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Theore<cal	Mo<va<on	
•  Charmonium	decays,	ηc,	are	an	excellent	probe	for	light	meson	

spectroscopy.	
	
•  Scalar	mesons	(JPC=0++)	are	s<ll	a	puzzle.	

–  Too	many	states:	inconsistent	with	quark	model	
–  Large	decay	widths:	overlap	between	resonance	and	background.	

	
•  Structure	of	I=1/2	Kπ	S-wave	is	poorly	known	

–  Introduces	large	systema<c	uncertain<es	in	analyses	with	3	or	4-body	decays	of	
heavy	flavour	mesons	

	
	

•  Previous	measurements	of	I=1/2	Kπ	S-wave,	limited	to	below	D+	mass	and	
contamina<on	from	I=3/2	
–  LASS			experiment:	Nucl.	Phys.	B	296,493	(1988)	
–  E791	experiment:	Phys.	Rev.	D	73,	032004	(2006)	



Dalitz	plot	analysis	of	ηc	
BaBar	performed	first	Dalitz	plot	analysis	of	ηcàK+K-π0	and		ηcàK+K-	η.	
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FIG. 4: (a) The K+K−η mass spectrum summed over the two η decay modes. (b) The K+K−π0 mass spectrum. In each
figure, the solid curve shows the total fitted function and the dashed curve shows the fitted background contribution.

mass spectrum using the background function B(m) =

ea1m+a2m
2

for m < m0 and B(m) = eb0+b1m+b2m
2

for
m > m0, where m = m(K+K−π0) and ai, bi, and m0

are free parameters [20]. The two functions and their
first derivatives are required to be continuous at m0, so
that the resulting function has only four independent pa-
rameters. In addition, we allow for the presence of a
residual J/ψ contribution modeled as a simple Gaussian
function. Its parameter values are fixed to those from a
fit to the K+K−π0 mass spectrum for the ISR data sam-
ple obtained requiring |M2

rec| < 1 (GeV/c2)2. Figure 4(b)
shows the fit to the K+K−π0 mass spectrum, and Ta-
ble I summarizes the resulting ηc and ηc(2S) parameter
values.

TABLE I: Fitted ηc and ηc(2S) parameter values. The first
uncertainty is statistical and the second is systematic.

Resonance Mass (MeV/c2) Γ (MeV)

ηc→K+K−η 2984.1 ± 1.1± 2.1 34.8 ± 3.1± 4.0
ηc→K+K−π0 2979.8 ± 0.8± 3.5 25.2 ± 2.6± 2.4
ηc(2S)→K+K−η 3635.1 ± 5.8± 2.1 11.3 (fixed)
ηc(2S)→K+K−π0 3637.0 ± 5.7± 3.4 11.3 (fixed)

The following systematic uncertainties are considered.
The background uncertainty contribution is estimated by
replacing each function by a third-order polynomial. The
mass scale uncertainty is estimated from fits to the J/ψ
signal in ISR events. In the case of ηc→K+K−η, we per-
form independent fits to the mass spectra obtained for
the two η decay modes, and consider the mass difference

as a measurement of systematic uncertainty. The differ-
ent contributions are added in quadrature to obtain the
values quoted in Table I.

VI. BRANCHING RATIOS

We compute the ratios of the branching fractions for ηc
and ηc(2S) decays to theK+K−η final state compared to
the respective branching fractions to the K+K−π0 final
state. The ratios are computed as

R =
B(ηc/ηc(2S)→K+K−η)

B(ηc/ηc(2S)→K+K−π0)

=
NK+K−η

NK+K−π0

ϵK+K−π0

ϵK+K−η

1

Bη
.

(5)

For each η decay mode, NK+K−η and NK+K−π0 repre-
sent the fitted yields for ηc and ηc(2S) in theK+K−η and
K+K−π0 mass spectra, ϵK+K−η and ϵK+K−π0 are the
corresponding efficiencies, and Bη indicates the particu-
lar η branching fraction. The PDG values of the branch-
ing fractions are (39.41± 0.20)% and (22.92± 0.28)% for
the η→γγ and η→π+π−π0, respectively [16]. We esti-
mate ϵK+K−η and ϵK+K−π0 for the ηc signals by making
use of the 2-D efficiency functions described in Sec. IV
and weighting each event by 1/ϵ(m, cos θ). Due to the
presence of non-negligible backgrounds in the ηc signals,
which have different distributions in the Dalitz plot, we
perform a sideband subtraction by assigning a weight +1
to events in the signal region and a negative weight to
events in the sideband regions. The weight in the side-
band regions is scaled down to match the fitted ηc sig-

✬

✫

✩

✪

K∗
0 (1430) branching fraction.

