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The “nodes” theorem
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With the energy eigenvalues ordered in a monotonic 
increasing sequence, the nth eigenfunction  has n 

nodes
ψn(x)

Quantum number Number of nodes

n
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Why nodes?

•Nodes in wave-functions associated to low 
probability regions 

•Nodal structure is physically relevant in chemistry 

•Many-body nodal structure for Monte Carlo 

•Mathematical physics interest
 4

φn

|φn|2



Why non-local potentials?

•Nuclear interactions are non-local by nature (OPE) 

•Non-locality arises naturally in many-body (exchange)
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Local Non-local
„
p̂2

2m
` V pxq

⇢
 npxq “ ✏n npxq
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Nichols, American Journal of Physics 33 , 474 (1965)

Non-local square well
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Local well Non-local well

•Number of bound states 
depends on depth of well 

•At least one bound state for 
all V0 and a

•Only one bound state 
•Nodeless state (analytical) 
•Approaches Heav i s ide 

function as V0 decreases

-2a -a a 2a
x

V0

V(x)



Non-locality and wavefunctions

 7Hooverman, Nucl. Phys. A 189, 161-169 (1972)
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Non-locality and wavefunctions
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V px, x1q “
ˆ
x ` x1

2

˙2 exp
´

´ |x´x1|
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Hooverman, Nucl. Phys. A 189 155-160, ibid 161-169 (1972)

Non-local potentials

•Does number of nodes always increase? 

•Does potential need to be repulsive? 

•Is there a relation between principal quantum 
numbers and number of nodes in non-local case?
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Wronskian
Proof 1

•Define Wronskian
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a b

 1pxq
<latexit sha1_base64="QvRNacGfR3Av3xusz6MZ5VXj6Is="></latexit><latexit sha1_base64="QvRNacGfR3Av3xusz6MZ5VXj6Is="></latexit><latexit sha1_base64="QvRNacGfR3Av3xusz6MZ5VXj6Is="></latexit><latexit sha1_base64="QvRNacGfR3Av3xusz6MZ5VXj6Is="></latexit><latexit sha1_base64="QvRNacGfR3Av3xusz6MZ5VXj6Is="></latexit>

✏2 ° ✏1<latexit sha1_base64="hsMmPbr4T5znVjOF2W7yVmdt7os="></latexit><latexit sha1_base64="hsMmPbr4T5znVjOF2W7yVmdt7os="></latexit><latexit sha1_base64="hsMmPbr4T5znVjOF2W7yVmdt7os="></latexit><latexit sha1_base64="hsMmPbr4T5znVjOF2W7yVmdt7os="></latexit><latexit sha1_base64="hsMmPbr4T5znVjOF2W7yVmdt7os="></latexit>

„
p̂2

2m
` V pxq

⇢
 npxq “ ✏n npxq

<latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit>

x
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Wp 1, 2q “  1pxq 1
2pxq ´  2pxq 1

1pxq
<latexit sha1_base64="kvg0lXdxmoRIjMRurpW9BsUByBE="></latexit><latexit sha1_base64="kvg0lXdxmoRIjMRurpW9BsUByBE="></latexit><latexit sha1_base64="kvg0lXdxmoRIjMRurpW9BsUByBE="></latexit><latexit sha1_base64="kvg0lXdxmoRIjMRurpW9BsUByBE="></latexit><latexit sha1_base64="kvg0lXdxmoRIjMRurpW9BsUByBE="></latexit>

•W for two independent solutions satisfies:

Wp 1, 2q|ab “ p✏1 ´ ✏2q
ª b

a
dx 1 2

<latexit sha1_base64="hqkZj+BYXBCw83pAUwlur1YdKwI="></latexit><latexit sha1_base64="hqkZj+BYXBCw83pAUwlur1YdKwI="></latexit><latexit sha1_base64="hqkZj+BYXBCw83pAUwlur1YdKwI="></latexit><latexit sha1_base64="hqkZj+BYXBCw83pAUwlur1YdKwI="></latexit><latexit sha1_base64="hqkZj+BYXBCw83pAUwlur1YdKwI="></latexit>

•Consider a and b two consecutive nodes of  1
<latexit sha1_base64="YxsdW0FGn+vA9dbswquHWh+ubOQ="></latexit><latexit sha1_base64="YxsdW0FGn+vA9dbswquHWh+ubOQ="></latexit><latexit sha1_base64="YxsdW0FGn+vA9dbswquHWh+ubOQ="></latexit><latexit sha1_base64="YxsdW0FGn+vA9dbswquHWh+ubOQ="></latexit><latexit sha1_base64="YxsdW0FGn+vA9dbswquHWh+ubOQ="></latexit>

 2pbq 1
1pbq ´  2paq 1

1paq “ p✏2 ´ ✏1q
ª b

a
dx 1 2

<latexit sha1_base64="Jzyb9GoEOczRH9Zvb3FelUNYfOs="></latexit><latexit sha1_base64="Jzyb9GoEOczRH9Zvb3FelUNYfOs="></latexit><latexit sha1_base64="Jzyb9GoEOczRH9Zvb3FelUNYfOs="></latexit><latexit sha1_base64="Jzyb9GoEOczRH9Zvb3FelUNYfOs="></latexit><latexit sha1_base64="Jzyb9GoEOczRH9Zvb3FelUNYfOs="></latexit>

a b

 1
1paq ° 0

<latexit sha1_base64="KdhG24KhIbrPF/U1D1muYKeUwdc="></latexit><latexit sha1_base64="KdhG24KhIbrPF/U1D1muYKeUwdc="></latexit><latexit sha1_base64="KdhG24KhIbrPF/U1D1muYKeUwdc="></latexit><latexit sha1_base64="KdhG24KhIbrPF/U1D1muYKeUwdc="></latexit><latexit sha1_base64="KdhG24KhIbrPF/U1D1muYKeUwdc="></latexit>

 1pxq
<latexit sha1_base64="QvRNacGfR3Av3xusz6MZ5VXj6Is="></latexit><latexit sha1_base64="QvRNacGfR3Av3xusz6MZ5VXj6Is="></latexit><latexit sha1_base64="QvRNacGfR3Av3xusz6MZ5VXj6Is="></latexit><latexit sha1_base64="QvRNacGfR3Av3xusz6MZ5VXj6Is="></latexit><latexit sha1_base64="QvRNacGfR3Av3xusz6MZ5VXj6Is="></latexit>

✏2 ° ✏1<latexit sha1_base64="hsMmPbr4T5znVjOF2W7yVmdt7os="></latexit><latexit sha1_base64="hsMmPbr4T5znVjOF2W7yVmdt7os="></latexit><latexit sha1_base64="hsMmPbr4T5znVjOF2W7yVmdt7os="></latexit><latexit sha1_base64="hsMmPbr4T5znVjOF2W7yVmdt7os="></latexit><latexit sha1_base64="hsMmPbr4T5znVjOF2W7yVmdt7os="></latexit>

