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Introduction: the small-x problem

Bremsstrahlung favors soft (low energy, or small x ≡ kz
pz
� 1) gluons:

dP ' αsCR
π2

d2k⊥
k2
⊥

dx

x
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Introduction: the small-x problem

Bremsstrahlung favors soft (low energy, or small x ≡ kz
pz
� 1) gluons:

xG(x,Q2) ≡ x
dN

dx
∝ 1

xλ

λ ' 0.2 ÷ 0.3

All-order resummations of gluon ladders (BFKL) lead to an explosive growth
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Introduction: the small-x problem

Bremsstrahlung favors soft (low energy, or small x ≡ kz
pz
� 1) gluons:

σdipole ∝
αs
Q2

xG(x,Q2)

Bjorken x : x =
Q2

s

All-order resummations of gluon ladders (BFKL) lead to an explosive growth

Cross-sections are proportional to parton distributions: unitarity violations
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Introduction: the small-x problem

Bremsstrahlung favors soft (low energy, or small x ≡ kz
pz
� 1) gluons:

gluon recombination

σdipole

πR2
∼ αs

xG(x,Q2)

πR2Q2
. 1

All-order resummations of gluon ladders (BFKL) lead to an explosive growth

Cross-sections are proportional to parton distributions: unitarity violations

The natural mechanism to stop this growth: gluon saturation

The modern theory for gluon saturation: Color Glass Condensate

non-linear generalization of the BFKL dynamics
currently known to next-to-leading order in pQCD

Getting to Grips with QCD Gluon saturation and the CGC Edmond Iancu 2 / 39



Parton distributions from DIS
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Gluon distribution xG(x,Q2) ≡ xdN
dx : # of gluons with longitudinal

momentum fraction x and transverse size ∆x⊥ ∼ 1/Q

For x ≤ 0.01 the proton wavefunction contains mostly gluons
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Gluon evolution at small x

Gluon occupation number:

n(x,Q2) ' xG(x,Q2)

πR2Q2

Linear evolution (BFKL): Y ≡ ln(1/x)

∂n

∂Y
= ωαsn =⇒ n ∝ eωαsY

Saturation momentum: n(x,Q2) ∼ 1/αs when Q2 = Q2
s(x)

Q2
s(x)' αs

xG(x,Q2
s)

πR2
∼ 1

xλs
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Gluon evolution at small x

Gluon occupation number:

n(x,Q2) ' xG(x,Q2)

πR2Q2

Non-linear evolution (BK-JIMWLK)

∂n

∂Y
= αsn− α2

sn
2 ∼ 0 when n ∼ 1
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Gluon evolution at small x

Gluon occupation number:

n(x,Q2) ' xG(x,Q2)

πR2Q2

Non-linear evolution (BK-JIMWLK)

∂n

∂Y
= αsn− α2

sn
2 ∼ 0 when n ∼ 1
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Saturation momentum: n(x,Q2) ∼ 1/αs when Q2 = Q2
s(x)

Q2
s(x)' αs

xG(x,Q2
s)

πR2
∼ 1

xλs

Typical transverse momentum for the gluons with a given x� 1
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Gluon evolution at small x

Gluon occupation number:

n(x,Q2) ' xG(x,Q2)

πR2Q2

Non-linear evolution (BK-JIMWLK)

∂n

∂Y
= αsn− α2

sn
2 ∼ 0 when n ∼ 1
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Saturation momentum: n(x,Q2) ∼ 1/αs when Q2 = Q2
s(x)

Q2
s(x)' αs

xG(x,Q2
s)

πR2
∼ 1

xλs

Qs(x) rises with the energy (i.e. with decreasing x)
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The saturation momentum

... and also with the atomic number A for a large nucleus (A� 1)

ln !