✷ First observation of K∗
0 (1430) → Kη.

✷ The observation of K∗
0 (1430) in both Kη and Kπ0 decay modes allows a

measurement of the relative branching fraction.

✷ The Dalitz plot analysis of ηc → K+K−η decay gives a total K∗
0 (1430)

+K−

contribution of

fηK = 0.164± 0.042± 0.010

✷ The Dalitz plot analysis of the ηc → K+K−π0 decay mode gives a total

K∗
0 (1430)

+K− contribution of

fπ0K = 0.338± 0.019± 0.004

✷ Using the measurement of R(ηc), we obtain the K∗
0 (1430) branching ratio

B(K∗
0 (1430) → ηK)

B(K∗
0 (1430) → πK)

= R(ηc)
fηK
fπK

= 0.092± 0.025+0.010
−0.025

where fπK denotes fπ0K after correcting for the K0π decay mode.

✷ Asymmetric systematic uncertainty.

17

First	observa<on	of	K*(1430)	as	a	Breit-Wigner	peak:	

Dominance	of	scalar	meson	amplitudes:	

ηc																	pseudoscalar	+	scalar	

14

spectively. Figure 9 shows the Dalitz plot for the ηc signal
region, and Fig. 10 shows the corresponding Dalitz plot
projections. The Dalitz plot and the mass projections
are very similar to the distributions in Ref. [24] for the
decay ηc→K0

sK
±π∓.

FIG. 9: Dalitz plot for the events in the ηc→K+K−π0 sig-
nal region. The shaded area denotes the accessible kinematic
region.

We observe an enhancement in the low mass region
of the K+K− mass spectrum due to the presence of
the a0(980), a2(1320), and a0(1450) resonances. The
K±π0 mass spectrum is dominated by the K∗

0 (1430) res-
onance. We also observe K∗(892) signals in the K±π0

mass spectrum in both the signal and sideband regions.
We fit the ηc sidebands using an incoherent sum of am-
plitudes, which includes contributions from the a2(1320),
K∗(892), K∗

0 (1430), K
∗
2 (1430), K

∗(1680), and K∗
0 (1950)

resonances and from an incoherent background. As for
the Dalitz plot analysis described in Sec. VII.A, the re-
sulting amplitude fractions are interpolated into the ηc
signal region and normalized using the results from the
fit to the K+K−π0 mass spectrum. The estimated back-
ground contributions are indicated by the shaded regions
in Fig. 10.
We perform a Dalitz plot analysis of ηc→K+K−π0

using a procedure similar to that described for the
ηc→K+K−η analysis in Sec. VII.A. We note that in
this case, the amplitude contributions to the K+K− sys-
tem must have isospin one in order to satisfy isospin con-
servation in ηc decay. As discussed in Sec. VII.A, the
K∗K̄ amplitudes, again denoted as K∗+K−, must be
symmetrized in order to conserve C-parity. We take the
K∗

0 (1430)
+K− amplitude as the reference, and so set its

phase to zero. The a0(980) resonance is parameterized
as a coupled-channel Breit-Wigner resonance whose pa-
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FIG. 10: The ηc→K+K−π0 Dalitz plot projections. The
superimposed curves result from the Dalitz plot analysis de-
scribed in the text. The shaded regions show the background
estimates obtained by interpolating the results of the Dalitz
plot analyses of the sideband regions.

rameters are taken from Ref. [25]. We do not include an
additional S-wave isobar amplitude in the nominal fit. If
we include a K∗+

0 (800)K− amplitude, as for example in
Ref. [26], we find that its contribution is consistent with
zero.