„
p̂2

2m
` V pxq

⇢
 npxq “ ✏n npxq

<latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit>

x
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Wp 1, 2q “  1pxq 1
2pxq ´  2pxq 1

1pxq
<latexit sha1_base64="kvg0lXdxmoRIjMRurpW9BsUByBE="></latexit><latexit sha1_base64="kvg0lXdxmoRIjMRurpW9BsUByBE="></latexit><latexit sha1_base64="kvg0lXdxmoRIjMRurpW9BsUByBE="></latexit><latexit sha1_base64="kvg0lXdxmoRIjMRurpW9BsUByBE="></latexit><latexit sha1_base64="kvg0lXdxmoRIjMRurpW9BsUByBE="></latexit>

•W for two independent solutions satisfies:

Wp 1, 2q|ab “ p✏1 ´ ✏2q
ª b

a
dx 1 2

<latexit sha1_base64="hqkZj+BYXBCw83pAUwlur1YdKwI="></latexit><latexit sha1_base64="hqkZj+BYXBCw83pAUwlur1YdKwI="></latexit><latexit sha1_base64="hqkZj+BYXBCw83pAUwlur1YdKwI="></latexit><latexit sha1_base64="hqkZj+BYXBCw83pAUwlur1YdKwI="></latexit><latexit sha1_base64="hqkZj+BYXBCw83pAUwlur1YdKwI="></latexit>

•Consider a and b two consecutive nodes of  1
<latexit sha1_base64="YxsdW0FGn+vA9dbswquHWh+ubOQ="></latexit><latexit sha1_base64="YxsdW0FGn+vA9dbswquHWh+ubOQ="></latexit><latexit sha1_base64="YxsdW0FGn+vA9dbswquHWh+ubOQ="></latexit><latexit sha1_base64="YxsdW0FGn+vA9dbswquHWh+ubOQ="></latexit><latexit sha1_base64="YxsdW0FGn+vA9dbswquHWh+ubOQ="></latexit>

 2pbq 1
1pbq ´  2paq 1

1paq “ p✏2 ´ ✏1q
ª b

a
dx 1 2

<latexit sha1_base64="Jzyb9GoEOczRH9Zvb3FelUNYfOs="></latexit><latexit sha1_base64="Jzyb9GoEOczRH9Zvb3FelUNYfOs="></latexit><latexit sha1_base64="Jzyb9GoEOczRH9Zvb3FelUNYfOs="></latexit><latexit sha1_base64="Jzyb9GoEOczRH9Zvb3FelUNYfOs="></latexit><latexit sha1_base64="Jzyb9GoEOczRH9Zvb3FelUNYfOs="></latexit>

a b

 1
1paq ° 0

<latexit sha1_base64="KdhG24KhIbrPF/U1D1muYKeUwdc="></latexit><latexit sha1_base64="KdhG24KhIbrPF/U1D1muYKeUwdc="></latexit><latexit sha1_base64="KdhG24KhIbrPF/U1D1muYKeUwdc="></latexit><latexit sha1_base64="KdhG24KhIbrPF/U1D1muYKeUwdc="></latexit><latexit sha1_base64="KdhG24KhIbrPF/U1D1muYKeUwdc="></latexit>

 1
1pbq † 0

<latexit sha1_base64="NhGn09rKtsr80OJWy7mSP/ovldg="></latexit><latexit sha1_base64="NhGn09rKtsr80OJWy7mSP/ovldg="></latexit><latexit sha1_base64="NhGn09rKtsr80OJWy7mSP/ovldg="></latexit><latexit sha1_base64="NhGn09rKtsr80OJWy7mSP/ovldg="></latexit><latexit sha1_base64="NhGn09rKtsr80OJWy7mSP/ovldg="></latexit>

 1pxq
<latexit sha1_base64="QvRNacGfR3Av3xusz6MZ5VXj6Is="></latexit><latexit sha1_base64="QvRNacGfR3Av3xusz6MZ5VXj6Is="></latexit><latexit sha1_base64="QvRNacGfR3Av3xusz6MZ5VXj6Is="></latexit><latexit sha1_base64="QvRNacGfR3Av3xusz6MZ5VXj6Is="></latexit><latexit sha1_base64="QvRNacGfR3Av3xusz6MZ5VXj6Is="></latexit>

✏2 ° ✏1<latexit sha1_base64="hsMmPbr4T5znVjOF2W7yVmdt7os="></latexit><latexit sha1_base64="hsMmPbr4T5znVjOF2W7yVmdt7os="></latexit><latexit sha1_base64="hsMmPbr4T5znVjOF2W7yVmdt7os="></latexit><latexit sha1_base64="hsMmPbr4T5znVjOF2W7yVmdt7os="></latexit><latexit sha1_base64="hsMmPbr4T5znVjOF2W7yVmdt7os="></latexit>

„
p̂2

2m
` V pxq

⇢
 npxq “ ✏n npxq

<latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit>

x
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Wp 1, 2q “  1pxq 1
2pxq ´  2pxq 1

1pxq
<latexit sha1_base64="kvg0lXdxmoRIjMRurpW9BsUByBE="></latexit><latexit sha1_base64="kvg0lXdxmoRIjMRurpW9BsUByBE="></latexit><latexit sha1_base64="kvg0lXdxmoRIjMRurpW9BsUByBE="></latexit><latexit sha1_base64="kvg0lXdxmoRIjMRurpW9BsUByBE="></latexit><latexit sha1_base64="kvg0lXdxmoRIjMRurpW9BsUByBE="></latexit>

•W for two independent solutions satisfies:

Wp 1, 2q|ab “ p✏1 ´ ✏2q
ª b

a
dx 1 2

<latexit sha1_base64="hqkZj+BYXBCw83pAUwlur1YdKwI="></latexit><latexit sha1_base64="hqkZj+BYXBCw83pAUwlur1YdKwI="></latexit><latexit sha1_base64="hqkZj+BYXBCw83pAUwlur1YdKwI="></latexit><latexit sha1_base64="hqkZj+BYXBCw83pAUwlur1YdKwI="></latexit><latexit sha1_base64="hqkZj+BYXBCw83pAUwlur1YdKwI="></latexit>

•Consider a and b two consecutive nodes of  1
<latexit sha1_base64="YxsdW0FGn+vA9dbswquHWh+ubOQ="></latexit><latexit sha1_base64="YxsdW0FGn+vA9dbswquHWh+ubOQ="></latexit><latexit sha1_base64="YxsdW0FGn+vA9dbswquHWh+ubOQ="></latexit><latexit sha1_base64="YxsdW0FGn+vA9dbswquHWh+ubOQ="></latexit><latexit sha1_base64="YxsdW0FGn+vA9dbswquHWh+ubOQ="></latexit>