Y = ln 1/x

2
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sln Q  (Y)2
s

Q2
s(x,A)' αs

xGA(x,Q2
s)

πR2
A

∼ A1/3

xλs

x ∼ 10−5: Qs ∼ 1 GeV for proton and ∼ 3 GeV for Pb or Au

One can (at least, marginally) study gluon saturation in pQCD
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DIS at high energy (small x)

Proton infinite momentum frame: γ∗ couples to a sea quark (or antiquark)

Boost to a frame where γ∗ is energetic (q0 ' qz � Q):

the qq̄ can now be seen as a part of the photon wavefunction

∆t ' 2q0

Q2
� 1

p0
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DIS at high energy (small x)

Proton infinite momentum frame: γ∗ couples to a sea quark (or antiquark)

Boost to a frame where γ∗ is energetic (q0 ' qz � Q):

the qq̄ can now be seen as a part of the photon wavefunction

∆x+ ' 2q+

Q2
� 1

p−

Light-cone vectors: x+ = (t+ z)/
√

2, x− = (t− z)/
√

2, x⊥ = (x, y)
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Dipole factorization for DIS

Most of the total energy is still carried by the proton =⇒ Lorentz contraction

the qq̄ scatters off a shockwave: eikonal approximation

σγ∗p(Q
2, x) =

∫
d2r

∫ 1

0

dz
∣∣Ψγ∗→qq̄(r, z;Q

2)
∣∣2 σdipole(r, x)

σdipole(r, x) ' 2πR2
p T (r, x) with T (r, x): dipole scattering amplitude

r2 ∼ 1/Q2 : dipole resolution in the transverse plane

x : longitudinal fraction of a gluon involved in the scattering
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Dipole–hadron scattering

A single scattering (leading-twist) =⇒ a measure of the gluon density

T0(r, x) ' αsCF r2 xG(x, 1/r2)

πR2
' r2Q2

s(x)

correct so long as T (r, x) ≤ 1 : unitarity constraint

for large dipoles, r & 1/Qs(x), multiple scattering becomes important

‘Duality’: gluon saturation n ∼ 1/αs ←→ unitarization T ∼ 1

Getting to Grips with QCD Gluon saturation and the CGC Edmond Iancu 8 / 39



Multiple scattering (all-twist)

Transverse coordinate is a “good quantum number”: v⊥ = k⊥/q+ � 1

The only effect of the scattering: a color rotation (Wilson line)

Vx = T exp

{
ig

∫
dx+A−a (x+,x)ta

}
Sxy(Y ) ≡ 1

Nc

〈
tr
(
VxV

†
y

)〉
Y

〈. . . 〉Y : average over the target gluon distribution evolved to Y = ln(1/x)

Dipole scattering amplitude: T (r, x) = 1− Sxy(Y ) with r = |x− y|
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Particle production in pA collisions

A quark initially collinear with the proton acquires a transverse momentum
p⊥ ∼ Qs(Xg) via multiple scattering off the saturated gluons

p

x

η = − ln tan
θ

2

xp ≡
p+

q+
=
p⊥√
s

eη

Xg ≡
p−

P−
=
p⊥√
s

e−η

η > 0 (“forward”) : the quark is produced near the collision axis

large p+ (xp ∼ 0.1), but small p− (Xg � 1)

Forward particle production probes the nuclear gluon distribution at small Xg
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High-energy factorization

Amplitude: Mij(k⊥) ≡
∫

d2x⊥ e−ix⊥·k⊥ Vij(x⊥)

Cross-section:
dσ

dηd2k
' xpq(xp)

∫

x,y

e−i(x−y)·k S(x,y;Xg)

Fourier transform S(k, Xg) : “u.g.d.” or “dipole TMD”

Universality at high energy: Wilson lines and their correlations are ubiquitous

CGC: effective theory for computing these correlations in pQCD
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Two particle production at forward rapidities

The collinear quark radiates a gluon prior to, or after, the scattering

Up to four Wilson lines in the cross–section

At large Nc, this factorizes into color dipoles and quadrupoles

〈
Qx1x2x3x4

〉
Y

=
1

Nc

〈
tr(V †x1

Vx2V
†
x3
Vx4)

〉
Y

a generalization of the Weiszäcker-Williams gluon TMD

In the absence of scattering, the final particles would propagate back to back
in the transverse plane (k1 + k2 ' 0)
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Di–hadron correlations at RHIC: p+p vs. d+Au
k !

k !22

11
k

k
2
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The scattering transfers an overall momentum |k1 + k2| ' Qs(Xg)

