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1, Introduction

GPDs (generalized parton distributions )

GPDs H,(x.£.Q°) naturally embody the information of both PDFs and FFs,
and, therefore, display the unique properties to present a “3-D”"
description for a system.

GPDs allow for a unified description of a number of hadronic properties; for

example:

(1) In the forward limit they reduce to conventional PDF's

Parton distributions (PDFs)

Hq(mw 07 O) — Q(Qj) )

-

H,(x,0,0) = Aq(z).

(2) When one integrates GPDs over x they reduce to the usual form factors, e.g.
the Dirac form factors®

D eq /d&»" Hy(z,€,t) = Fi(t), Form Factors(FFs)
q

Sey [ deEyfw6t) = Faft).



GPDs for pion (S=0),
Broniowski, PLB 574, PRD78; Choi et al., PRD64; Fanelli, EPIC76; ......
for nucleon (s=1/2, proton and neutron)
Diehl et al., EPIC 73; Kroll, EPJA53; Pire et al., PRD79; Selyugin, PRD91,......
Light Nuclei: He-3
Rinaldi et al., PRC87......

Deuteron (S=1)
Cano et al., PRL87, YBD et al., JPG19,......

Generalized Parton distributions for pion, e. g.

Broniowski, PLB574,

In the limit of £=0
‘q
> P-4 ™
P—k
f/ \\\
Covariant amplitude with a reduced photon vertex for - t -
pion GPD (left diagram) and its nonvalence x << ¢ part (right P L 1 p'-

diagram).
Fig. 1. The diagram for the evaluation of the penemlized parion
disiribuiion of the pion in chiral quark models.



GPDs (generalized parton distributions)

Deep virtual Compton Scattering [Chueng-Ryong Ji ‘06, Diehl ’16 ]
qe qgg s
1 1
n k—3A /‘ / \\\ k+3A
k k-A k
P-1IA— — P+1IA

A GPD factorization formula: Parton correlation function:
e 40 -
_ flavor by

Zfl da Ci(w, & log(Q/ ) Hi(x, €, A%; ) H(k,P,A) = (2m)"
. < (p(P+ 3A)[a(=32)Ta(32)|p(P — 1A)}

17(~3
It may be measured by

Deeply virtual Compton scattering The Dirac matrix I" selects the

OR twist and the parton spin degrees
Deeply virtual meson electro-productions || of freedom.
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Schemes

[ Diehl ’16 ]

A=1(

parton correlation function

/ | forward limit |

f(k, P) parton correlation function

£ =10

y

H(z,k, &, b) <>

fdk_‘, .! k b Wigner distribution
d k
({Qb
FT

flx,z) <> f(x,k)

TMD
[ d*k
dzb

unpuu parameter

distribution

H(k, P,A)

Y [dk~

F'T
H(z,k,&,A) GTMD

Y [ &k

FT

H(z,(,b) <> H(x,( A% GPD

N

' f ;’1;1_3 -T.'”'_'l

Tdwa"! D ——— Z ;1”;‘ )I‘
FT GFFs
:.{:) F.(b) <> F,(A?)

form factor




2, Spin-1 particle and basic properties

 Unpolarized Definitions of GPDs (spin -1)

[ PRL: Berger ’01 , for the deuteron]

{9,..P.,n,,P,n,,PP,,n N}

poviviip i p v

Symmetry properties:

L t=A2 = (p—p)?, Hi(z,€,t) = Hi(z,—&,t) (I =1,2,3,5)
Hy(z,&,t) = —Hy(x, —€,1)
0, (lightlike four-vector) T Hi(z,€,8) = Hy(z,—£,8) (I=1,2,4)
(n-A)/(n-P), skewness parameter , Hs(z,€,t) = —Hs(z, —£,t)

e(p,\) , € = €(p',\) , polarizations , G H +(37 §,t) = —Hyi(z,—¢,1) 7



* Form factor decomposition of Local current [Hoodbhoy ‘89, Frederico '97,
I f, N = (p’ , bV | g((]) fy# q(O) |p, )\) }FFS in flavor Berger ‘01, Broniowski 08 Cosyn’17]

