied to a host of gauge theories — mostly quivers


• May be living on brane systems


• 3d  Coulomb branches — Monopole Formula


• Phase (Hasse) Diagrams — Quiver subtraction vs Higgs mechanism


• Magnetic Quivers — not possible without branes systems!

𝒩 = 4



Status Report
Symplectic singularities

• This talk reviews the current understanding we have of moduli spaces for 
theories with 8 supercharges


• The focus is on


• Higgs branches in 3, 4, 5, 6 dimensions


• Coulomb branch in 3 dimensions
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Table 1. Most up-to-date, but incomplete list of unitary quivers without loops for elementary slices usable in the quiver subtraction algorithm.
In each case we provide two quivers, a framed version and an equivalent unframed version, where a U(1) should be ungauged on the long node.
For an, bn, cn, dn, acn, hn,k and h̄n,k there are n gauge nodes in the framed quiver and n + 1 gauge nodes in the unframed quiver. Notice that
hn,1 = H

n, hn,2 = cn, h2,3 = cg2, hn,1 = an, hn,2 = acn, and h2,3 = ag2.
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Symplectic Singularities
alternative names

• HyperKähler cones


• HyperKähler singularities


• holomorphic symplectic varieties


• The last name really represents the approach we take:


• supersymmetry; extended
↵1 = ↵_
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Figure 2. On the left: weight and coweight lattice of A1. On the right: Bottom of the Hasse
diagram for PSL(2,C). See detailed caption on page 17.
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Symplectic singularities & 
Physics

symplectic singularities

HK CB

3d
M
S

HK - hyper-Kähler Quotient

CB - Coulomb Branch

3d MS - 3d Mirror Symmetry

Figure 1: One has to make a distinction between the various geometric spaces dealt

with in the realm 3d N = 4 gauge theories. Examples of symplectic singularities are

given through both the hyper-Kähler quotient and the Coulomb branch construction. The

space of symplectic singularites which can be constructed as a Coulomb branch and as a

hyper-Kähler quotient, is the realm of the famous 3d mirror symmetry. However, there

are Coulomb branches for which no hyper-Kähler quotient construction is known and vice

versa. Furthermore there are hyper-Kähler quotients and Coulomb branches, which are not

symplectic singularities. If the hyper-Kähler quotient is a union of symplectic singularities,

the individual cones may be described as the Coulomb branches of a set of magnetic quivers.

The hyper-Kähler quotient need not accurately describe the Higgs branch of the quantum

moduli space of a theory, an example is given in Section 4.

Kraft and Procesi [21, 22] used Hasse diagrams to describe the geometry of closures

of nilpotent orbits, a result reproduced from brane physics in [23, 24]. As shown in [17]

one can determine the Hasse diagram of a Coulomb branch of a theory using an operation

called quiver subtraction, which was first introduced in [25]. One can compute the Hasse

diagram of a classical Higgs branch through the partial Higgs mechanism, or if a magnetic

quiver is known, through quiver subtraction on the magnetic quiver [17]. Hasse diagrams

for singular hyper-Kähler quotients were studied in [26]. For unitary quivers a procedure

to produce the Higgs branch (quiver variety) Hasse diagram is given in [27] 5. Outside the

realm of symplectic singularities, Hasse diagrams were introduced for Coulomb branches

of 4d N = 3 theories, so called triply special Kähler spaces, in [28].

In Figure 1 an overview of how the notions of hyper-Kähler quotients, Coulomb

branches and symplectic singularities interplay is given. There is a large class of examples

of symplectic singularities, which can be constructed as the Higgs branch of one theory and

the Coulomb branch of another theory. This is the playground for the 3d mirror symmetry

of [29] 6. There are several examples of hyper-Kähler quotients, which are symplectic sin-

5The authors thank Antoine Bourget for a wonderful journal club talk on [27], and Travis Schedler for

helpful comments.
6Two theories do not have to be 3d mirror duals just because the Coulomb branch of one is the Higgs

branch of the other, a simple counter example is O(2) with 2 fundamental hypermultiplets and the a�ne

D̂4 Dynkin quiver. While the Coulomb branch of the O(2) theory is the Higgs branch of the a�ne quiver,

the Higgs branch of the O(2) theory is not the Coulomb branch of the a�ne quiver and they are not 3d

mirror duals.
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Gauge theories
symplectic singularities