Table IV summarizes the amplitude fractions and
phases obtained from the fit. Using a method similar to
that described in Sec. VII.C, we divide the Dalitz plot
into a number of cells such that the number of expected
events in each cell is at least eight. In this case there are
12 free parameters and we obtain χ2/ν = 212/130. We
observe a relatively large χ2 contribution (χ2 = 19 for
2 cells) in the lower left corner of the Dalitz plot, where

ηc	ηc	
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ηc(2S)	 ηc(2S)	

We observe an enhancement in the low mass region of
the KþK− mass spectrum due to the presence of the
a0ð980Þ, a2ð1320Þ, and a0ð1450Þ resonances. The K$π0

mass spectrum is dominated by the K%
0ð1430Þ resonance.

We also observe K%ð892Þ signals in the K$π0 mass
spectrum in both the signal and sideband regions. We fit
the ηc sidebands using an incoherent sum of amplitudes,
which includes contributions from the a2ð1320Þ, K%ð892Þ,
K%

0ð1430Þ, K%
2ð1430Þ, K%ð1680Þ, and K%

0ð1950Þ resonances
and from an incoherent background. As for the Dalitz plot
analysis described in Sec. VII.A, the resulting amplitude
fractions are interpolated into the ηc signal region and
normalized using the results from the fit to the KþK−π0

mass spectrum. The estimated background contributions
are indicated by the shaded regions in Fig. 10.
We perform a Dalitz plot analysis of ηc → KþK−π0

using a procedure similar to that described for the ηc →
KþK−η analysis in Sec. VII.A. We note that in this case, the
amplitude contributions to the KþK− system must have
isospin one in order to satisfy isospin conservation in ηc
decay. As discussed in Sec. VII.A, the K%K̄ amplitudes,
again denoted as K%þK−, must be symmetrized in order to
conserve C-parity. We take the K%

0ð1430ÞþK− amplitude as
the reference, and so set its phase to zero. The a0ð980Þ
resonance is parametrized as a coupled-channel Breit-
Wigner resonance whose parameters are taken from
Ref. [24]. We do not include an additional S-wave isobar
amplitude in the nominal fit. If we include a K%þ

0 ð800ÞK−

amplitude, as for example in Ref. [25], we find that its
contribution is consistent with zero.
Table IV summarizes the amplitude fractions and phases

obtained from the fit. Using a method similar to that
described in Sec. VII.C, we divide the Dalitz plot into a
number of cells such that the number of expected events in
each cell is at least eight. In this case there are 12 free
parameters and we obtain χ2=ν ¼ 212=130. We observe a

relatively large χ2 contribution (χ2 ¼ 19 for 2 cells) in the
lower left corner of the Dalitz plot, where the momentum of
the π0 is very small; this may be due to a residual
contamination from γγ → KþK− events.
The Dalitz plot analysis shows a dominance of scalar

meson amplitudes with small contributions from spin-two
resonances. The K%ð892Þ contribution is consistent with
originating entirely from background. Other spin-one K%

resonances have been included in the fit, but their con-
tributions have been found to be consistent with zero. We
note the presence of a sizeable nonresonant contribution.
However, in this case the sum of the fractions is signifi-
cantly lower than 100%, indicating important interference
effects. Figure 10 shows the fit projections superimposed
on the data, and good agreement is apparent for all
projections. We compute the uncorrected Legendre

FIG. 9 (color online). Dalitz plot for the events in the ηc →
KþK−π0 signal region. The shaded area denotes the accessible
kinematic region.
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FIG. 10 (color online). The ηc → KþK−π0 Dalitz plot projec-
tions. The superimposed curves result from the Dalitz plot
analysis described in the text. The shaded regions show the
background estimates obtained by interpolating the results of the
Dalitz plot analyses of the sideband regions.

J. P. LEES et al. PHYSICAL REVIEW D 89, 112004 (2014)

112004-12

ηcàK+K-π0		ηcàK+K-π0		ηcàK+K-	η	



γγàK	K	π	
•  Two	photon	interac<ons	are	used	to	produce	charmonium	resonances.	
•  e+	e-	beam	par<cles	are	scacered	at	small	angles	and	undetected	in	the	

final	state.	
	

✬

✫

✩

✪

Study of K+K−η and K+K−π0 final states in two photon interactions.