Pg P,
_ E!*BF_a |V . (Gg(t)gﬁa + Gg(t) B )P“ + Gg(t) (Qﬁpﬁ +Q§Pa) -‘

M2
e Sum rules of GPDs e Conventional Form factors
[ wrtmen=cto =129, Golt) = Ga(#) + nGalt)
/1 deH(z,6,t) =0 (i =4,5) . Gu(t) = Ga(t) ,
- Go(t) = G1(t) — Ga(t) + (1 + n)Gs(t) ,

* GPDs in forward limit
g'(x) + g '(x) + ¢°(x)

H(x,0,0) = 3 Quark densities:
1o g A A

- Hs(x,0,0) = ¢°(x) — g (x) +2q (x) : _qA(x) = q; (x) + qj (x)

= ' A=A
E forx>0. H,(x,0,0) = ql'(x) — qt_'(x) qr — 4]
O : -H1 and -H5 for x < 0, antiquark
g * DIS structure functions

4 1

— , al(x ~1(y 0(y qT() _ u
LCE Fi(x) = %Z‘*& MLIAR 3(")+q © 44— ab, F (X)_EHl (x,0,0)

q -

N A 1} 17 e q'(x) +q~'(x) g Y ‘
) = 3 Telg'er - RG]+~ a ") (%) = 2 H? (x,0,0)
@) = o Y gl ) — 47 ' @] + g — 7). N 2
2 2

; qT( T 8
* Single-flavor [‘1(/ ( ), /);’ ()

J




« EMT (Energy--Momentum tensor): Gravitational Form Factors

Polyakov & Schweitzer, 2018
- 1 L
J=0:  (p'|T} (2)lp) = [2P,..-,Pp AYE) + 5 (Budy — gurA®) DO(t) +2 m* (1) gm,J ' -P)z

J=1/2:
' il garp Pub arp POy pA° arp Apdy — g, A ~a i(p'—p)z
W15 0l 5) = [ A4°() T ) U ) ReBem IR (1) [ e
J=1 .
. €*-Pe-P
v, o'|T,;,(z)|p, o) =[2PpPu (—e"-eA{i(t) + 3 A‘{(t)) Cosyn etal., EPJC19
- Polyakov, Sun, PRD19

1 * a 6’. -Pe-P a
+ 2 (B8, - gua?) (¢ - eDg(t) + o E Dy(r))

+2(P(ee-P+e, € -P)+P,(fe- P+e,e* - P)| Jt)
u\Cy p I

+ [%(eueﬁ' +€7¢,)A% — (A, + €A, )¢ P

+ (AL +€6,A,)€*-P—4g,,€* -Pe- P] E“(t)

I»

* * € -€ ra
+ ((e“c:, + € € — = gp.,) m? f%(t)

+ g (€ - em? (1) + € - Pe- Pé’f(t))] ¥ Pz



Sum rules of EMT and GPDs:

1 1.
[ mdatii@,,0) =480 - €040 + 5580 + 370

Mass distribution:

m = / &P T(7) = mAo(0)

1 a _
/ adrHY(x,&,t) =2J9(t) , = Za:Au (£) =1
—1
1 - i
f xdeH](x,€,t) = — % [AZ(t) + €2D9(1)] Energy density:
—1
1 —iAF 1 1|=F 00
[ wdsti@ 6.0 = - 2% 79 jzE(z e <P O)po>
g dzH(z,€,t) == (1) + o = (13,5 +&,(NY,'Q"
f_l“ $e,6t) =5 5 B + JU(0) - i iy
2 2 3
Gravitational radius
5 [dPrr? TO(7 5 00 B dAu ()
'(T“ )grav = deTTDD(’r m /d r T T (’.‘“) = o o
Share--force, pressure D-term

T'(F,0',0) = IZE(Z % AT < p',a"‘f”(O)‘ p,o >

= Py ()88, +5,(N)Y,'S

2 “o'o

+p,(NQY +2s,(r)[..Q"..]+...