• These moduli spaces are relevant to gauge theories as they show as Higgs 
branches


• 3d Coulomb branches


• hence physically relevant
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Brane systems
symplectic singularities

• These singularities naturally arise on brane systems


• most notably through the Affine Grassmanian


• hence physically relevant
SU(2)-[SO(8)] brane system with O5�
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1 2 2 1
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String theory constructions
symplectic singularities

• Other constructions in string theory with 8 supercharges like


• F theory


• M theory on singular spaces


• similar


• While these share the low energy theory with the brane systems, their Higgs 
branches remains a challenge for future work



Lagrangian theories
HKLR 1987

• Higgs branches HK quotient — classical physics, good at weak coupling


• It is important to note as opposed to (wrong) standard lore:


• Higgs branches are not classically exact



Higgs branches are NOT 
classically exact

SU(2)-[SO(8)] brane system with O5�

3d/4d, 5d (inf), 6d (inf) magnetic quiver:
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Higgs Branch
changes at special points with extra massless states

• stays fixed along the Coulomb branch 


• stays fixed along continuous variation of gauge coupling


• until we get extra massless states


• At such points they become very different from the classical result


• So how do evaluate the new Higgs branch?



Magnetic Quivers
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Figure 13. Bottom of the Hasse diagram for G2. See detailed caption on page 17.
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Lagrangian theories
Coulomb branch

• Lagrangians are very important for construction of 3d Coulomb branches


• Many quantum corrections


• But under control


• as space of dressed monopole operators


• The monopole formula (CHZ 2013)



Characterization of moduli spaces
physical quantities — ordered by ease of computation

• Dimension (quaternionic)


• Global symmetry


• Phase (Hasse) diagram


• Representation content of the chiral ring (Hilbert Series)


• Chiral ring - generators and relations



The Monopole Formula
CHZ 2013

• Computes the Hilbert Series for the Coulomb branch of a 3d gauge theory 
with 8 supercharges


• opened a way to evaluate Coulomb branch on an industrial scale


• Convinced mathematicians to study such constructions


• Opened the way to evaluate Higgs branches away from the perturbative point



Magnetic Quiver
Brane system

• Computes the Higgs branch of some theory in 3,4,5,6 dimensions


• especially when the Higgs branch is not a HK quotient


• Extends the notion of 3d mirror symmetry


• Gives an important window to physics away from the weakly coupled point


• This is a major change in our understanding of such theories



Brane system
Magnetic Quivers

• Given a theory with some interesting physics at strong coupling


• Embed using brane systems


• Compute the magnetic quiver


• Extract the new physics from the quiver


• Using the monopole formula or the phase diagram



Magnetic Quivers
physics at strong coupling

• 6d — physics of tensionless strings


• 5d — physics of massless gauge instantons


• 4d — physics of Argyres Douglas points


• 3d and above — physics of moduli spaces with multiple cones


• moduli space of instantons



Moduli space of instantons
Coulomb branch

• The ADHM quiver is a HK quotient for a classical gauge group


• Problem — no such quotient for exceptional gauge groups


• The affine Dynkin diagram is a Coulomb branch construction for any gauge 
group


• exceptional 


• non simply laced

It is straightforward to see that the monopole operator with magnetic charge (3.9) has

dimension � = 1
2 : because the contributions to � coming from the untwisted a�ne

Dynkin diagram cancel out, while the contribution of the edge connecting the extended

node to the over-extended node is 1
2 . From the topological charge of the monopole

operator of magnetic charge (3.9) we read o↵ the fugacity for the SU(2)x rotational

symmetry,

x =
rY

i=0

zai
i

= z0

rY

i=1

uai
i

. (3.10)

In the last equality we have used a0 = 1 and the identification (3.8). (3.10) can be

used to express z0 in terms of x and u. The constraint (3.7) from the removal of the

decoupled U(1) then determines z�1 as

z�1 = x�k . (3.11)

4 k G2 instantons

The theory whose Coulomb branch is the moduli space of k G2 instantons on C2 is

described by the quiver diagram

�
1
� •

k

� �
2k

V �
k

(4.1)

where each number denotes the rank of each unitary gauge group and an overall U(1)

symmetry is factored out.