✷ Many ηc and ηc(2S) decays are still missing or studied with low statistics.

✷ We make use of two-photon interactions to produce charmonium states.

✷ We select events in which the e+ and e− beam particles are scattered at small

angles and are undetected in the detector.

✷ This implies that only resonances with JPC = 0±+, 2±+, 3++, 4±+.... can be

produced.

✷ In addition the K+K−η and K+K−π0 states cannot be in a JP = 0+ state.

2

•  Produced		resonances	can	have		JPC=0±+,	2±+,	3++,4±+,	etc	…	with	the	
excep<on	that	KKπ	cannot	be	in	a	JP=0+	state.	

•  The	following		two	photon	interac<ons	are	considered	using	an	integrated	
luminosity	of	519	g-1:	

γγàKs	K+π-	,	Ksàπ+π-		
γγàK+K-π0	, π0à γγ	
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e-	

e+	

e-	

e+	

c	
c	 ηc			

		

first	>me	



γγàKs	K+π-	,	Ksàπ+π-	

	
•  Exactly	4	charged	tracks	with	loose	

Kaon	and	Pion	PID.	
•  Vertex	fit	of	oppositely	charged	

tracks	to	select	Ks	candidates.	

γγàK	K	π	
γγàK+	K-	π0	

	
•  Exactly	2	charged	tracks	with	loose	

Kaon		PID.	
•  γγ pairs	fit	to	a	π0 hypothesis,	with	

Eγ>50	MeV.	

Background	from	ISR	events	with	JPC=	1-	-	resonance	produc<on	suppressed:	
		
	

	

6

signal efficiency and to determine background features.
Two-photon events are simulated using the GamGam
MC generator [18].

III. RECONSTRUCTION AND SELECTION OF
ηc→K0

SK
±π∓ EVENTS

To study the reaction

γγ→K0
S
K±π∓ (1)

we select events in which the e+ and e− beam particles
are scattered at small angles, and hence are undetected
in the final state. We consider only events for which
the number of well-measured charged-particle tracks with
transverse momentum greater than 0.1 GeV/c is exactly
equal to four, and for which there are no more than five
photon candidates with reconstructed energy in the elec-
tromagnetic calorimeter greater than 100 MeV. We ob-
tain K0

S→π+π− candidates by means of a vertex fit of
pairs of oppositely charged tracks which requires a χ2

fit probability greater than 0.001. Each K0
S candidate is

then combined with two oppositely charged tracks, and
fitted to a common vertex, with the requirements that
the fitted vertex be within the e+e− interaction region
and have a χ2 fit probability greater than 0.001. We se-
lect kaons and pions by applying high-efficiency particle
identification criteria. We do not apply any particle iden-
tification requirements to the pions from the K0

S
decay.

We accept only K0
S candidates with decay lengths from

the main vertex of the event greater than 0.2 cm, and
require cos θK0

S
> 0.98, where θK0

S
is defined as the angle

between the K0
S
momentum direction and the line join-

ing the primary and the K0
S vertex. A fit to the π+π−

mass spectrum using a linear function for the background
and a Gaussian function with mean m and width σ gives
m = 497.24 MeV/c2 and σ = 2.9 MeV/c2. We select the
K0

S signal region to be within ±2σ of m and reconstruct
the K0

S
4-vector by adding the three-momenta of the pi-

ons and computing the energy using the K0
S
PDG mass

value [19].
Background arises mainly from random combinations

of particles from e+e− annihilation, from other two-
photon processes, and from events with initial-state pho-
ton radiation (ISR). The ISR background is dominated
by JPC = 1−− resonance production [20]. We discrim-
inate against K0

SK
±π∓ events produced via ISR by re-

quiring M2
rec ≡ (pe+e− − prec)2 > 10 GeV2/c4, where

pe+e− is the four-momentum of the initial state and prec
is the four-momentum of the K0

S
K±π∓ system.

