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We present a lattice method for determining scattering phase shifts and mixing angles for the
case of an arbitrary number of coupled channels. Previous lattice studies were restricted to mixing
of up to two partial waves for scattering of two spin-1/2 particles, which is insufficient for analyzing
nucleon-nucleus or nucleus-nucleus scattering processes. In the proposed method, the phase shifts
and mixing angles are extracted from the radial wave functions obtained by projecting the three-
dimensional lattice Hamiltonian onto the partial wave basis. We use a spherical wall potential as
a boundary condition along with a channel-mixing auxiliary potential to construct the full-rank
S-matrix. Our method can be applied to any type of particles, but we focus here on scattering of
two spin-1 bosons involving up to four coupled channels. For a considered test potential, the phase
shifts and mixing angles extracted on the lattice are shown to agree with the ones calculated by
solving the Schrodinger equation in the continuum.

PACS numbers: 13.75.Cs,21.30.-x,13.85.Dz

I. INTRODUCTION

Lattice simulations provide a powerful computational approach to systems of strongly interacting particles, which is
widely used in condensed matter, nuclear and particle physics. In particular, lattice gauge theory is the only known
numerical method that allows one to directly solve QCD in the non-perturbative domain. Here, a remarkable progress
has been achieved in the recent decades due to the rapid increase of computational power and algorithmic efficiency.
In particular, high-precision lattice QCD calculations of hadronic observables such as e.g. the masses and decay
constants are already available for physical values of the quark masses [I]. While hadronic reactions and resonance
properties can also be addressed in lattice QCD, such calculations appear to be much more challenging and require
developing reliable methods for relating the scattering amplitude to discrete finite-volume spectra accessible in lattice
simulations, see [2H4] for recent work along this line and [5] for a review article.

Lattice methods have also proven to be very efficient in describing low-energy nuclear systems in the framework of
chiral effective field theory (EFT). Recently, the chiral expansion of the nucleon-nucleon (NN) potential has been
pushed to fifth order (N*LO) [6-9] within the continuum formulation. The NN potentials derived in chiral EFT in
Ref. [10] allow, for the first time, for a nearly perfect description of the neutron-proton and proton-proton scattering
data below the pion production threshold, which is comparable to or even better than that based on the available
phenomenological potentials. Three- and four-nucleon forces have been worked out completely up to fourth order
(N3LO) of the chiral expansion [I1HI4], see also Refs. [I5HI8] for the derivation of selected contributions at N*LO
and Refs. [I9H21] for review articles. To apply the interactions derived in chiral EFT to few- and many-nucleon
systems, it is necessary to solve the quantum mechanical A-body problem, which can be achieved using continuum
ab initio methods including Faddeev-Yakubovsky equations [22], the no-core configuration interaction approach [23],
coupled-cluster expansions [24], the in-medium similarity renormalization group approach [25], self-consistent Green’s
function [26] or quantum Monte Carlo methods [27]. Alternatively, a discretized version of chiral EFT [28430] has
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been successfully applied to a broad range of nuclear systems. This approach has an appealing feature of being well
suited for dealing with strongly clustered systems such as e.g. the famous Hoyle state in 12C [31H33] and some of the
low-lying states of 10, which often represent a challenge for continuum methods. See Ref. [34] for a recent review on
clustering in light nuclei. So far, nuclear lattice simulations have been carried out for light and medium-mass nuclei
and neutron matter up to third order in the chiral expansion [35H37]. For a recent lattice EFT study of NN scattering
at N3LO see Ref. [38]. This method was also employed to study the dependence of the triple-alpha process on the
fundamental constants of nature [39, [40], see Ref. [41] for a related discussion, to investigate the isotopic dependence
of nuclear clustering [42] and to determine the features of the nuclear force essential for nuclear binding [43]. It is
important to emphasize that the development of chiral EFT interactions is more difficult on the lattice than in the
continuum as it requires establishing efficient techniques for extracting the scattering amplitude from the finite-volume
discrete spectra and for dealing with the breaking of rotational [44] 5] and Galilean invariance [46] due to nonzero
lattice spacing. Liischer’s finite-volume method is one possible approach to compute the scattering phase shifts on
the lattice. However, this method is expected to suffer from potentially large errors due to stochastic and systematic
uncertainties in the energies, calculated on the lattice using Monte Carlo methods, when applied to heavier systems.
In addition, it is difficult to apply for calculating partial wave mixing. For this reason, a more robust approach based
on the spherical wall boundary conditions [47] was used in Refs. [38] 44, 48|, [49]. This technique is not only applicable
to calculations of NN phase shifts on the lattice, but can also be combined with the adiabatic projection method
[50, 51, which allows one to access nuclear reactions via lattice simulations, see Ref. [52] for the first ab initio study of
alpha-alpha scattering. However, the spherical wall method has so far only been applied to uncoupled partial waves
and the cases of two coupled channels, which is insufficient for studying nuclear reactions. The purpose of this paper
is to generalize this technique to an arbitrary number of coupled channels.