Predicted by the CGC (Marquet, 2007; Albacete and Marquet, 2010)
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Geometric scaling at HERA
(Staśto, Golec-Biernat, and Kwieciński, 2000)

T (r, x) ' 1− e−r
2Q2

s(x) : a function of τ ≡ r2Q2
s(x)

σ(x,Q2) vs. τ ≡ Q2/Q2
s(x) ∝ Q2xλs with λs = 0.3
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Can the theory predict the value of the saturation exponent ?
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High-energy evolution: “dilute-dense”

The evolution can be associated with either the wavefunction of the dilute
projectile (“BK”), or the dense gluon distribution of the target (“JIMWLK")

The analysis is conceptually simpler for the dilute projectile

The emitted gluon can (multiply) scatter as well

BFKL evolution of the dipole in the background of the dense target

BK, JIMWLK: non-linear generalizations of the BFKL equation
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The BK equation (Balitsky, ’96; Kovchegov, ’99)

Both ‘real’ graphs (the soft gluon crosses the target) and ‘virtual’

Evolution equation for the dipole S–matrix Sxy(Y ) with Y ≡ ln(1/x)

∂Sxy

∂Y
=

αsNc
2π2

∫
d2z

(x− y)2

(x− z)2(y − z)2

[
SxzSzy − Sxy

]

dipole kernel: probability for the dipole to emit a soft gluon at z

large Nc : the original dipole splits into two new dipoles

non-linear equation for T = 1− S : unitarity (fixed point T = 1)

Similar equation for the quadrupole
〈
tr(V †xVyV

†
z Vw)

〉
Y
, etc.
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The saturation front

T (r, Y ) as a function of ρ ≡ ln(1/r2Q2
0) with increasing Y
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(
r2Q2

s(Y )
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1 for rQs & 1
, Q2

s(Y ) ' Q2
0 eλsY

Saturation exponent: λs ' 5αs ' 1 for Y & 5 : way too large
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Adding running coupling: rcBK

Including running coupling dramatically slows down the evolution

λs ' 0.3 in good agreement with the data
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Rather successful phenomenology based on rcBK

... but there are other, equally important, NLO corrections !
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Beyond leading order
LO approximation: any number n ≥ 0 of soft emissions =⇒ (αsY )n

NLO corrections to the evolution: 2 soft gluons, with similar values of x

NLO correction to the impact factor: the first gluon is hard

Getting to Grips with QCD Gluon saturation and the CGC Edmond Iancu 19 / 39



BK equation at NLO Balitsky, Chirilli (arXiv:0710.4330)

∂Sxy

∂Y
=
ᾱs

2π

∫
d

2
z

(x−y)2

(x−z)2(y−z)2

(
SxzSzy − Sxy

){
1 +

+ ᾱs

[
b̄ ln(x−y)

2
µ

2 − b̄
(x−z)2 − (y−z)2

(x−y)2
ln

(x−z)2

(y−z)2

+
67

36
−
π2

12
−

1

2
ln

(x−z)2

(x−y)2
ln

(y−z)2

(x−y)2

]}

+
ᾱ2
s

8π2

∫
d2u d2z

(u−z)4

(
SxuSuzSzy − SxuSuy

)
{
−2 +

(x−u)2(y−z)2 + (x−z)2(y−u)2 − 4(x−y)2(u−z)2

(x−u)2(y−z)2 − (x−z)2(y−u)2
ln

(x−u)2(y−z)2

(x−z)2(y−u)2

+
(x−y)2(u−z)2

(x−u)2(y−z)2

[
1 +

(x−y)2(u−z)2

(x−u)2(y−z)2 − (x−z)2(y−u)2

]
ln

(x−u)2(y−z)2

(x−z)2(y−u)2

}

green : leading-order (LO) terms

violet : running coupling corrections

blue : single collinear logarithm (DGLAP)

red : double collinear logarithm : troublesome !
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NLO : unstable numerical solutions
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Left: leading-order BK

Right: LO BK + the double collinear logarithm alone

Similar conclusion from full NLO BK (Lappi, Mäntysaari, arXiv:1502.02400)