 2pbq 1
1pbq ´  2paq 1

1paq “ p✏2 ´ ✏1q
ª b

a
dx 1 2

<latexit sha1_base64="Jzyb9GoEOczRH9Zvb3FelUNYfOs="></latexit><latexit sha1_base64="Jzyb9GoEOczRH9Zvb3FelUNYfOs="></latexit><latexit sha1_base64="Jzyb9GoEOczRH9Zvb3FelUNYfOs="></latexit><latexit sha1_base64="Jzyb9GoEOczRH9Zvb3FelUNYfOs="></latexit><latexit sha1_base64="Jzyb9GoEOczRH9Zvb3FelUNYfOs="></latexit>

a b

 1
1paq ° 0

<latexit sha1_base64="KdhG24KhIbrPF/U1D1muYKeUwdc="></latexit><latexit sha1_base64="KdhG24KhIbrPF/U1D1muYKeUwdc="></latexit><latexit sha1_base64="KdhG24KhIbrPF/U1D1muYKeUwdc="></latexit><latexit sha1_base64="KdhG24KhIbrPF/U1D1muYKeUwdc="></latexit><latexit sha1_base64="KdhG24KhIbrPF/U1D1muYKeUwdc="></latexit>

 1
1pbq † 0

<latexit sha1_base64="NhGn09rKtsr80OJWy7mSP/ovldg="></latexit><latexit sha1_base64="NhGn09rKtsr80OJWy7mSP/ovldg="></latexit><latexit sha1_base64="NhGn09rKtsr80OJWy7mSP/ovldg="></latexit><latexit sha1_base64="NhGn09rKtsr80OJWy7mSP/ovldg="></latexit><latexit sha1_base64="NhGn09rKtsr80OJWy7mSP/ovldg="></latexit>

 1pxq
<latexit sha1_base64="QvRNacGfR3Av3xusz6MZ5VXj6Is="></latexit><latexit sha1_base64="QvRNacGfR3Av3xusz6MZ5VXj6Is="></latexit><latexit sha1_base64="QvRNacGfR3Av3xusz6MZ5VXj6Is="></latexit><latexit sha1_base64="QvRNacGfR3Av3xusz6MZ5VXj6Is="></latexit><latexit sha1_base64="QvRNacGfR3Av3xusz6MZ5VXj6Is="></latexit>

 2pxq
<latexit sha1_base64="kegZ6qzp4DfJ/NDIolrg/o3tJAE="></latexit><latexit sha1_base64="kegZ6qzp4DfJ/NDIolrg/o3tJAE="></latexit><latexit sha1_base64="kegZ6qzp4DfJ/NDIolrg/o3tJAE="></latexit><latexit sha1_base64="kegZ6qzp4DfJ/NDIolrg/o3tJAE="></latexit><latexit sha1_base64="kegZ6qzp4DfJ/NDIolrg/o3tJAE="></latexit>

✏2 ° ✏1<latexit sha1_base64="hsMmPbr4T5znVjOF2W7yVmdt7os="></latexit><latexit sha1_base64="hsMmPbr4T5znVjOF2W7yVmdt7os="></latexit><latexit sha1_base64="hsMmPbr4T5znVjOF2W7yVmdt7os="></latexit><latexit sha1_base64="hsMmPbr4T5znVjOF2W7yVmdt7os="></latexit><latexit sha1_base64="hsMmPbr4T5znVjOF2W7yVmdt7os="></latexit>

„
p̂2

2m
` V pxq

⇢
 npxq “ ✏n npxq

<latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit>

x
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Wp 1, 2q “  1pxq 1
2pxq ´  2pxq 1

1pxq
<latexit sha1_base64="kvg0lXdxmoRIjMRurpW9BsUByBE="></latexit><latexit sha1_base64="kvg0lXdxmoRIjMRurpW9BsUByBE="></latexit><latexit sha1_base64="kvg0lXdxmoRIjMRurpW9BsUByBE="></latexit><latexit sha1_base64="kvg0lXdxmoRIjMRurpW9BsUByBE="></latexit><latexit sha1_base64="kvg0lXdxmoRIjMRurpW9BsUByBE="></latexit>

•W for two independent solutions satisfies:

Wp 1, 2q|ab “ p✏1 ´ ✏2q
ª b

a
dx 1 2

<latexit sha1_base64="hqkZj+BYXBCw83pAUwlur1YdKwI="></latexit><latexit sha1_base64="hqkZj+BYXBCw83pAUwlur1YdKwI="></latexit><latexit sha1_base64="hqkZj+BYXBCw83pAUwlur1YdKwI="></latexit><latexit sha1_base64="hqkZj+BYXBCw83pAUwlur1YdKwI="></latexit><latexit sha1_base64="hqkZj+BYXBCw83pAUwlur1YdKwI="></latexit>

•Consider a and b two consecutive nodes of  1
<latexit sha1_base64="YxsdW0FGn+vA9dbswquHWh+ubOQ="></latexit><latexit sha1_base64="YxsdW0FGn+vA9dbswquHWh+ubOQ="></latexit><latexit sha1_base64="YxsdW0FGn+vA9dbswquHWh+ubOQ="></latexit><latexit sha1_base64="YxsdW0FGn+vA9dbswquHWh+ubOQ="></latexit><latexit sha1_base64="YxsdW0FGn+vA9dbswquHWh+ubOQ="></latexit>

 2pbq 1
1pbq ´  2paq 1

1paq “ p✏2 ´ ✏1q
ª b

a
dx 1 2

<latexit sha1_base64="Jzyb9GoEOczRH9Zvb3FelUNYfOs="></latexit><latexit sha1_base64="Jzyb9GoEOczRH9Zvb3FelUNYfOs="></latexit><latexit sha1_base64="Jzyb9GoEOczRH9Zvb3FelUNYfOs="></latexit><latexit sha1_base64="Jzyb9GoEOczRH9Zvb3FelUNYfOs="></latexit><latexit sha1_base64="Jzyb9GoEOczRH9Zvb3FelUNYfOs="></latexit>

a b

 1
1paq ° 0

<latexit sha1_base64="KdhG24KhIbrPF/U1D1muYKeUwdc="></latexit><latexit sha1_base64="KdhG24KhIbrPF/U1D1muYKeUwdc="></latexit><latexit sha1_base64="KdhG24KhIbrPF/U1D1muYKeUwdc="></latexit><latexit sha1_base64="KdhG24KhIbrPF/U1D1muYKeUwdc="></latexit><latexit sha1_base64="KdhG24KhIbrPF/U1D1muYKeUwdc="></latexit>

 1
1pbq † 0

<latexit sha1_base64="NhGn09rKtsr80OJWy7mSP/ovldg="></latexit><latexit sha1_base64="NhGn09rKtsr80OJWy7mSP/ovldg="></latexit><latexit sha1_base64="NhGn09rKtsr80OJWy7mSP/ovldg="></latexit><latexit sha1_base64="NhGn09rKtsr80OJWy7mSP/ovldg="></latexit><latexit sha1_base64="NhGn09rKtsr80OJWy7mSP/ovldg="></latexit>