Our paper is organized as follows. In section we introduce the lattice notation, review the method of Ref. [49]
to compute the scattering parameters with up to two coupled channels and extend this approach to scattering of
particles or nuclear clusters of an arbitrary high spin. As an application, we consider in section [[T]] the scattering
problem of two spin-1 bosons using a toy-model potential which is similar to the one from Refs. [48] [49]. The main
results of our study are summarized in section [[V]

II. SCATTERING OF TWO PARTICLES WITH ARBITRARY SPIN ON THE LATTICE
A. Calculational setup

We employ a periodic cubic lattice with the length L and spacing a, and define orthonormal lattice states |7) with
r,r9,73=0,...,L—1 (1)
and
|7) = |F"+ Léy) = |7+ Léy) = |7+ Lés) (2)

due to the periodic boundary condition. All quantities in this section are given in dimensionless lattice units, i. e. they
must be multiplied by an appropriate power of the lattice spacing a to obtain their physical values. In the following,
we briefly review the method to compute the scattering phase shifts and mixing angles for up to two coupled channels
introduced in Ref. [49], which will then be generalized to the case of three or more coupled channels.

We consider the general scattering problem of two particles with spins si, so and masses m1, my interacting with the
potential V(7). The free Hamiltonian in the center-of-mass system (CMS) is discretized as [48]
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using the reduced mass p = myma/(my + mz). The above expression corresponds to the O(a*)-improved free lattice
Hamiltonian. To avoid artifacts induced by the periodic boundary conditions, it is convenient to use a spherical wall



boundary condition by adding the potential
Vwall(F) = AG(T - RW) (4)

where 6 is the Heaviside function, Rw is the wall radius and A is a large positive constant! [48]. Calculating
the scattering parameters at low momenta usually requires large lattices which makes the analysis computationally
expensive. It is more convenient to introduce an auxiliary potential outside of the range of V', which can be chosen
e.g. of a Gaussian type

Vaux (7)) = Vo e~ "B ( Ry — 1) (5)

with V5 < 0 in order to control the eigenenergies of the Hamiltonian [49]. The complete Hamiltonian including all
contributions is then given by

H=Hy+V + Vyan + Vaux - (6)

B. Projection onto partial waves

The three-dimensional problem can be reduced to the one-dimensional one by defining radial states for a partial wave
2s+1)
J )

R) 1y =D D S S Co Ot Y, (F/r)6, r|7) @ |51.0,52,) (7)

7 1,,8, S1,2 S2,2

i. e. the lattice sites " with the same radial distance R are grouped together according to the irreducible representations
of the rotational group. Here, Cg;lzj and C$:51:%2 are the Clebsch-Gordan coefficients for the spin-orbit and spin-

3Sz 52,51,2,52,2
spin couplings, respectively. The spherical harmonics Y;;, behave like Y;;,(0) = 0;0/v47 at the origin. Since the
results obtained here do not depend on j, in the continuum limit, we can choose j, = 0.