The source of instability: the double collinear logarithm
Getting to Grips with QCD Gluon saturation and the CGC Edmond Iancu 21 / 39



Time ordering

Successive emissions must be ordered in lifetimes

lifetime of a gluon fluctuation:

∆tp '
2p+

p2
⊥
∼ p+u2

⊥

time-ordering condition:

∆tp ∼ p+u2
⊥ > ∆tk ∼ k+z2

⊥

violated when z⊥ is large enough

The correct ordering is restored via quantum corrections, but order-by-order

Integrate out the harder gluon (p+, u⊥) to double-log accuracy:

LO : ᾱs

∫ q+

k+

dp+

p+

∫ z2

r2

du2

u2
= ᾱsY ln

z2

r2
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Time ordering

Successive emissions must be ordered in lifetimes

lifetime of a gluon fluctuation:

∆tp '
2p+

p2
⊥
∼ p+u2

⊥

time-ordering condition:

∆tp ∼ p+u2
⊥ > ∆tk ∼ k+z2

⊥

violated when z⊥ is large enough

The correct ordering is restored via quantum corrections, but order-by-order

Integrate out the harder gluon (p+, u⊥) to double-log accuracy:

ᾱs

∫ q+

k+

dp+

p+

∫ z2

r2

du2

u2
Θ(p+u2 − k+z2) = ᾱsY ln

z2

r2
− ᾱs

2
ln2 z

2

r2
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Resummation of double logs in BK

Double collinear logs can be resummed by enforcing time-ordering

modified BK equation ⇒ non-local in Y (G. Beuf, 14)

local equation, but with an all-order resummed kernel
(E.I., Madrigal, Mueller, Soyez, and Triantafyllopoulos, 2015)

∂Sxy

∂Y
= ᾱs

∫
d2z

2π

(x−y)2

(x−z)2(z−y)2
KDLA

(
ρ(x,y, z)

) (
SxzSzy − Sxy

)

KDLA(ρ) resums powers of ᾱsρ2 to all orders:

KDLA(ρ) ≡ J1

(
2
√
ᾱsρ2

)
√
ᾱsρ2

= 1− ᾱsρ
2

2
+

(ᾱsρ
2)2

12
+ · · ·

ρ2(x,y, z) ≡ ln
(x−z)2

(x−y)2
ln

(y−z)2

(x−y)2
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Numerical solutions: saturation front

The resummation stabilizes and slows down the evolution
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left: the NLO double-log alone

right: double collinear logs resummed to all orders
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Saturation exponent λs ≡ d lnQ2
s/dY
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Further slowing down when also resumming single logs (part of DGLAP)

Running coupling effects: important but less dramatic

Altogether: DL + SL +RC : λs ' 0.2
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Fitting the HERA data
(E.I., Madrigal, Mueller, Soyez, and Triantafyllopoulos, arXiv:1507.03651)

Collinearly-improved BK + 4 free parameters in initial conditions (x0 = 0.01)
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The HERA fit in tables

init RC sing. χ2 per data point parameters
cdt. schm logs σred σcc̄red FL Rp[fm] Q0[GeV] Cα p CMV
GBW small yes 1.135 0.552 0.596 0.699 0.428 2.358 2.802 -
GBW fac yes 1.262 0.626 0.602 0.671 0.460 0.479 1.148 -
rcMV small yes 1.126 0.578 0.592 0.711 0.530 2.714 0.456 0.896
rcMV fac yes 1.222 0.658 0.595 0.681 0.566 0.517 0.535 1.550
GBW small no 1.121 0.597 0.597 0.716 0.414 6.428 4.000 -
GBW fac no 1.164 0.609 0.594 0.697 0.429 1.195 4.000 -
rcMV small no 1.097 0.557 0.593 0.723 0.497 7.393 0.477 0.816
rcMV fac no 1.128 0.573 0.591 0.703 0.526 1.386 0.502 1.015

init RC sing. χ2/npts for Q2
max

cdt. schm logs 50 100 200 400
GBW small yes 1.135 1.172 1.355 1.537
GBW fac yes 1.262 1.360 1.654 1.899
rcMV small yes 1.126 1.172 1.167 1.158
rcMV fac yes 1.222 1.299 1.321 1.317
GBW small no 1.121 1.131 1.317 1.487
GBW fac no 1.164 1.203 1.421 1.622
rcMV small no 1.097 1.128 1.095 1.078
rcMV fac no 1.128 1.177 1.150 1.131
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Recall: Beyond leading order
LO approximation: any number n ≥ 0 of soft emissions =⇒ (αsY )n