2 ij 50"0' ij (7 !
E—gm"‘d?)r(rzYzj)GZIO;TTj(r’G16>

__ 4 3.2
——Emjd rres,(r)




3, Light-front constituent quark model

Isospin combinations [ Berger “01, Frederico ’09 , Bronioski’03]
Effective Chiral Lagrangian:

Lpsgg = —1(M/fp)gS"1q - pp = —2:(M/fp) [ES“HPEZ + V2uStdp} + V2dS up,;, +35“dﬂ?s]

Pi — ks

Quark field doublets: q(m)z( w@) ) , qu(x):( w(®) )
Pi
« 5 un-polarized GPDs: Isospin combinations
]' dA 1T Z — a
3 [ o €PNVl a1 () 1670, )

N (€-m)(e™ - P;D—I__TE}E’* -n)(e- P)
N (€-m)(e™ - P;D__TEIGI* -n)(e- P)

z=An

= ‘563@5{ — (e" - ¢) H{;g
' Hy - F
2(€P)(€ P) HI=bl H5—>b1
3, o~
m? g Hy - g,

o (e m)(e™-n) 1 =1
" (P - n)? +§(€ E)] Hé,pb}

=1
H2,p” B

I=1
H4’pb ‘I‘

Isospin combinations:  H/Zi(z,¢,t) = [ (2, 6,t) — HY 1 (%, €, 1)]

1

G parity: Hg+($;f;t):— ﬁ+($;—f:t)
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Phenomenological vertex pmeson

Phenomenal vertex:

SH = TH A (ks, p)

[ Choi ’04, Frederico ’09 ]

- C
Bethe-Salpeter A, ) = —— —
amplitude(BSA): ks = g+ 2el[(p = ks)* — mip + €]
(kg +kg)"
wo__ q q - . .
S-wave Meson vertex: | My +2m ﬁsmn relation
. . . . 2 2 2 2
Kinematic invariant M2 — Ky +m” K] +m [ Choi ’04, Frederico ’09, Miller’09]
mass: ~ 1—-z !
_ _ _ [Prescription: Chueng-Ryong Ji . et al,”’06]
Residuals considerations .
Non-valance kinematic invariant mass
Poles (Valence) b b ”
o N 2 2 2 2
B B B o ® o ° s K1 +m K| +m
k1(2) = Z_+ (k_PA)on(R)_Zk+_P+ ’ I I | MOi(U) - 1—a x’
_ — . € AT Aar +
k3(4) = 7 + (k— 5)on(R) —’L@ , 2 k:m P] k:” k;m P f{,i —‘— m2 ﬁ:i + m2 _ M2-
A A . ' —1 x! 0i(nv)
ke = —7+(l~:+5);n(m—7:k++—£ ) Nonvalance Valance
2 (1x[<|€],ERBL)  (|x|>|&|,DGLAP) n-k k* . 1-x
X=—= " ’ X =—
Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) n-P P 1-|]

Efremov-Radyushkin-Brodsky-Lepage (ERBL)




Results: Form factors Gewmo * low-energy observables

9 Ge(0)=1,
Ge(t) = Ga(t) + gﬂGQ(t) ; G (0) =2Mu
Gu(t) = Ga(t) , Gq(0) = M*Q, ,
Go(t) = Gi(t) — Ga(t) + (1 +n)Gs(?) s iy 01G0(®) — 1]
t—0 t '
A W
<
w S
S k=g k+ g
ks 23
S 2— — « — §-§ =r-3 B V=P+3
p=P - % k—-P p="P+ % S The struck u quark in the nonvalence regime, yielded by
the off-diagonal terms in the Fock space. The black blob
represents the non-wave-function vertex. The red line has the
negative sign in this regime.
2.0} EXP.
] _ [Gudino2
1.5-‘-“ § 014]
Q
?2;’ '~§ (r*)(fm*) 0.52  0.37 -
o
& S 5 206 219  2.1(5)
§ Q) 0021 0.050 —
~ m (constituent | mR (regulator
mass) mass)

0.403GeV 1.61GeV



TABLE [. The comparison of the results for the magnetic
moment g, (in natural magnetons e/2M ) in different approaches.