The K0
SK

±π∓ mass spectrum shows a prominent ηc
signal. We define pT as the magnitude of the vector sum
of the transverse momenta, in the e+e− rest frame, of the
final-state particles with respect to the beam axis. Since
well-reconstructed two-photon events are expected to
have low values of pT , we optimize the selection as a func-
tion of this variable. We produce K0

SK
±π∓ mass spectra

with different pT selections and fit the mass spectra to
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FIG. 1: Distributions of pT for γγ→K0
SK

±π∓. The data
are shown as (black) points with error bars, and the signal
MC simulation as a (red) histogram; the vertical dashed line
indicates the selection applied to select two-photon events.

extract the number of ηc signal events (Ns) and the num-
ber of background events below the ηc signal (Nb). We
then compute the purity, defined as P = Ns/(Ns +Nb),
and the significance S = Ns/

√
Ns +Nb. To obtain the

best significance with the highest purity, we optimize the
selection by requiring the maximum value of the prod-
uct of purity and significance, P · S, and find that this
corresponds to the requirement pT < 0.08 GeV/c.

Figure 1 shows the measured pT distribution in com-
parison to the corresponding pT distribution obtained
from simulation of the signal process. A peak at low pT is
observed indicating the presence of the two-photon pro-
cess. The shape of the peak agrees well with that seen
in the MC simulation. Figure 2 shows the K0

S
K±π∓

mass spectrum in the ηc mass region. A clear ηc sig-
nal over a background of about 35% can be seen, to-
gether with a residual J/ψ signal. Information on the
fitting procedure is given at the end of Sec. IV. We de-
fine the ηc signal region as the range 2.922-3.039 GeV/c2

(m(ηc)± 1.5 Γ), which contains 12849 events with a pu-
rity of (64.3 ± 0.4)% . Sideband regions are defined by
the ranges 2.785-2.844 GeV/c2 and 3.117-3.175 GeV/c2

(within 3.5-5 Γ), respectively as indicated (shaded) in
Fig. 2.

Details on data selection, event reconstruction, resolu-
tion, and efficiency measurement for the ηc→K+K−π0

decay can be found in Ref. [12]. The ηc signal region for
this decay mode contains 6710 events with a purity of
(55.2± 0.6)%.

M2
rec=(pe+e—prec)2	>	10	GeV2/c4	

the π0 candidates in the event. The η signal mass region
is defined as 541 < mðπþπ−π0Þ < 554 MeV=c2. The
momentum three-vectors of the final-state pions are com-
bined and the energy of the η candidate is computed using
the nominal η mass. According to tests with simulated
events, this method improves the KþK−η mass resolution.
We check for possible background from the reaction γγ →
KþK−πþπ−π0 [17] using η sideband regions and find it to
be consistent with zero. Background arises mainly from
random combinations of particles from eþe− annihilation,
from other two-photon processes, and from events with
initial-state photon radiation (ISR). The ISR background is

dominated by JPC ¼ 1−− resonance production [18].
We discriminate against KþK−η (KþK−π0) events pro-
duced via ISR by requiring M2

rec ≡ ðpeþe− − precÞ2 >
10 ðGeV2=c4, where peþe− is the four-momentum of the
initial state and prec is the four-momentum of the KþK−η
(KþK−π0) system. This requirement also removes a large
fraction of a residual J=ψ contribution.
Particle identification is used in two different ways. For

reaction (2), with four charged particles in the final state,
we require two oppositely charged particles to be loosely
identified as kaons and the other two tracks to be consistent
with pions. For reactions (1) and (3), with only two charged
particles in the final state, we loosely identify one kaon and
require that neither track be a well-identified pion, electron,
or muon. We define pT as the magnitude of the vector sum
of the transverse momenta, in the eþe− rest frame, of
the final-state particles with respect to the beam axis.
Since well-reconstructed two-photon events are expected to
have low values of pT , we require pT < 0.05 GeV=c.
Reaction (3) is affected by background from the reaction
γγ → KþK− where soft photon background simulates
the presence of a low momentum π0. We reconstruct this
mode and reject events having a γγ → KþK− candidate
with pT < 0.1 GeV=c.
Figure 1 shows the measured pT distribution for each of

the three reactions in comparison to the corresponding pT
distribution obtained from simulation. A peak at low pT is
observed in all three distributions indicating the presence of
the two-photon process. The shape of the peak agrees well
with that seen in the MC simulation.