Note that the radial states have to be normalized by dividing them by the square root of their norm. States that are
not linearly independent or have vanishing norm must be omitted to make the norm matrix invertible. Afterwards,
the Hamiltonian can be projected onto the normalized radial states. For n coupled channels with

|R), = |R) 4. 4. fora=1,...n, (8)
one has
(He(Ri,Ro))ap = > (N"V2(R1))aar o (Ra| H [Ra) 5 (NV/2(R)) s, (9)
ol ,B'=1

where N~1/2 is the inverse square root of the norm matrix
(N(R))aor = o{RIR), - (10)
Multiplying the eigenvectors of the projected Hamiltonian H, by N~1/2 from the left yields the radial wave functions

o(r) = (Wi(r),... ¥a(r)". (11)

! Following Ref. [49], we use the value A = 10° in the numerical calculations.



C. Single-channel case

Outside of the range of the potential, the radial wave functions are linear combinations of the spherical Hankel
functions hli(pr), where p is the momentum in the CMS. For a single scattering channel, one obtains a wave function
of the form

W(r) = Ahy (pr) + Bh (pr), (12)
which allows one to extract the phase shift §; from the S-matrix via
S = BJA =", (13)

The coefficients A, B are computed by fitting the spherical Hankel functions to the wave function in an interval [Ry, Ro)]
outside of the range of the potential. The momentum p is determined from the eigenenergy of the Hamiltonian using
the lattice dispersion relation

19 3 13
E({p)=—-— o 2 €08 (p:) 20 Zcos 2p;) — o0p Zcos(iﬂpi). (14)
i=1

124 i=1
This equation can be expressed in spherical coordinates with
p'= (psinfcos ¢, psinfsin ¢, pcosh). (15)
In order to remove the angular dependence, the dispersion relation must be projected onto partial waves as well:
, , j,L, ,
Bus) = [ 40,3030 3 ST G O, O LN YO DY BB, (10

12,82 1},8), S1,2 S2,2

The angular integration can be facilitated by Taylor-expanding E(7) up to order O(p") which should be sufficiently
high to yield accurate results up to the cutoff momentum 7/a. ? Afterwards, the CMS momentum can be computed
by solving E; ;(p) for p.

D. Scattering with two coupled channels

For two coupled channels, the S-matrix must be constructed as
o o o o -1
S:(A;F A;)(Al A2) (17)

where Ali, AQjE are hnearly independent two-component vectors containing the coefficients in front of the spherical
Hankel functions h A simple way to obtain these coefficients would be to extract them from a complex wave

function
o= (i )

and its complex conjugate

n Aihf (pr) + Bihy, (pr)
P (T) (A*h"{( )JFB;hi—z(zr)) (19)

using

El_ - (AlaAQ)T7 A'Z_ = (BikaB;)Ta Atli_ - (BlvBQ)T7 A';_ = (A;A;)T (20)

2 In numerical calculations, we use xk = 30.



However, the Hamiltonian H, commutes with the time reversal operator T so that it holds
P=Tp=9¢ = AFf =AF, (21)

i. e. the vectors A)f,fl;i are linearly dependent. Thus, one runs into the problem of having only one independent
solution per lattice energy. In order to circumvent this problem, an auxiliary imaginary potential term that breaks
the time reversal symmetry can be added to the Hamiltonian:

(He+ U)g(r) = Eg(r) (22)
with

OB (29)

and Uy € R. The radius Ry should lie outside the range of the test potential and can be chosen close to the spherical
wall radius, Ry < Rw. Because the matrix in Eq. mixes the two channels, U(r) will be referred to as the mixing
potential. Finally, the S-matrix is decomposed according to the Blatt-Biedenharn parametrization [53]

g cose sine) [ e¥ 0 cose sine (24)
~ \ —sine cose 0 e —sine cose
with the phase shifts 41,2 and the mixing angle €. Since the lattice dispersion relation can yield slightly different

momenta py, pe for the two channels at the same energy, we assume that the phase shift J, is measured at momentum
Do and that the mixing angle is measured at the average momentum (p; + p2)/2.