 1pxq
<latexit sha1_base64="QvRNacGfR3Av3xusz6MZ5VXj6Is="></latexit><latexit sha1_base64="QvRNacGfR3Av3xusz6MZ5VXj6Is="></latexit><latexit sha1_base64="QvRNacGfR3Av3xusz6MZ5VXj6Is="></latexit><latexit sha1_base64="QvRNacGfR3Av3xusz6MZ5VXj6Is="></latexit><latexit sha1_base64="QvRNacGfR3Av3xusz6MZ5VXj6Is="></latexit>

 2pxq
<latexit sha1_base64="kegZ6qzp4DfJ/NDIolrg/o3tJAE="></latexit><latexit sha1_base64="kegZ6qzp4DfJ/NDIolrg/o3tJAE="></latexit><latexit sha1_base64="kegZ6qzp4DfJ/NDIolrg/o3tJAE="></latexit><latexit sha1_base64="kegZ6qzp4DfJ/NDIolrg/o3tJAE="></latexit><latexit sha1_base64="kegZ6qzp4DfJ/NDIolrg/o3tJAE="></latexit>

✏2 ° ✏1<latexit sha1_base64="hsMmPbr4T5znVjOF2W7yVmdt7os="></latexit><latexit sha1_base64="hsMmPbr4T5znVjOF2W7yVmdt7os="></latexit><latexit sha1_base64="hsMmPbr4T5znVjOF2W7yVmdt7os="></latexit><latexit sha1_base64="hsMmPbr4T5znVjOF2W7yVmdt7os="></latexit><latexit sha1_base64="hsMmPbr4T5znVjOF2W7yVmdt7os="></latexit>

 2pxq
<latexit sha1_base64="kegZ6qzp4DfJ/NDIolrg/o3tJAE="></latexit><latexit sha1_base64="kegZ6qzp4DfJ/NDIolrg/o3tJAE="></latexit><latexit sha1_base64="kegZ6qzp4DfJ/NDIolrg/o3tJAE="></latexit><latexit sha1_base64="kegZ6qzp4DfJ/NDIolrg/o3tJAE="></latexit><latexit sha1_base64="kegZ6qzp4DfJ/NDIolrg/o3tJAE="></latexit>

„
p̂2

2m
` V pxq

⇢
 npxq “ ✏n npxq

<latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit>

x
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Wp 1, 2q “  1pxq 1
2pxq ´  2pxq 1

1pxq
<latexit sha1_base64="kvg0lXdxmoRIjMRurpW9BsUByBE="></latexit><latexit sha1_base64="kvg0lXdxmoRIjMRurpW9BsUByBE="></latexit><latexit sha1_base64="kvg0lXdxmoRIjMRurpW9BsUByBE="></latexit><latexit sha1_base64="kvg0lXdxmoRIjMRurpW9BsUByBE="></latexit><latexit sha1_base64="kvg0lXdxmoRIjMRurpW9BsUByBE="></latexit>

•W for two independent solutions satisfies:

•Consider a and b two consecutive nodes of  1
<latexit sha1_base64="YxsdW0FGn+vA9dbswquHWh+ubOQ="></latexit><latexit sha1_base64="YxsdW0FGn+vA9dbswquHWh+ubOQ="></latexit><latexit sha1_base64="YxsdW0FGn+vA9dbswquHWh+ubOQ="></latexit><latexit sha1_base64="YxsdW0FGn+vA9dbswquHWh+ubOQ="></latexit><latexit sha1_base64="YxsdW0FGn+vA9dbswquHWh+ubOQ="></latexit>

✏2 ° ✏1<latexit sha1_base64="hsMmPbr4T5znVjOF2W7yVmdt7os="></latexit><latexit sha1_base64="hsMmPbr4T5znVjOF2W7yVmdt7os="></latexit><latexit sha1_base64="hsMmPbr4T5znVjOF2W7yVmdt7os="></latexit><latexit sha1_base64="hsMmPbr4T5znVjOF2W7yVmdt7os="></latexit><latexit sha1_base64="hsMmPbr4T5znVjOF2W7yVmdt7os="></latexit>

Wp 1, 2q|ab “ p✏1 ´ ✏2q
ª b

a
dx 1 2

`
ª b

a
dx

ª
dx̄V px, x̄q t 1pxq 2px̄q ´  2pxq 1px̄qu

<latexit sha1_base64="2Bbv2IRjPEDVlggdMUt1ff9eufk="></latexit><latexit sha1_base64="2Bbv2IRjPEDVlggdMUt1ff9eufk="></latexit><latexit sha1_base64="2Bbv2IRjPEDVlggdMUt1ff9eufk="></latexit><latexit sha1_base64="2Bbv2IRjPEDVlggdMUt1ff9eufk="></latexit><latexit sha1_base64="2Bbv2IRjPEDVlggdMUt1ff9eufk="></latexit>

 2pbq 1
1pbq ´  2paq 1

1paq “ p✏2 ´ ✏1q
ª b

a
dx 1 2

`
ª b

a
dx

ª
dx̄V px, x̄q t 1pxq 2px̄q ´  2pxq 1px̄qu

<latexit sha1_base64="yHt2Rd3W65crAA6/gtM7Vm40fDA="></latexit><latexit sha1_base64="yHt2Rd3W65crAA6/gtM7Vm40fDA="></latexit><latexit sha1_base64="yHt2Rd3W65crAA6/gtM7Vm40fDA="></latexit><latexit sha1_base64="yHt2Rd3W65crAA6/gtM7Vm40fDA="></latexit><latexit sha1_base64="yHt2Rd3W65crAA6/gtM7Vm40fDA="></latexit>

p̂2

2m
 npxq `

ª
dx̄V px, x̄q npx̄q “ ✏n npxq

<latexit sha1_base64="LeMrqaS1vkWcjyc8+bz4Bq8pHFU="></latexit><latexit sha1_base64="LeMrqaS1vkWcjyc8+bz4Bq8pHFU="></latexit><latexit sha1_base64="LeMrqaS1vkWcjyc8+bz4Bq8pHFU="></latexit><latexit sha1_base64="LeMrqaS1vkWcjyc8+bz4Bq8pHFU="></latexit><latexit sha1_base64="LeMrqaS1vkWcjyc8+bz4Bq8pHFU="></latexit>



Continuous procedure
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Proof 2

 11

„
p̂2

2m
` V pxq

⇢
 npxq “ ✏n npxq

<latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit>

•Define family of potentials:

Vapxq “
#
V pxq, ´a † x † a

8, |x| ° a
<latexit sha1_base64="eisTUfUWKscCGNdlmaCuNhbh8/U="></latexit><latexit sha1_base64="eisTUfUWKscCGNdlmaCuNhbh8/U="></latexit><latexit sha1_base64="eisTUfUWKscCGNdlmaCuNhbh8/U="></latexit><latexit sha1_base64="eisTUfUWKscCGNdlmaCuNhbh8/U="></latexit><latexit sha1_base64="eisTUfUWKscCGNdlmaCuNhbh8/U="></latexit>

•For sufficiently small a eigenfunctions are known

 npxq “
#
A cos

`
n⇡
2a x

˘
, n “ 0, 2, 4, ¨ ¨ ¨

A sin
`
n⇡
2a x

˘
, n “ 1, 3, 5, ¨ ¨ ¨

<latexit sha1_base64="g4y9f/Ho0svAQdvKdNw7U+71ZFc="></latexit><latexit sha1_base64="g4y9f/Ho0svAQdvKdNw7U+71ZFc="></latexit><latexit sha1_base64="g4y9f/Ho0svAQdvKdNw7U+71ZFc="></latexit><latexit sha1_base64="g4y9f/Ho0svAQdvKdNw7U+71ZFc="></latexit><latexit sha1_base64="g4y9f/Ho0svAQdvKdNw7U+71ZFc="></latexit>

•Increase a - can we develop new nodes?