The dimension formula for k G2 instantons can be extracted from this quiver using

the prescription of Section 3:

�k,G2(m,n, s) =
kX

i=1

|mi|+
kX

i=1

2kX

j=1

|mi � nj|+
2kX

j=1

kX

`=1

|3nj � s`|

� 2

 
X

1i<i0k

|mi �mi0 |+
X

1j<j02k

|nj � nj0 |+
X

1`<`0k

|s` � s`0 |
!
,

(4.2)

where m = (m1, ...,mk), n = (n1, ..., n2k) and s = (s1, ..., sk). Note the factor of 3 in

front of nj for the triply laced bifundamental contribution. Here we have gauge fixed

the decoupled U(1) by setting the monopole flux of the over-extended node (indicated

in blue) to zero.
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+ 5173382t17 + 9731196t18 + 17732334t19 + 31384129t20 + 53895904t21

+ 89958111t22 + 145882550t23 + 230128561t24 + 353099760t25 + 527468664t26

+ 767161840t27 + 1087152304t28 + 1501274126t29 + 2021417792t30 + 2654217372t31

+ 3400290035t32 + 4250584996t33 + 5186895160t34 + 6179265798t35 + 7189118462t36

+ 8168673774t37 + 9067212695t38 + 9832235886t39 + 10417596422t40 + 10784743772t41

+ 10910252456t42 + 10784743772t43 + palindrome up to t84
⌘
. (6.6)

7 k F4 instantons

The theory whose Coulomb branch is the moduli space of k F4 instantons on C2 is

described by the quiver diagram

�
1
� •

k

� �
2k
� �

3k
) �

2k
� �

k

(7.1)

where each number denotes the rank of a unitary gauge group and an overall U(1)

symmetry is factored out.

The Hilbert series of k F4 instantons can be computed using the monopole formula

given by (3.4). For k � 2, (3.4) is more easily calculated using the gluing technique

discussed in [26]. Indeed quiver (7.1) can be constructed from the building blocks

T(k,k,k�1,1)(SU(3k)) : (1)� (k)� (2k)� [3k] ,

T(k,k,k)(SU(3k)) : [3k]� (2k)� (k) ,
(7.2)

once the edge [3k] � (2k) in the second building block is converted to [3k] ) (2k) by

doubling the value of the background magnetic charges in the Coulomb branch Hilbert

series of T(k,k,k)(SU(3k)). The two building blocks are glued by gauging the common

flavor symmetry U(3k)/U(1).

The final expression of the Hilbert series in question is given by

gk,F4(t;a, b) =
X

m1�m2�...�m3k=0

t�2�U(3k)(m)(1� t2)PU(3k)(t;m1, . . . ,m3k)⇥

H[T(k,k,k�1,1)(SU(3k))](t; a1, a2, a3, a4;m1, . . . ,m3k)⇥
H[T(k,k,k)(SU(3k))](t; b1, b2, b3; 2m1, . . . , 2m3k) .

(7.3)

The Coulomb branch Hilbert series of T(k,k,k�1,1)(SU(3k)) is given by

H[T(k,k,k�1,1)(SU(2k))](t; a1, a2, a3, a4;n)

= t�U(3k)(n)(1� t2)3kK(k,k,k�1,1)(t; a1, a2, a3, a4) 
n
U(3k)(v(k,k,k�1,1); t) ,

(7.4)
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Non simply laced quivers
No known Lagrangian or path integral

• A small modification of the monopole formula


• A whole new set of moduli spaces


• A window to exotic moduli spaces


• like rank 1 4d theories

Rank 1 SCFT Magnetic quiver

C5
43 5 21 2

C3 ⇥A1
21 3 2 1

C2 ⇥ U1
1 2

1

1

A3
3 421

A1 ⇥ U1
1 2 1

A2
2 31

Table 2. The magnetic quivers of 4d N = 2 rank 1 theories with enhanced Coulomb branches
(labeled by their global symmetry).

quivers, i.e. the freedom to change between framed and unframed simply laced quivers. In

the case of simply laced quivers there is no need to denote an ungauged node.