E. Scattering with an arbitrary number of coupled channels

If n > 2 coupled channels must be considered, one needs n linearly independent wave functions in each channel. The
complex conjugation is not sufficient for this purpose because it can only generate two independent solutions ¥ and
1¥*. In order to find an alternative approach, we first consider the case of two coupled partial waves again. The
two-channel wave function 1(r) = (¢1(r), ¥2(r))” can be rewritten as

¢ (r) = Rer (r), Imapy (), Rewbo(r), Imahy(r))" . (25)
To reproduce Egs. (22, (23)), the radial Hamiltonian and the mixing potential must be modified accordingly:
(Hi)in 0 |[(He)iz O
0 (Ho)u| 0  (Hoi
! __ I
H, = (Hy)m 0 ()2 0 , U =Up bRy (26)
0 (Hy)o| 0 (Hy)ae

On the other hand, instead of using Eq. , we can regard the wave function vector as having four independent
complex components

9 (r) = (W4 (r), Yh(r), vi(r), vi(r)" . (27)
A natural extension of Egs. , to three coupled scattering channels is given by introducing
(Hy)11 0 0 |(Hoi2 0 0 (Hy)13 0 0
0 (H: )11 0 0 (H:)12 0 0 (H:)1s 0
0 0 (Hy)11 0 0 (Hy)12 0 0 (Hy)13
(Hy)21 0 0 (Hy )22 0 0 (Hy)o3 0 0
H{ = 0 (H)a 0 0 (H)w 0 0 (H) O ,
0 0 (Hy)o1 0 0 (Hy)a2 0 0 (Hy)o3
(H;)s1 0 0 (H,)32 0 0 (Hy)s3 0 0
0 (Hy)31 0 0 (Hy)32 0 0 (Hy)33 0
0 0 (Hy)s1 0 0 (Hy)s2 0 0 (H:)s3




000{0—-11|01 -1 Pi(r)
000(1 0110 1 Py (r)
000[1 10/11 O (1)
0110 00/01 1 Yy (r)
U=Ubrry| =1 010 00[10 1], &)= 4L |- (28)
1100 00[11 0 W (r)
0110 1100 0 Ye(r)
1011 01{00 o0 Wi(r)
-110(1 -10{00 O Py(r)
A generalization to n channels is straightforward:
(Hr/)oqu(afl)n,ﬁUr(ﬁfl)n = (Hr)aﬂ(sa',ﬁ”
(l)é/-'r((l—l)n,ﬁ'-‘r(ﬁ—l)n - UOCST‘,RM(I - 50(B)(1 - 6(1/,@' - 25&(1/56[’3') (29)
for a,’, 8,8 =1,...,n. The wave function vector has the form
V() = @), e (r)T (30)
where 1/)%4_(&_1)” denotes the 8-th wave function for the a-th scattering channel with o, 5 =1,...,n.

More generally, any Hermitian matrix that produces n linearly independent solutions in every channel can be used to
define the mixing potential, i. e. it must hold U'" = U’ and the matrix M with

n

+ +
MO‘»B: Z (H;)B-s-(a—l)n,B’—i-(a’—l)nhla,+ Z U/I3+(o<—1)n,B/+(o¢’—1)nhla/ (31)

a’,B'=1 o’ f/=1

must have rank n. The particular choice for the mixing potential in Eq. is consistent with the one employed for
two channels in Ref. [49].

Each component of the wave function vector has the form

Vbt (a—1yn(r) = Aaghy_ (pr) + Baghy| (pr) (32)
with o, 3 =1,...,n. Since it holds

Blﬂ AlB
: i (33)
BnB An/g
for 5 =1,...,n, one can construct the S-matrix as
1
Byp -+ B Ay oor A
S= T T : (34)

Bnl Bnn Anl Ann
The Blatt-Biedenharn parametrization also has to be extended to n > 2 coupled channels [53]:
S = O~ ldiag(e?®, ..., e*")0 (35)

where O is a real orthogonal matrix. (This decomposition is equivalent to computing the eigenvalues and eigenvectors
of S.) Again, the phase shift d, is assigned to the momentum p,, in scattering channel a. For simplicity, we define
the mixing angles as

€ap <p = pa-;-pg) =tan"! Oup (36)

for a, 8 =1,...,n and 8 > a because a real orthogonal n x n-matrix is uniquely given by n(n — 1)/2 real parameters.