-a 0 a
x

1

3

2

Va (x) ∞∞



Proof 2
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-a a
x

 1
1p´aq ° 0

<latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit><latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit><latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit><latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit><latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit>

 1
1paq † 0

<latexit sha1_base64="ZjeTBflCHLwrPcLC2FqREud47mw="></latexit><latexit sha1_base64="ZjeTBflCHLwrPcLC2FqREud47mw="></latexit><latexit sha1_base64="ZjeTBflCHLwrPcLC2FqREud47mw="></latexit><latexit sha1_base64="ZjeTBflCHLwrPcLC2FqREud47mw="></latexit><latexit sha1_base64="ZjeTBflCHLwrPcLC2FqREud47mw="></latexit>

Case 1: one derivative changes sign

-a a
x

 1
1p´aq ° 0

<latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit><latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit><latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit><latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit><latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit>  1
1paq ° 0

<latexit sha1_base64="QsDHlo64rv1pMwngOuLqf7qqRhg="></latexit><latexit sha1_base64="QsDHlo64rv1pMwngOuLqf7qqRhg="></latexit><latexit sha1_base64="QsDHlo64rv1pMwngOuLqf7qqRhg="></latexit><latexit sha1_base64="QsDHlo64rv1pMwngOuLqf7qqRhg="></latexit><latexit sha1_base64="QsDHlo64rv1pMwngOuLqf7qqRhg="></latexit>

„
p̂2

2m
` V pxq

⇢
 npxq “ ✏n npxq

<latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit>
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 12

-a a
x

 1
1p´aq ° 0

<latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit><latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit><latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit><latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit><latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit>

 1
1paq † 0

<latexit sha1_base64="ZjeTBflCHLwrPcLC2FqREud47mw="></latexit><latexit sha1_base64="ZjeTBflCHLwrPcLC2FqREud47mw="></latexit><latexit sha1_base64="ZjeTBflCHLwrPcLC2FqREud47mw="></latexit><latexit sha1_base64="ZjeTBflCHLwrPcLC2FqREud47mw="></latexit><latexit sha1_base64="ZjeTBflCHLwrPcLC2FqREud47mw="></latexit>

Case 1: one derivative changes sign

-a a
x

 1
1p´aq ° 0

<latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit><latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit><latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit><latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit><latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit>  1
1paq ° 0

<latexit sha1_base64="QsDHlo64rv1pMwngOuLqf7qqRhg="></latexit><latexit sha1_base64="QsDHlo64rv1pMwngOuLqf7qqRhg="></latexit><latexit sha1_base64="QsDHlo64rv1pMwngOuLqf7qqRhg="></latexit><latexit sha1_base64="QsDHlo64rv1pMwngOuLqf7qqRhg="></latexit><latexit sha1_base64="QsDHlo64rv1pMwngOuLqf7qqRhg="></latexit>

„
p̂2

2m
` V pxq

⇢
 npxq “ ✏n npxq

<latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit>

-a a
x

 1
1p´aq ° 0

<latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit><latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit><latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit><latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit><latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit>

x*

Critical a
 1px˚q “ 0

<latexit sha1_base64="KKUbkswMmLkMf3dxrx3u61DupUs="></latexit><latexit sha1_base64="KKUbkswMmLkMf3dxrx3u61DupUs="></latexit><latexit sha1_base64="KKUbkswMmLkMf3dxrx3u61DupUs="></latexit><latexit sha1_base64="KKUbkswMmLkMf3dxrx3u61DupUs="></latexit><latexit sha1_base64="KKUbkswMmLkMf3dxrx3u61DupUs="></latexit>

 1
1px˚q “ 0

<latexit sha1_base64="Q7QHWWEP32cCqeLuw0MR3I2GOEg="></latexit><latexit sha1_base64="Q7QHWWEP32cCqeLuw0MR3I2GOEg="></latexit><latexit sha1_base64="Q7QHWWEP32cCqeLuw0MR3I2GOEg="></latexit><latexit sha1_base64="Q7QHWWEP32cCqeLuw0MR3I2GOEg="></latexit><latexit sha1_base64="Q7QHWWEP32cCqeLuw0MR3I2GOEg="></latexit>
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-a a
x

 1
1p´aq ° 0

<latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit><latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit><latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit><latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit><latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit>

 1
1paq † 0

<latexit sha1_base64="ZjeTBflCHLwrPcLC2FqREud47mw="></latexit><latexit sha1_base64="ZjeTBflCHLwrPcLC2FqREud47mw="></latexit><latexit sha1_base64="ZjeTBflCHLwrPcLC2FqREud47mw="></latexit><latexit sha1_base64="ZjeTBflCHLwrPcLC2FqREud47mw="></latexit><latexit sha1_base64="ZjeTBflCHLwrPcLC2FqREud47mw="></latexit>

Case 2: no change of sign

-a a
x

„
p̂2

2m
` V pxq

⇢
 npxq “ ✏n npxq

<latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit>

 1
1p´aq ° 0

<latexit sha1_base64="PwGsyXoF5nQX12WZULzwve4JTxM="></latexit><latexit sha1_base64="PwGsyXoF5nQX12WZULzwve4JTxM="></latexit><latexit sha1_base64="PwGsyXoF5nQX12WZULzwve4JTxM="></latexit><latexit sha1_base64="PwGsyXoF5nQX12WZULzwve4JTxM="></latexit><latexit sha1_base64="PwGsyXoF5nQX12WZULzwve4JTxM="></latexit>

 1
1paq † 0

<latexit sha1_base64="8qq9auMwVY1LzJWdUbckYT2T34M="></latexit><latexit sha1_base64="8qq9auMwVY1LzJWdUbckYT2T34M="></latexit><latexit sha1_base64="8qq9auMwVY1LzJWdUbckYT2T34M="></latexit><latexit sha1_base64="8qq9auMwVY1LzJWdUbckYT2T34M="></latexit><latexit sha1_base64="8qq9auMwVY1LzJWdUbckYT2T34M="></latexit>
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-a a
x

 1
1p´aq ° 0

<latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit><latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit><latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit><latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit><latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit>