NLO corrections to the evolution: 2 soft gluons, with similar values of x

NLO correction to the impact factor: the first gluon is hard

Getting to Grips with QCD Gluon saturation and the CGC Edmond Iancu 28 / 39



Particle production in pA collisions

Recall: Forward rapidities =⇒ dipole TMD at small Xg

dN

dηd2p⊥
' xpq(xp)S(p⊥, Xg) , Xg =

p⊥√
s

e−η � 1

p

x

                                        (GeV)
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p
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(Albacete and Marquet, 2001)

Leading order impact factor (bare dipole) + rcBK: reasonably good pheno
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Particle production beyond leading order
Recently: first NLO calculations for impact factors

NLO impact factor for particle production in pA collisions
(Chirilli, Xiao, and Yuan, 2012)
NLO impact factor for DIS
(Balitsky and Chirilli, 2010-2013; Beuf, 2016-17)

... but the applications to pheno look puzzling: Negative cross-sections !
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(Stasto, Xiao, and Zaslavsky, 2013)

The problem occurs for p⊥ & Qs

CGC formalism is expected to apply there

Getting to Grips with QCD Gluon saturation and the CGC Edmond Iancu 30 / 39



k⊥-factorization (and its problems)

The first gluon contributes both to the evolution (when x� 1) and to the

NLO impact factor (for generic x) : How to avoid over counting ?

S(p, Xg)
∣∣∣
NLO

= ᾱs

∫ 1

Xg

dx

x

[
K(x)−K(0)

]
Sqq̄g

(
k, X(x)

)

X(x) = Xg/x : energy fraction in the target probed by the fluctuation

Evolution evaluated at the floating scale X(x) : non-local in rapidity

After the subtraction, the integral is controlled by x ∼ 1
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k⊥-factorization (and its problems)

The first gluon contributes both to the evolution (when x� 1) and to the

NLO impact factor (for generic x) : How to avoid over counting ?

S(p, Xg)
∣∣∣
NLO

' ᾱs

∫ 1

0

dx

x

[
K(x)−K(0)

]
Sqq̄g

(
k, Xg

)

To NLO accuracy, one can perform additional approximations

replace X(x) → X(1) = Xg =⇒ local in rapidity

set Xg → 0 in the lower limit (‘plus prescription’)

Albeit formally permitted, these approximations lead to an oversubtraction

Getting to Grips with QCD Gluon saturation and the CGC Edmond Iancu 31 / 39



Beyond the kT -factorization

(E.I., A. Mueller and D. Triantafyllopoulos, arXiv:1608.05293)

Evolution and NLO impact factor are not separated anymore

dN

dηd2k
= S0(k) + ᾱs

∫ 1

Xg

dx

x
K(x)Sqq̄g

(
k, X(x)

)
; X(x) ' Xg

x

the first gluon is included with full kinematics, once and only once

Complete to NLO and manifestly positive definite
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Numerical results
Ducloué, Lappi, Zhu, arXiv:1703.04962
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Large NLO correction: ∼ 50 % for k⊥ ≥ 5 GeV

The same results with and without subtraction

exact subtraction, still non-local in X

k⊥-factorization (CXY) turns negative: over-subtraction

Additional subtleties for a running coupling: Ducloué et al, arXiv:1712.07480
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DIS at NLO: similar conclusions

NLO impact factor by G. Beuf, 2016-17

Numerical calculation by Ducloué, Hänninen, Lappi, Zhu, arXiv:1708.07328
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Focus on the “NLO” curve (turquoise)

left: factorization non-local in X

right: rapidity subtraction local in X: negative

left: the NLO correction is “accidentally” small
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NLO impact factor by G. Beuf, 2016-17