Model Hp
This work, mIF RHD 2,16 +0.03
Cardarelly, LF RHD [1] 2.26
Melo, LF RHD [2] 2.14
Bakker, LF RHD [3] 2.1
Jaus, LF RHD [4] 1.83
Choi, LF RHD (5] 1.92
He, LF, IF RHD [6] 1.5
He, PF RHD [6] 0.9
Biemat, PF RHD [7] 2.20
Sun, LF CQM [8] 2.06
Hawes, Dyson-Schwinger equation (DSE) [9] 2.69
Ivanov, DSE [10] 2.44
Bhagwat, DSE [11] 2.01
Roberts, DSE [12] 2,11
Pitschmann, DSE [13] 2.11
Carrillo-Serrano, Nambu—Jona-Lasinio 2.59
model (NIL) [14]
Luan, NJL [15] 2.1
Samsonov, QCD sum rules [16] 20+0.3
Aliev, QCD sum rules [17] 24404
Melikhov, LF triangle [18] 2.35
Simonis, bag model [19] 2.06
Bagdasaryan, relativistic CQM [20] 2.3
Badalian, relativistic Hamiltonian [21] 1.96
Djukanovic, effective field theory [22] 224
Andersen, lattice [23] 2.25+0.34
Heddiich, lattice [24] 2.02
Lee, lattice [25] 2.39 4+ 0.01
Owen, lattice [26] 2.21 £ 0.08
Lushevskaya, lattice [27] 2,11 £0.10
Gudind, experiment [28] 21405

[Krutov, Polezhaev, and

Troitsky,
PRD97, 033007]
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GV (£1/G (1)

GYY (£,0)/Gs (t)

Form Factors Gi,2,3, Non-valence contributions

0.5
1
S [¢l< —==
s NTVENT: .
°\. 04} '/’
RS S oaf P
~\~\ g "’ - -
S = e _ 7
~ \.\.~'s.~ ;\E o2} .- - -~
~ - - T %5' - g -
\\‘~~§~ o T T
---------------------------------------------------- 0.0
-7 -6 -5 -4 -3 -2 -1 -7 -6 -5 -4 -3 -2 -1
t (GeV?) t (GeV?)
_______________ ” The non-valence contributions to FFs
""""""""""" G1,2,3 at £=-0.2 (dotted), -0.4 (dashed),
_ -~ and-0.6 (dotted-dashed).
________ 1
/ deHI(z,€,8) = GI(t) (i=1,2,3),
-1
.......................................................... 1
a L o - L L ) q = ) —
-7 -6 -5 -4 -3 -2 -1 0 /ldez (2,6,) =0 (i=4,5). 15



Results: Unpolarized GPDs Hzi,2,3 (x, o, t)

HE 140 161 0
/ﬂ‘ ciare H5" (x.6=0.0/G2 (1
| . /// l -

/ _5
t(GeV?)

HE' (x62-0.4 /G4 (1) HE? (0 £=-04.0/G (Y
//‘ SIS /‘,/" i

-5
t(GeV3)

t(GeV?)

16



=
G
X
o
N
1
I
(7,
Q
Q.
G
©

: Un-polarize

Results

/718
-
s
_ s
o~ P
~ o> |e
Y Loz 7 o
S g
wn /) !
S U Mo
*, —~— <
| --° ST T ro
I N
)
+
||||||||||||| Vu....u....u R K]
Sy o
A NS
/ D)
\
| :
N Q «© © < N o
~— — o o o o o
3 /([ ADS0-=15%) | fH
<
Vz
Ve
Pl
_ T 3
- K
- R
- .
- Lot
~ o
N
v b
S VAN
WU
LIRS
o . N
. S I <
<
I //
=
)
.................. N
N\
Y
[
[
=) ) © < o o
~— o o o o o