 1
1paq † 0

<latexit sha1_base64="ZjeTBflCHLwrPcLC2FqREud47mw="></latexit><latexit sha1_base64="ZjeTBflCHLwrPcLC2FqREud47mw="></latexit><latexit sha1_base64="ZjeTBflCHLwrPcLC2FqREud47mw="></latexit><latexit sha1_base64="ZjeTBflCHLwrPcLC2FqREud47mw="></latexit><latexit sha1_base64="ZjeTBflCHLwrPcLC2FqREud47mw="></latexit>

Case 2: no change of sign

-a a
x

„
p̂2

2m
` V pxq

⇢
 npxq “ ✏n npxq

<latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit>

 1
1p´aq ° 0

<latexit sha1_base64="PwGsyXoF5nQX12WZULzwve4JTxM="></latexit><latexit sha1_base64="PwGsyXoF5nQX12WZULzwve4JTxM="></latexit><latexit sha1_base64="PwGsyXoF5nQX12WZULzwve4JTxM="></latexit><latexit sha1_base64="PwGsyXoF5nQX12WZULzwve4JTxM="></latexit><latexit sha1_base64="PwGsyXoF5nQX12WZULzwve4JTxM="></latexit>

 1
1paq † 0

<latexit sha1_base64="8qq9auMwVY1LzJWdUbckYT2T34M="></latexit><latexit sha1_base64="8qq9auMwVY1LzJWdUbckYT2T34M="></latexit><latexit sha1_base64="8qq9auMwVY1LzJWdUbckYT2T34M="></latexit><latexit sha1_base64="8qq9auMwVY1LzJWdUbckYT2T34M="></latexit><latexit sha1_base64="8qq9auMwVY1LzJWdUbckYT2T34M="></latexit>

x
-a a

Critical a

x*x**

 1px˚q “ 0
<latexit sha1_base64="KKUbkswMmLkMf3dxrx3u61DupUs="></latexit><latexit sha1_base64="KKUbkswMmLkMf3dxrx3u61DupUs="></latexit><latexit sha1_base64="KKUbkswMmLkMf3dxrx3u61DupUs="></latexit><latexit sha1_base64="KKUbkswMmLkMf3dxrx3u61DupUs="></latexit><latexit sha1_base64="KKUbkswMmLkMf3dxrx3u61DupUs="></latexit>

 1
1px˚q “ 0

<latexit sha1_base64="Q7QHWWEP32cCqeLuw0MR3I2GOEg="></latexit><latexit sha1_base64="Q7QHWWEP32cCqeLuw0MR3I2GOEg="></latexit><latexit sha1_base64="Q7QHWWEP32cCqeLuw0MR3I2GOEg="></latexit><latexit sha1_base64="Q7QHWWEP32cCqeLuw0MR3I2GOEg="></latexit><latexit sha1_base64="Q7QHWWEP32cCqeLuw0MR3I2GOEg="></latexit>

 1
1px˚˚q “ 0

<latexit sha1_base64="FXcYGgTL7x+VhDY3Jih7Ws4X0aI="></latexit><latexit sha1_base64="FXcYGgTL7x+VhDY3Jih7Ws4X0aI="></latexit><latexit sha1_base64="FXcYGgTL7x+VhDY3Jih7Ws4X0aI="></latexit><latexit sha1_base64="FXcYGgTL7x+VhDY3Jih7Ws4X0aI="></latexit><latexit sha1_base64="FXcYGgTL7x+VhDY3Jih7Ws4X0aI="></latexit>

 1px˚˚q “ 0
<latexit sha1_base64="9hvR7PclUUKb5vFEvkgm/z8LK/Q="></latexit><latexit sha1_base64="9hvR7PclUUKb5vFEvkgm/z8LK/Q="></latexit><latexit sha1_base64="9hvR7PclUUKb5vFEvkgm/z8LK/Q="></latexit><latexit sha1_base64="9hvR7PclUUKb5vFEvkgm/z8LK/Q="></latexit><latexit sha1_base64="9hvR7PclUUKb5vFEvkgm/z8LK/Q="></latexit>
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„
p̂2

2m
` V pxq

⇢
 npxq “ ✏n npxq

<latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit>

•Define family of potentials:

Vapxq “
#
V pxq, ´a † x † a

8, |x| ° a
<latexit sha1_base64="eisTUfUWKscCGNdlmaCuNhbh8/U="></latexit><latexit sha1_base64="eisTUfUWKscCGNdlmaCuNhbh8/U="></latexit><latexit sha1_base64="eisTUfUWKscCGNdlmaCuNhbh8/U="></latexit><latexit sha1_base64="eisTUfUWKscCGNdlmaCuNhbh8/U="></latexit><latexit sha1_base64="eisTUfUWKscCGNdlmaCuNhbh8/U="></latexit>

-a 0 a
x

1

3

2

Va (x) ∞∞

•In taking a→∞, we cannot generate new nodes 

•Number of nodes same as infinite well

Nn “ n
<latexit sha1_base64="xbcbG6HwuYzMyGrzkLLnUIYBsmk="></latexit><latexit sha1_base64="xbcbG6HwuYzMyGrzkLLnUIYBsmk="></latexit><latexit sha1_base64="xbcbG6HwuYzMyGrzkLLnUIYBsmk="></latexit><latexit sha1_base64="xbcbG6HwuYzMyGrzkLLnUIYBsmk="></latexit><latexit sha1_base64="xbcbG6HwuYzMyGrzkLLnUIYBsmk="></latexit>

Moriconi, American Journal of Physics 75, 284 (2007)
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-a a
x

 1
1p´aq ° 0

<latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit><latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit><latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit><latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit><latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit>

 1
1paq † 0

<latexit sha1_base64="ZjeTBflCHLwrPcLC2FqREud47mw="></latexit><latexit sha1_base64="ZjeTBflCHLwrPcLC2FqREud47mw="></latexit><latexit sha1_base64="ZjeTBflCHLwrPcLC2FqREud47mw="></latexit><latexit sha1_base64="ZjeTBflCHLwrPcLC2FqREud47mw="></latexit><latexit sha1_base64="ZjeTBflCHLwrPcLC2FqREud47mw="></latexit>

Case 1: one derivative changes sign

p̂2

2m
 npxq `

ª
dx̄V px, x̄q npx̄q “ ✏n npxq

<latexit sha1_base64="LeMrqaS1vkWcjyc8+bz4Bq8pHFU="></latexit><latexit sha1_base64="LeMrqaS1vkWcjyc8+bz4Bq8pHFU="></latexit><latexit sha1_base64="LeMrqaS1vkWcjyc8+bz4Bq8pHFU="></latexit><latexit sha1_base64="LeMrqaS1vkWcjyc8+bz4Bq8pHFU="></latexit><latexit sha1_base64="LeMrqaS1vkWcjyc8+bz4Bq8pHFU="></latexit>