Numerical calculation by Ducloué, Hänninen, Lappi, Zhu, arXiv:1708.07328
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Heavy ion collisions

A space–time picture of a heavy ion collision (say, Pb+Pb at the LHC)

z 

t

incoming nuclei CGCs

strong fields classical dynamics

gluons & quarks out of eq. viscous hydro

gluons & quarks in eq. ideal hydro

hadrons kinetic theory

freeze out

The CGC describes particle (gluon) production at early times: Glasma

Initial conditions for hydrodynamics, including correlations and fluctuations
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From CGC to Glasma

Numerically solve classical YM equations with 2 sources (2D lattice)

DνF
νµ(x) = δµ+ρ(1)(x) + δµ−ρ(2)(x) ρ(1,2) ∝ δ(x∓)

Introduction to AA collisions

Bookkeeping

Inclusive gluon spectrum

Loop corrections

CERN

François Gelis – 2007 Lecture III / III – School on QCD, low-x physics, saturation and diffraction, Copanello, July 2007 - p. 9/65

Initial particle production

■ Dilute regime : one parton in each projectile interact

■ Dense regime : multiparton processes become crucial
(+ pileup of many simultaneous scatterings)

Glasma : the classical color fields inside the future LC

Mode decomposition =⇒ gluon production

First principles studies of “thermalization” (isotropisation, approach to hydro)
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From CGC to Glasma

Numerically solve classical YM equations with 2 sources (2D lattice)

DνF
νµ(x) = δµ+ρ(1)(x) + δµ−ρ(2)(x) ρ(1,2) ∝ δ(x∓)

In practice: initial conditions for the colors fields inside the future light cone

η = cst.
t

z

x+x−

(3)

Aµ = ?

(4)

Aµ = 0

(2)

Aµ = pure gauge 2

(1)

Aµ = pure gauge 1

τ = cst.

Ai
∣∣
τ=0

= Ai(1) +A1
(2)

Ai(1,2)(x⊥) =
i

g
V(1,2)(x⊥)∂iV

†
(1,2)(x⊥)

Glasma : the classical color fields inside the future LC

Mode decomposition =⇒ gluon production

First principles studies of “thermalization” (isotropisation, approach to hydro)
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From Glasma to Hydrodynamic flow (Gelis and Schenke, 2016)

Color charge distribution in transverse plane for Pb at different energies

low energy: granularity due to nucleons
increasing energy: correlation on the shorter and shorter scale 1/Qs
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Initial anisotropy in coordinate space yields final anisotropy in momentum
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Conclusions

On the theory side, high-energy QCD is reaching maturity

effective theory: CGC (first principles, controlled approximations)

degrees of freedom: Wilson lines

systematic inclusion of unitarity corrections

NLO corrections: progressively available

On the experimental side, the situation is less transparent

DIS data at HERA: not the optimal kinematics

RHIC: p+p, d+Au, Au+Au: quite successful, but limited

LHC: p+p, p+Pb, Pb+Pb: again, not the optimal kinematics (hard
physics, jets ...) & very complex phenomena (heavy ions)

Applications to phenomenology require additional modelling

a hadron has a size, a profil in impact parameter, granularity ....

important beyond leading-twist and for not fully inclusive observables

Unified & coherent description of a large variety of phenomena from QCD
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Geometric scaling in p+p at the LHC
(McLerran and Praszalowicz, 2010)

Assumption: Qs(x) is the only scale that controls pT -distributions

dN

dη d2pT
should scale as a function of τ ≡ p2

T

Q2
s(pT /

√
s)

The value of λ is chosen by trial and error

Can the theory actually predict the saturation exponent ?

Getting to Grips with QCD Gluon saturation and the CGC Edmond Iancu 39 / 39



Geometric scaling in p+p at the LHC
(McLerran and Praszalowicz, 2010)

Assumption: Qs(x) is the only scale that controls pT -distributions

dN

dη d2pT
should scale as a function of τ ≡ p2

T

Q2
s(pT /

√
s)

The value of λ is chosen by trial and error

Can the theory actually predict the saturation exponent ?
Getting to Grips with QCD Gluon saturation and the CGC Edmond Iancu 39 / 39