Nch L [d] Ry [a] Ro [a] Rw |a] Vo [MeV] Uy [MeV] Neigs
1 35 9.02 12.02 15.02 0 — 10
41 9.02 12.02 18.02 0 — 10

47 9.02 12.02 21.02 0 — 10

2 35 9.02 12.02 15.02 0 20 15
41 9.02 12.02 18.02 0 20 15

3 35 9.02 12.02 15.02 0 10 70
35 9.02 12.02 15.02 0 5 110

TABLE I: Parameters for the lattice calculation depending on the number of coupled scattering channels (nch): lattice length
L, interval [R1, Ro] for fitting wave functions, spherical wall radius R, coefficient Vj of Gaussian auxiliary potential, coefficient
Uy of mixing potential and number of computed eigenvectors neigs. The lattice spacing has been chosen as a = 1.9733 fm.

III. TEST CASE: SCATTERING OF TWO SPIN-1 PARTICLES

The method described in section [[T] allows one to determine scattering phase shifts and mixing angles on the lattice
for an arbitrary number of coupled channels and for any type of particles. As a concrete example, we consider the
scattering problem of two spin-1 bosons having nearly the same mass as the deuteron, m; 2 = 2myx = 2 x 938.92 MeV.
As a test potential, we employ the corresponding generalization of the toy-model potential used for two spin-1/2

fermions in Refs. [48] 49]:
N 812(77) 7"2
V(F)=C <1 + 2 ) exp (_27‘8) (1)

where the spin-dependent part is given by
812(’F) = 3(7:’ §1)(’F gg) — (§1 . §2)T2. (2)

Here, 57 and S5 denote the spin matrices for the considered particles. The constants are set to C' = —2 MeV and
ro = 0.02 MeV ™!, and the lattice spacing is chosen to be a = (100 MeV)~! = 1.9733 fm. Notice that by projecting
the test potential onto partial waves one obtains up to four coupled scattering channels. We calculate the phase shifts
and mixing angles for the following cases:

e Uncoupled channels: 3P, 3Py, ®D,, ®F5, 3G,, *H;, °D;.

e Two coupled channels: *SD,, *PF,, *DG;, *FH,, 'S,/°D,, °PF,, DG, °FH,.
e Three coupled channels: 'P,/°PF,.

e Four coupled channels: 'D,/’SDG,.

We further emphasize that the considered potential possesses four bound states in the BSDl, 13,/°Dy, 5PF2 and
1D2/5SDG2 channels with the binding energies of —0.258 MeV, —0.204 MeV, —0.198 MeV and —0.583 MeV, respec-
tively, as visualized in the right panel of Fig.[I] The binding energies have been obtained by computing the eigenvalues
of the momentum-space Hamiltonian in the infinite-volume continuum.

On the lattice, the eigenvectors of the Hamiltonian corresponding to the lowest positive eigenenergies have been used
as radial wave functions. The parameters used in our calculations, which have partly been adopted from Ref. [49],
can be found in table [| while Fig. [I] visualizes the different contributions to the potential on the lattice. Notice that
the Gaussian auxiliary potential can distort the wave function and may even generate additional bound states, see
Fig.[2] This may result in the appearance of the outlying points in the calculated phase shifts or mixing angles as will
be discussed below. For this reason, instead of imposing the auxiliary potential, we have actually varied the lattice
size to generate data at low momenta.

The choice of the mixing potential requires some care, too. In particular, as shown in table[l, the numerical value of
the strength Uy has been decreased for three and four channels in order to avoid the appearance of additional bound
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FIG. 1: Left panel (adopted from Ref. [49]): The employed potentials in the 3SD; partial waves. The blue dashed and red dotted
lines show the diagonal ®D;-wave element and the off-diagonal 3SD;-wave element in the 2 x 2 potential matrix, respectively. Vp
and Uy give the strengths of the auxiliary and mixing potentials, respectively, Ry shows an approximate position of the mixing
potential while Rw is the spherical wall radius. The wave function is fitted in the interval [Ri, Ro]. Right panel: Spectrum of
eigenenergies in the continuum for different partial waves. The last column shows the combined spectrum in all channels which
do not have bound states.
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FIG. 2: Effects of the Gaussian auxiliary potential. Left panel: wave function in the Hy partial wave distorted by the auxiliary
potential of the strength Vo = —40 MeV, which corresponds to the outlying data point at p ~ 65 MeV in the last plot in Fig. [
Right panel: eigenenergies on the lattice in the *Hy partial wave as functions of the strength Vo of the auxiliary potential.
Large negative values of Vj lead to additional bound states shown as red dotted lines.