-a a
x

 1
1p´aq ° 0

<latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit><latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit><latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit><latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit><latexit sha1_base64="aCjR+qgKMo4Nqy3C4H/GxLQY2mY="></latexit>

x*

Critical a
 1px˚q “ 0

<latexit sha1_base64="KKUbkswMmLkMf3dxrx3u61DupUs="></latexit><latexit sha1_base64="KKUbkswMmLkMf3dxrx3u61DupUs="></latexit><latexit sha1_base64="KKUbkswMmLkMf3dxrx3u61DupUs="></latexit><latexit sha1_base64="KKUbkswMmLkMf3dxrx3u61DupUs="></latexit><latexit sha1_base64="KKUbkswMmLkMf3dxrx3u61DupUs="></latexit>

 1
1px˚q “ 0

<latexit sha1_base64="Q7QHWWEP32cCqeLuw0MR3I2GOEg="></latexit><latexit sha1_base64="Q7QHWWEP32cCqeLuw0MR3I2GOEg="></latexit><latexit sha1_base64="Q7QHWWEP32cCqeLuw0MR3I2GOEg="></latexit><latexit sha1_base64="Q7QHWWEP32cCqeLuw0MR3I2GOEg="></latexit><latexit sha1_base64="Q7QHWWEP32cCqeLuw0MR3I2GOEg="></latexit>



A generic family of potentials

•Start from (solvable) local Hamiltonian
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„
p̂2

2m
` V pxq

⇢
 npxq “ ✏n npxq

<latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit><latexit sha1_base64="egghb9iHalL+HHpuwlnfkOTWqO8="></latexit>

•Add non-local hamiltonian of form

•Solution to the problem is then analytical
„
p̂2

2m
` V pxq `

ª
dx1Vkpx, x1q

⇢
 ̃npxq “ ✏̃n ̃npxq

<latexit sha1_base64="PpOmsNbDHXoJSEekKM0EXlS9bf8="></latexit><latexit sha1_base64="PpOmsNbDHXoJSEekKM0EXlS9bf8="></latexit><latexit sha1_base64="PpOmsNbDHXoJSEekKM0EXlS9bf8="></latexit><latexit sha1_base64="PpOmsNbDHXoJSEekKM0EXlS9bf8="></latexit><latexit sha1_base64="PpOmsNbDHXoJSEekKM0EXlS9bf8="></latexit>

 ̃npxq “  npxq
<latexit sha1_base64="/6kXIzGTOJ0vzE9oZG7mlQy62nE="></latexit><latexit sha1_base64="/6kXIzGTOJ0vzE9oZG7mlQy62nE="></latexit><latexit sha1_base64="/6kXIzGTOJ0vzE9oZG7mlQy62nE="></latexit><latexit sha1_base64="/6kXIzGTOJ0vzE9oZG7mlQy62nE="></latexit><latexit sha1_base64="/6kXIzGTOJ0vzE9oZG7mlQy62nE="></latexit>

Vkpx, x1q “ ↵k kpxq˚ kpx1q
<latexit sha1_base64="wWT+bYhYfha/V1iQUkDhfEoptdA="></latexit><latexit sha1_base64="wWT+bYhYfha/V1iQUkDhfEoptdA="></latexit><latexit sha1_base64="wWT+bYhYfha/V1iQUkDhfEoptdA="></latexit><latexit sha1_base64="wWT+bYhYfha/V1iQUkDhfEoptdA="></latexit><latexit sha1_base64="wWT+bYhYfha/V1iQUkDhfEoptdA="></latexit>

✏̃n “
#
✏n, n ‰ k

✏k ` ↵k, n “ k
<latexit sha1_base64="FaokMh3exhdh+XfrErkDQqx4GBg="></latexit><latexit sha1_base64="FaokMh3exhdh+XfrErkDQqx4GBg="></latexit><latexit sha1_base64="FaokMh3exhdh+XfrErkDQqx4GBg="></latexit><latexit sha1_base64="FaokMh3exhdh+XfrErkDQqx4GBg="></latexit><latexit sha1_base64="FaokMh3exhdh+XfrErkDQqx4GBg="></latexit>

Bulgac, Nuclear Physics A 487 251 (1998)
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Example: harmonic oscillator
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Local Non-local

n “ 0, ✏0 “ 1

2
~!

<latexit sha1_base64="OGXnDRvstRMj2jP6aBPJOx3t6A8="></latexit><latexit sha1_base64="OGXnDRvstRMj2jP6aBPJOx3t6A8="></latexit><latexit sha1_base64="OGXnDRvstRMj2jP6aBPJOx3t6A8="></latexit><latexit sha1_base64="OGXnDRvstRMj2jP6aBPJOx3t6A8="></latexit><latexit sha1_base64="OGXnDRvstRMj2jP6aBPJOx3t6A8="></latexit>

n “ 1, ✏1 “ 3

2
~!

<latexit sha1_base64="Qkgsc3yHrKDu1Y167EezLhIiW0o="></latexit><latexit sha1_base64="Qkgsc3yHrKDu1Y167EezLhIiW0o="></latexit><latexit sha1_base64="Qkgsc3yHrKDu1Y167EezLhIiW0o="></latexit><latexit sha1_base64="Qkgsc3yHrKDu1Y167EezLhIiW0o="></latexit><latexit sha1_base64="Qkgsc3yHrKDu1Y167EezLhIiW0o="></latexit>

n “ 2, ✏2 “ 5

2
~!

<latexit sha1_base64="J2Jp9fCdhDzzfAT4c6CpAZKAcSU="></latexit><latexit sha1_base64="J2Jp9fCdhDzzfAT4c6CpAZKAcSU="></latexit><latexit sha1_base64="J2Jp9fCdhDzzfAT4c6CpAZKAcSU="></latexit><latexit sha1_base64="J2Jp9fCdhDzzfAT4c6CpAZKAcSU="></latexit><latexit sha1_base64="J2Jp9fCdhDzzfAT4c6CpAZKAcSU="></latexit>

n “ 3, ✏3 “ 7

2
~!

<latexit sha1_base64="9F4lz9kwFk7Nt0d+TJbPLaNgB1g="></latexit><latexit sha1_base64="9F4lz9kwFk7Nt0d+TJbPLaNgB1g="></latexit><latexit sha1_base64="9F4lz9kwFk7Nt0d+TJbPLaNgB1g="></latexit><latexit sha1_base64="9F4lz9kwFk7Nt0d+TJbPLaNgB1g="></latexit><latexit sha1_base64="9F4lz9kwFk7Nt0d+TJbPLaNgB1g="></latexit>

k “ 0, ↵0 “ 1

2
~!

<latexit sha1_base64="Lw4ko2hCR/sR26lmBlkZYETpiBQ="></latexit><latexit sha1_base64="Lw4ko2hCR/sR26lmBlkZYETpiBQ="></latexit><latexit sha1_base64="Lw4ko2hCR/sR26lmBlkZYETpiBQ="></latexit><latexit sha1_base64="Lw4ko2hCR/sR26lmBlkZYETpiBQ="></latexit><latexit sha1_base64="Lw4ko2hCR/sR26lmBlkZYETpiBQ="></latexit>
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Local Non-local

n “ 0, ✏0 “ 1

2
~!