The magnetic quivers of the 4d N = 2 theories in question can be obtained from

magnetic quivers of 5d N = 1 theories compactified with a Zk twist. In this case one starts

with the magnetic quiver Q0 of the 5d theory, which contains k identical simply-laced legs,

and obtains the magnetic quiver Q of the 4d N = 2 theory by folding the k legs of Q0:

Fk : Q0 7! Q (3.1)

where Fk is the action of folding k identical legs. Remarkably, most of the 5d theories in

question are all well known, simple theories.

Hilbert series and chiral ring. The Coulomb branch Hilbert series and refined plethys-

tic logarithm (PL) of Q are given in Table 3. The refined PL encodes information on the

generators of the chiral ring and their relations [41]. The first few positive terms are rep-

resentations of the generators whereas the first few negative terms are the representations

of the relations. Higher order terms are often higher syzygies. The terms at order t
2

transform in the adjoint representations of the global symmetry group [42].

The C5, C3 ⇥A1, and C2 ⇥U1 magnetic quivers can be derived from 5d N = 1 SQCD

magnetic quivers Q0 through folding [12], as detailed in Section 4 below. Therefore, one

can expect that the highest order relations exist at order t
4�B where �B = 3/2 is the

conformal dimension of the baryonic/instanton generators, see for example [12, Sec. 2.2].

As a result, there should be no relations beyond t
6. This is consistent with the fact that

there are no negative terms in the PL at order t7 and t
8. At higher orders, negative terms

reemerge in the form of higher syzygies, i.e. relations between relations [41]. As a result,

for these three families, all the generators and relations can be seen in Table 3.
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Magnetic quiver in 6 dimensions
Physics of tensionless strings

• BPS strings become tensionless at special points in the moduli space


• like the origin of the Tensor Branch


• What appears to be infinitely many massless states gets replaced by an 
effective description using a new Higgs branch, given by a magnetic quiverSU(2)-[SO(8)] finite and infinite coupling in 6d:

1 2 1

1 1

1 2 1

2

d4 b3

a1

–
3
–



Magnetic Quivers in 5 dimensions
massless gauge instantons

• massless gauge instantons are known as giving new physics in 5 dimensions


• lead to increase in Higgs branch dimension


• lead to global symmetry enhancement


• dramatically change the chiral ring of the theory


• all this is captured precisely by magnetic quivers

SU(2)-[SO(8)] brane system with O5�

3d/4d, 5d (inf), 6d (inf) magnetic quiver:

1 2 1

1 1

1 2 2 1

1 1

1 2 1

2

3d/4d, 5d (inf), 6d (inf) brane system, Higgs phase:

–
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Magnetic Quivers in 4 dimensions
New physics at Argyres Douglas (AD) points

• It is known that mutually non local states become massless at AD points


• Hence the need for new degrees of freedom


• Nicely captured by magnetic quivers
N = 2 N = 3 N = 4 N = 5

H

2

0

a2

3

1

0

a2

A2

4

2

1

0

A2

a2

A3

Table 9: Hasse diagrams for complete graphs for N = 2,3,4, and 5 with edges of multiplicity k = 1.

N = 2 N = 3 N = 4

1

0

Ak−1
2

1

0

Ak−1

A2k−1

3

2

1

0

Ak−1 A2k−1

Ak−1

A3k−1A4k−1

Table 10: Hasse diagrams for complete graphs with N = 2,3,4 with edges of multiplicity k > 1.

6 Conclusions and Outlook

The aim of this paper is to clarify the connection between the Higgs mechanism and the

structure of the Higgs branch as a symplectic singularity. Both the partial order implied by

partially Higgsing a gauge theory and the partial order of inclusion of closures of symplectic

leaves in the Higgs branch are the same and are unified in one Hasse diagram.