N o ® ©o < o
~- - o o o o

®) 1D/( (A2DS0-=39%) |IH

\
I
N o ® © < o o°
~— ~ o o o o o
0 £0/( (APDO1-=15%) | fH
o
\l\l\ -
=T
e -,
et -2
e -~
R e ‘\
L 7 |
~ao | H o
TS |
e W
<3
NOTRL
No\ T
AN S
A ~. |o©
................ \ NN YO K
N e
S i
SN
LN
................... LM
SIS
I
Pl
N
....................... SHEN
.a o
i
I
. . . . I
o 0 S 0 =
oN — -~ o o
3) TO/( LAPD01-=12%) | SH
o
=
o~
Il'll’l’
~ T~eell
,./ .I.I.
~
N H \ N
: -
/ e
A+
SV
4
R
o
RN A W
o
O
\ )
1
[
Lt

-~ ~N el <
1 1 1 I

2
1k
0

0 19/( A2D01-=7%) |H

(e}
I

0 (solid black line), —0.2 (dotted red line), —0.4 (dashed blue line), —0.6 (dot-dashed purple line)

=

17



Polarized GPDs of p-meson

14(—=32) v 9(52) |p, A)

zZ=Wwn

= Z e'*"A%e”ﬁf (z,&,1)

[ PRL: Berger ’01 , for the deuteron]

1
dr H!(z,&,t) = GY(t (i=1,2), 1 1
[1 v Hi(@8:1) (®) ‘ ) .ﬂqEL [gi’{m}+§i!{ﬂ}] d2=j; Au(z) dz

with matrix elements of

Ag = 0.86
(0] 7(0) 75 q(0) [p) = —2i €', " PT G (1)
, o rg € (€*P) + €*(eP) - Wandzura-Wileze relation
+ 4iet g, A*PP VE Ga(t).
|
For other two GPDs, time reversal invariance gives gy "V (z) = —gi(x) + [ @gl{y}.
. 1
1 ) | '
q _
[ldeg(mﬁgﬁt)_Oﬁ f gg{:r]d:r=[].
0
and the Lorenz invariance constraints Transverse spin density
! - di
f dr Hi(z,£,t) = 0. gr(z) = g1(x) + ga(z) ~ [ f@l(ul
-1 J



Results: Polarized GPDs H,, (X, &,t)

Y (x6=0. /G (1) H' (6= (-0.4) 0G5 ()
/ o -

(a) £=0 (b) £=—-04
Fig. 3. p* GPD H, with £ =0 and —0.4.

He (.62 0. VG () He (x.£=(-04) /GZ ()

(b)é=—04

pt GPD H, with £ = 0 and —0.4.
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The u quark structure function g7’ ()

X

The u quark structure function g5 (z)

gHx)

'-:1":; (L)

oo L 1 L | 1 1 1 | 1 L 1 1 1 1 L |
0
—t/GeV

The u quark axial form factor G¥(t).
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* 6PDs for p meson (spin-1)

* Phenomenological approach for p meson
 p meson FFs / 6PDs and others

 Results are reasonable comparing
to other calculation
(models,Lattice)
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GDA (Generalized Distribution Amplitude)

[ PRL: Diehl ’98, 03, Kumano ‘17 ]
pt = nb*

(Il = 0 @LO)

i t=(1-n)P"
[Kawamura ‘13, Kumano ’17, <18 for pion] p=(1-mn)

o GDAs
o Double parton distributions (DPDs)
o In particular for Deuteron
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QCD evolution of the structure functions

The moments of the structure functions
at different scale For the polarized structure function

{0} g I-':l--il:: ) 10~

Vi(p) = ( aefpe) )W_
Vol pg) o)

0B

where the single quark spin fractions i
- 06

l[‘:J:E — E-';1'-!-H+] _.'?EII! (*H ™~ Tn41 i

I:I.11--—

and the running coupling constant is

4 D.EE— i

alp) = = ———, x
Bolog(p=/A ocp) i "
D.:I- 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 |
. o o ) ) r 0 1 2 3 4
where 55 = 11N, /3 — 2N;/3 with N, = Ny = 3 and s crys <r3> Ty
A ocp = 0.226 GelV rn for u quark. The red stars are our results and the

Zray ones with errors are the Lattice QCD results [14].