states as visualized in the right panel of Fig. On the other hand, choosing too small in magnitude values of Uy
leads to numerical instabilities causing a violation of unitarity in the calculated S-matrix, see the left panel of Fig.

In Figs. we show the phase shifts and mixing angles for all considered scattering channels, which have been
calculated on the lattice using the method presented above. To benchmark our calculations, we have also computed
the scattering parameters in the continuum. This has been achieved by solving the radial Schrodinger equation for
a fixed energy E = p?/(2u). The boundary conditions at r = 0 have to be chosen in such a way that one obtains a
sufficient number of linearly independent solutions. Finally, the S-matrix can again be extracted from the wave function
by fitting spherical Hankel functions. As shown in Figs. [dH3g] the results of the lattice calculations are in essentially a
perfect agreement with the ones calculated using the continuum approach in the considered range of CMS momenta
up to p = 120 MeV. The cutoff momentum associated with the lattice spacing of a = (100 MeV)~! = 1.9733 fm
employed in our analysis is A ~ 7/a ~ 314 MeV. Thus, the lattice and continuum results are expected to agree
for momenta well below Ajp. Indeed, for CMS momenta higher than p = 120 MeV, the deviations between the
continuum and lattice results start to become visible. This observation is in line with the findings of Refs. [48], [49].
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FIG. 3: Effects of the mixing potential. Left panel: absolute values of the determinant of the S-matrix for all eigenenergies
in the 3SD; partial wave as functions of the strength Uy of the mixing potential. Small in magnitude values of Uy lead to
numerical instabilities resulting in a non-unitary S-matrix, i. e. |det S| # 1. Right panel: eigenenergies on the lattice in the
P, /°PF; ('D,/?SDG,) partial waves for the choices of Uy = 0, 10 and 20 MeV (Up = 0, 5 and 10 MeV). Large values of the
strength Up of the mixing potential cause the appearance of additional bound states shown by red dotted lines.

We also notice a subtlety in the extraction of phase shifts in multi-channel cases due to the fact that the eigenvalues
e .. €% of the S-matrix have no pre-defined ordering [53]. Therefore, the multi-channel continuum calculation
has been repeated without the off-diagonal elements in the potential matrix, see the gray dashed lines in Figs.
Then, the phase shifts in the coupled channels have been ordered such that they are roughly consistent with the
phase shifts obtained without the coupling. The large differences between the solid and dashed lines demonstrate
the very important role of channel mixing in the considered toy model. For many-body systems where no continuum
calculation is possible, the comparison can be performed with lattice data instead. If the results at very low momenta
are available, one may also possibly identify the partial waves from the threshold behavior of the eigenphases. Last
but not least, we emphasize that the behavior the phase shifts in the *SD;, 'S,/°D,, °PF, and 'D,/’SDG,, channels
with §(p = 0) = 7 is consistent with the appearance of a single bound state in each of these channels, see the right
panel of Fig. [1] in agreement with Levinson’s theorem.

IV. SUMMARY AND OUTLOOK

In this paper, we considered two-particle scattering on the lattice. A generalization of the method used in Ref. [49)
for spin-1/2 fermions to scattering of particles with any spin and an arbitrary number of coupled scattering channels
has been proposed. For the case of two spin-1 bosons, the proposed method was benchmarked against the continuum
approach and demonstrated to yield accurate and reliable results for phase shifts and mixing angles for momenta well
below the lattice cutoff. Our study opens the way to perform ab initio chiral EFT calculations in the four-nucleon
continuum and to access nuclear reactions on the lattice using the adiabatic projection method. Work along these
lines is in progress.
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