Since the di↵erent partially Higgsed theories correspond to di↵erent singular loci on

the Higgs branch, it is natural to consider the singularity structure of the Higgs branch. As

demonstrated in this paper, analysing the Higgs branch as an algebraic space and reducing

the singularity only via Kraft-Procesi transitions leads to a Hasse diagram. We presented

an extensive discussion for two examples in Section 2.2 and 2.4. There are two notable

features:

(i) The partial Higgsing diagram has exactly the same structure as the Hasse diagram

of the moduli space, and
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Magnetic Quivers in dimensions higher than 2
Moduli spaces which are unions of multiple cones

• Some gauge theories have Higgs branches which are unions of 2 cones


• Of particular note are the family of very even nilpotent orbits


• This can be generalized to include multiple cones


• There are families of quivers with multiple cones


• Their moduli spaces are given by Magnetic Quivers

SU(2)-[SO(4)], classical Higgs branch versus full moduli space Hasse diagram, in 3

dimensions

a1a1 A1 A1a1 a1

Sp(2)-[SO(8)], classical Higgs branch versus full moduli space Hasse diagram in 3 di-

mensions

d4

a1a1

A1 A1

D4

d4

a1

d4

a1d4
A1

A1
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Physical Phenomena



4d — multiple cones
SQCD SU(6) with flavors

• a union of the mesonic and baryonic branches

Nf = 1 Nf = 2 Nf = 3 Nf = 4 Nf = 5 Nf = 6 Nf = 7 Nf = 8 Nf = 9 Nf = 10 Nf = 11 Nf = 12 Nf = 13

a1 a2

a1

a3

a2

a4
A5

a1

a3

a5

A4

a2

a4

a6

A3

a1

a3

a5

a7

A2
a2

a4

a6

a8

A1
a1

a3

a5

a7

a9

d3

a4

a6

a8

a10

d4

a5

a7

a9

a11

d5

a6

a8

a10

a12

Figure 7: This figure displays the explicit Hasse diagrams as given in generic form in Table 7, in the particular case Nc = 6, and for

1  Nf  13.

The case Nf = 10 could also be represented as a d2 � a3 � a5 � a7 � a9 diagram.

Note that the maximal height of the diagram is 5, which is the rank of the gauge group. It is reached only when Nf � 2Nc � 2 = 10.

One can see that for Nf < Nc = 6 there is only the mesonic branch. The baryonic branch appears for Nf = 6, and then grows in

dimension from 1 (for Nf = Nc = 6) to 25 (for Nf = 2Nc � 2 = 10) where it equals the dimension of the mesonic branch. Then the

baryonic branch takes over, and contains the mesonic branch as a sub-cone for Nf � 2Nc � 1 = 11.

–
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5d — massless instantons
SU(2) with 4 flavors

• finite / infinite coupling
SU(2)0-[SO(8)] in 5d, finite and infinite

1 2 1

1 1

1 2 2 1

1 1

d4 d5

–
6
–



5d — massless gauge instantons 
SU(3)  with 6 flavors0

• Phase diagram — finite / infinite coupling

SU(3)0-[6] finite and infinite coupling in 5d:

a5

d4

a5

d5

e6 e6

A1 A1
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6d — small instanton transition
SU(2) with 10 flavors

• The Classical Higgs branch — minimal nilpotent orbit of SO(20)


• The moduli space of 1 SO(20) instanton on ℂ2SU(2)-[SO(20)] finite and infinite coupling in 6d:

4 5 6 7 8 4

5

1 2 2 2 2 2 2 2 1

1 1

1 2 3 4 5 6 7 8 5 2

4

d10 d10

e8

–
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6d — tensionless strings and discrete gauging
SU(2) with 4 flavors

• When n M5 branes coincide on an -type singularity an  group is gauged


• There is symmetry reduction for the , but not for higher values

A Sn

A1SU(2)-[SO(8)] finite and infinite coupling in 6d:

1 2 1

1 1

1 2 1

2

d4 b3

a1
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6d — tensionless strings and  gaugingS2
SU(3) with 6 flavors

• Phase diagram — finite / infinite couplingSU(3)-[6] finite and infinite coupling in 6d:

a5

d4

a5

b3

a1

Sp(2)-[SO(24)] finite and infinite coupling in 6d:

d12

d10

d12

d10

e8
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Summary
Changing the way we think

• Magnetic Quivers — encodes all data needed to understand strongly coupled 
moduli spaces


• Phase (Hasse) diagrams — changes the way we analyze symplectic 
singularities


• Brane systems — very instrumental in getting this progress


• Monopole formula — opened the window to all recent achievements



Thank you !