Possible Lattice calculation with Lattice QCD Scale Q,=2.4 GeV «

quench approximation at x=2.4 GeV, e
Best'97. PRD56, 2743 Model Scale Q,=328_. MeV

25



Forward Limit: Single-Flavor F 9, b,°

FI'O(x) = % H!(x,0,0)

B0 = H2 (0,0

U+ (z) = dy+ (1 — )

Fi(x)

14}

1.2}

1.0f

0.8f

0.6

04

0.2

b{(x)

0.15}

0.10|

0.05¢

-0.05

-0.10}

-0.15¢}

-0.20}

a

0.8 1.0
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Impact Parameter Space

* Spin %

qn (z,

 Spinl

Gaussian Package

b)

qo(b)

[ Burkardt 03, Hoodbhoy ‘89 ]

dQPJ_ dzpj_
W [ oo [

dz zZ —wxp "z
><<p+1p,J_1A| |:/ —q(__:bJ-)P}/—FQ(?abJ-)e Pt ] |p+:pJ_:A>

4 2

WHE ~F,

1/2

zZ

d2 d2 ’
— WP [ SR [P (e g = 0. (b - pl e P

Fourier transformation

b, (tm)

(2m)?
d?A —ib, -
Ty Tl 0= AL E

(2)?

2
q(x,b) = /d Alﬂl(m 0, —A2)e~PL AL

“ ALdA
:/‘_ﬂli%mhﬂﬁ@o _A?%)
0

2

g=1GeV™"

0.0 02
by (fm)
(a) ¢o(b) (fm~2) with packet width o =1 GeV~1.

by (i)

o=2GeV'

0.0 02
by (fim)
(b) ¢o(b) (fm~2) with packet width o =2 GeV~1.

F2191192

Density interpretation

» Wf/“; ~F,F,0,,0,

b, b, b, b,
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Electromagnetic probes

@ Electric and magnetic proton form factors

Proton and Neutron charge distributions
Nucleon spin structure

Nucleon-Delta transition (other resonances)
Quark-hadron duality in structure functions

Generalized parton distributions

¢ O O O O ¢

Pion and deuteron form factors ...



Yy — pp:. experiment

Exp:
PLUTO/ TASSO/ CELLO/ ARGUS @
DESY, '82-'91 CERN L3 Collaboration
L3 @ LEP, ’03-'06 \
STAR @ RHIC, '07-'09 S

Babar @ PEP-II, ‘08
LHCb, ‘12 (TeV, double charm)

Exp. ete” = | Q%/GeV* W, /GeV
L3(2003) p°p’ 1.2~30 | 1.1~3
1.3(2004) pp’ 0.2~0.85 1.1~3
& older exp. |p’p" 02~30 | 1.1~3
L3(2004) 0T p 1.2~30 | 1.1~3
L3(2005) ptp 02~0.85] 1.1~3

29/42 29



o GDAs & pp production

L3 Collaboratio
Exp: Cﬁw
PLUTO/ TASSO/ CELLO/ ARGUS \

NS

@ DESY, '82-'91
L3 @ LEP, ’03-'06 ARGUS Collaboration etc.
STAR @ RHIC, '07-'09 p [ Albrecht’90,’91 ]
Babar @ PEP-II, ‘08

V4 ,l | ! . 3 4
LHCb, ‘12 (TeV, double charm) Z& BA'AR

ole"e” — ptp~) =83 = 0.7(stat) * 0.8(syst) fb

Y*Y — pp /

* Full reaction: [ Anikin '04, ‘05 ]

2e > 2e +p°p°(p*p7)

* @LO (twsit-2),I =0
* charged/neutral cross sec. NOT independent (CG coefs)
* but charged has bremsstrahlung

* Also related to: [ Garcia '15, Kiusek-Gawenda’17, Kumano 17, ‘18 ]

2e 5 2e+p° +2n - AA+ntnntnT

- 47 - AA+ntn 2n° v