<latexit sha1_base64="OGXnDRvstRMj2jP6aBPJOx3t6A8="></latexit><latexit sha1_base64="OGXnDRvstRMj2jP6aBPJOx3t6A8="></latexit><latexit sha1_base64="OGXnDRvstRMj2jP6aBPJOx3t6A8="></latexit><latexit sha1_base64="OGXnDRvstRMj2jP6aBPJOx3t6A8="></latexit><latexit sha1_base64="OGXnDRvstRMj2jP6aBPJOx3t6A8="></latexit>

n “ 1, ✏1 “ 3

2
~!

<latexit sha1_base64="Qkgsc3yHrKDu1Y167EezLhIiW0o="></latexit><latexit sha1_base64="Qkgsc3yHrKDu1Y167EezLhIiW0o="></latexit><latexit sha1_base64="Qkgsc3yHrKDu1Y167EezLhIiW0o="></latexit><latexit sha1_base64="Qkgsc3yHrKDu1Y167EezLhIiW0o="></latexit><latexit sha1_base64="Qkgsc3yHrKDu1Y167EezLhIiW0o="></latexit>

n “ 2, ✏2 “ 5

2
~!

<latexit sha1_base64="J2Jp9fCdhDzzfAT4c6CpAZKAcSU="></latexit><latexit sha1_base64="J2Jp9fCdhDzzfAT4c6CpAZKAcSU="></latexit><latexit sha1_base64="J2Jp9fCdhDzzfAT4c6CpAZKAcSU="></latexit><latexit sha1_base64="J2Jp9fCdhDzzfAT4c6CpAZKAcSU="></latexit><latexit sha1_base64="J2Jp9fCdhDzzfAT4c6CpAZKAcSU="></latexit>

n “ 3, ✏3 “ 7

2
~!

<latexit sha1_base64="9F4lz9kwFk7Nt0d+TJbPLaNgB1g="></latexit><latexit sha1_base64="9F4lz9kwFk7Nt0d+TJbPLaNgB1g="></latexit><latexit sha1_base64="9F4lz9kwFk7Nt0d+TJbPLaNgB1g="></latexit><latexit sha1_base64="9F4lz9kwFk7Nt0d+TJbPLaNgB1g="></latexit><latexit sha1_base64="9F4lz9kwFk7Nt0d+TJbPLaNgB1g="></latexit>

k “ 0, ↵0 “ 1

2
~!

<latexit sha1_base64="Lw4ko2hCR/sR26lmBlkZYETpiBQ="></latexit><latexit sha1_base64="Lw4ko2hCR/sR26lmBlkZYETpiBQ="></latexit><latexit sha1_base64="Lw4ko2hCR/sR26lmBlkZYETpiBQ="></latexit><latexit sha1_base64="Lw4ko2hCR/sR26lmBlkZYETpiBQ="></latexit><latexit sha1_base64="Lw4ko2hCR/sR26lmBlkZYETpiBQ="></latexit>
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<latexit sha1_base64="Qkgsc3yHrKDu1Y167EezLhIiW0o="></latexit><latexit sha1_base64="Qkgsc3yHrKDu1Y167EezLhIiW0o="></latexit><latexit sha1_base64="Qkgsc3yHrKDu1Y167EezLhIiW0o="></latexit><latexit sha1_base64="Qkgsc3yHrKDu1Y167EezLhIiW0o="></latexit><latexit sha1_base64="Qkgsc3yHrKDu1Y167EezLhIiW0o="></latexit>

n “ 2, ✏2 “ 5

2
~!

<latexit sha1_base64="J2Jp9fCdhDzzfAT4c6CpAZKAcSU="></latexit><latexit sha1_base64="J2Jp9fCdhDzzfAT4c6CpAZKAcSU="></latexit><latexit sha1_base64="J2Jp9fCdhDzzfAT4c6CpAZKAcSU="></latexit><latexit sha1_base64="J2Jp9fCdhDzzfAT4c6CpAZKAcSU="></latexit><latexit sha1_base64="J2Jp9fCdhDzzfAT4c6CpAZKAcSU="></latexit>

n “ 3, ✏3 “ 7

2
~!

<latexit sha1_base64="9F4lz9kwFk7Nt0d+TJbPLaNgB1g="></latexit><latexit sha1_base64="9F4lz9kwFk7Nt0d+TJbPLaNgB1g="></latexit><latexit sha1_base64="9F4lz9kwFk7Nt0d+TJbPLaNgB1g="></latexit><latexit sha1_base64="9F4lz9kwFk7Nt0d+TJbPLaNgB1g="></latexit><latexit sha1_base64="9F4lz9kwFk7Nt0d+TJbPLaNgB1g="></latexit>

n “ 0, ✏0 “ ~!
<latexit sha1_base64="DINSn85ucwaIo76XaAKvb+W6Tck="></latexit><latexit sha1_base64="DINSn85ucwaIo76XaAKvb+W6Tck="></latexit><latexit sha1_base64="DINSn85ucwaIo76XaAKvb+W6Tck="></latexit><latexit sha1_base64="DINSn85ucwaIo76XaAKvb+W6Tck="></latexit><latexit sha1_base64="DINSn85ucwaIo76XaAKvb+W6Tck="></latexit>
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Example: harmonic oscillator
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Local Non-local

n “ 0, ✏0 “ 1

2
~!

<latexit sha1_base64="OGXnDRvstRMj2jP6aBPJOx3t6A8="></latexit><latexit sha1_base64="OGXnDRvstRMj2jP6aBPJOx3t6A8="></latexit><latexit sha1_base64="OGXnDRvstRMj2jP6aBPJOx3t6A8="></latexit><latexit sha1_base64="OGXnDRvstRMj2jP6aBPJOx3t6A8="></latexit><latexit sha1_base64="OGXnDRvstRMj2jP6aBPJOx3t6A8="></latexit>

n “ 1, ✏1 “ 3

2
~!

<latexit sha1_base64="Qkgsc3yHrKDu1Y167EezLhIiW0o="></latexit><latexit sha1_base64="Qkgsc3yHrKDu1Y167EezLhIiW0o="></latexit><latexit sha1_base64="Qkgsc3yHrKDu1Y167EezLhIiW0o="></latexit><latexit sha1_base64="Qkgsc3yHrKDu1Y167EezLhIiW0o="></latexit><latexit sha1_base64="Qkgsc3yHrKDu1Y167EezLhIiW0o="></latexit>

n “ 2, ✏2 “ 5

2
~!
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Local Non-local

n “ 0, ✏0 “ 1
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Local Non-local

n “ 0, ✏0 “ 1
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Example: harmonic oscillator
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What can one do now?

•Dial αk<0 to get attractive non-local term 

•Changes number of nodes too
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What can one do now?
•We can add more than one non-local potential:
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•One can reorder spectrum at will
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Conclusion & outlook

Outlook 
•Is this a feature specific to rank-n separable potentials? 

•Are there subsets of potentials where connections can 
be drawn? 

•Are there results of integro-differential equation theory 
that can be used here?
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