IV. EFFICIENCY AND RESOLUTION

To compute the efficiency, ηc and ηcð2SÞ MC signal
events for the different channels are generated using a
detailed detector simulation [14] in which the ηc and ηcð2SÞ
mesons decay uniformly in phase space. These simulated
events are reconstructed and analyzed in the same manner
as data. The efficiency is computed as the ratio of
reconstructed to generated events. Due to the presence
of long tails in the Breit-Wigner (BW) representation of the
resonances, we apply selection criteria to restrict the
generated events to the ηc and ηcð2SÞ mass regions. We
express the efficiency as a function of the mðKþK−Þ mass
and cos θ, where θ is the angle in the KþK− rest frame
between the directions of the Kþ and the boost from the
KþK−η or KþK−π0 rest frame. To smooth statistical
fluctuations, this efficiency is then parametrized as follows.
First we fit the efficiency as a function of cos θ in

separate intervals of mðKþK−Þ, in terms of Legendre
polynomials up to L ¼ 12:

ϵðcos θÞ ¼
X12

L¼0

aLðmÞY0
Lðcos θÞ; ð4Þ
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FIG. 1 (color online). Distributions of pT for
(a) γγ → KþK−η ðη → γγÞ, (b) γγ → KþK−η ðη → πþπ−π0Þ,
and (c) γγ → KþK−π0. In each figure the data are shown as
points with error bars, and the MC simulation is shown as a
histogram; the vertical dashed line indicates the selection applied
to isolate two-photon events.
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pT<0.08	GeV/c	

Ks	K+π-	 K+	K-	π0	

pT<0.10	GeV/c	
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Signal	Efficiency	✬

✫

✩

✪

Efficiency and Background (ηc → K0
SK

+π−)

✷ Efficiency evaluated on the (m(K+π−), cosθ) plane, where θ is the K+ helicity

angle in the K0
SK

+π− rest frame.

✷ Fitted using Legendre polynomials moments:

ϵ(cos θ) =
∑12

L=0
aL(mK+π−)Y 0

L (cos θ)

in slices of mK+π− .

✷ aL(mK+π−) fitted with seventh-order

polynomials.
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✷ Asymmetric K∗’s.

✷ Interference between I=1

and I=0 contributions.
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•  MC	signal	events	in	which	the	ηc	decays	uniformly	in	phase	space.	
•  Restrict	mass	regions	to	ηc	signal	region.	
•  Efficiency:	Nreconstructed/Ngenerated		
•  Express	as	a	func<on	of	m(K+K-)	and	cosθΚ+	

•  cosθΚ+ :	angle,	in	K+K-	rest	frame,	between	the	direc<on	of	the	K+	and	the	
boost	from	KsK-η	or	K+K-π0 rest	frame.	
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photon events are expected to have low values of pT ,
we require pT < 0.05 GeV/c. Reaction (3) is affected
by background from the reaction γγ→K+K− where soft
photon background simulates the presence of a low mo-
mentum π0. We reconstruct this mode and reject events
having a γγ→K+K− candidate with pT < 0.1 GeV/c.
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FIG. 1: Distributions of pT for (a) γγ→K+K−η (η→γγ),
(b) γγ→K+K−η (η→π+π−π0), and (c) γγ→K+K−π0. In
each figure the data are shown as points with error bars,
and the MC simulation is shown as a histogram; the verti-
cal dashed line indicates the selection applied to isolate two-
photon events.

Figure 1 shows the measured pT distribution for each
of the three reactions in comparison to the corresponding
pT distribution obtained from simulation. A peak at low
pT is observed in all three distributions indicating the
presence of the two-photon process. The shape of the
peak agrees well with that seen in the MC simulation.

IV. EFFICIENCY AND RESOLUTION

To compute the efficiency, ηc and ηc(2S) MC signal
events for the different channels are generated using a de-
tailed detector simulation [14] in which the ηc and ηc(2S)
mesons decay uniformly in phase space. These simulated
events are reconstructed and analyzed in the same man-
ner as data. The efficiency is computed as the ratio of
reconstructed to generated events. Due to the presence
of long tails in the Breit-Wigner (BW) representation
of the resonances, we apply selection criteria to restrict
the generated events to the ηc and ηc(2S) mass regions.
We express the efficiency as a function of the m(K+K−)
mass and cos θ, where θ is the angle in the K+K− rest
frame between the directions of the K+and the boost
from the K+K−η or K+K−π0 rest frame. To smooth
statistical fluctuations, this efficiency is then parameter-
ized as follows.
First we fit the efficiency as a function of cos θ in sep-

arate intervals of m(K+K−), in terms of Legendre poly-
nomials up to L = 12:

ϵ(cos θ) =
12
∑

L=0

aL(m)Y 0
L (cos θ), (4)

where m denotes K+K− invariant mass. For each value
of L, we fit the mass dependent coefficients aL(m) with
a seventh-order polynomial in m. Figure 2 shows the re-
sulting fitted efficiency ϵ(m, cos θ) for each of the three re-
actions. We observe a significant decrease in efficiency for
cos θ ∼ ±1 and 1.1 < m(K+K−) < 1.5 GeV/c2 due to
the impossibility of reconstructing low-momentum kaons
(p<200 MeV/c in the laboratory frame) which have expe-
rienced significant energy loss in the beampipe and inner-
detector material. The efficiency decrease at high m for
ηc→K+K−η (η→π+π−π0) (Fig. 2(b)) results from the
loss of a low-momentum π0 from the η decay.
The mass resolution, ∆m, is measured as the difference

between the generated and reconstructed K+K−η or
K+K−π0 invariant-mass values. Figure 3 shows the ∆m
distribution for each of the ηc signal regions; these de-
viate from Gaussian line shapes due to a low-energy tail
caused by the response of the CsI calorimeter to photons.
We fit the distribution for the K+K−η (η→π+π−π0) fi-
nal state to a Crystal Ball function [19], and those for
the K+K−η (η→γγ) and K+K−π0 final states to a sum
of a Crystal Ball function and a Gaussian function. The
root-mean-squared values are 15, 14, and 21 MeV/c2 at
the ηc mass, and 18, 15, and 24 MeV/c2 at the ηc(2S)
mass, for the K+K−η (η→γγ), K+K−η (η→π+π−π0),
and K+K−π0 final states, respectively.

V. MASS SPECTRA

Figure 4(a) shows the K+K−η mass spectrum,
summed over the two η decay modes, before applying
the efficiency correction. There are 2950 events in the

where m denotes KþK− invariant mass. For each value of
L, we fit the mass dependent coefficients aLðmÞ with a
seventh-order polynomial in m. Figure 2 shows the result-
ing fitted efficiency ϵðm; cos θÞ for each of the three
reactions. We observe a significant decrease in efficiency
for cos θ ∼$1 and 1.1 < mðKþK−Þ < 1.5 GeV=c2 due to
the impossibility of reconstructing low-momentum kaons
(p < 200MeV=c in the laboratory frame) which have
experienced significant energy loss in the beampipe and
inner-detector material. The efficiency decrease at high m
for ηc → KþK−η (η → πþπ−π0) [Fig. 2(b)] results from the
loss of a low-momentum π0 from the η decay.

The mass resolution, Δm, is measured as the difference
between the generated and reconstructed KþK−η or
KþK−π0 invariant-mass values. Figure 3 shows the Δm
distribution for each of the ηc signal regions; these deviate
from Gaussian line shapes due to a low-energy tail caused
by the response of the CsI calorimeter to photons. We fit the
distribution for the KþK−η (η → πþπ−π0) final state to a
Crystal Ball function [19], and those for the KþK−η
(η → γγ) and KþK−π0 final states to a sum of a Crystal
Ball function and a Gaussian function. The root-mean-
squared values are 15, 14, and 21 MeV=c2 at the ηc mass,
and 18, 15, and 24 MeV=c2 at the ηcð2SÞ mass, for the
KþK−η (η → γγ), KþK−η (η → πþπ−π0), and KþK−π0

final states, respectively.

V. MASS SPECTRA

Figure 4(a) shows the KþK−η mass spectrum, summed
over the two η decay modes, before applying the efficiency
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FIG. 2 (color online). Fitted detection efficiency in the
cos θ vs: mðKþK−Þ plane for (a) ηc → KþK−η (η → γγ),
(b) ηc → KþK−η (η → πþπ−π0 ), and (c) ηc → KþK−π0. Each
bin shows the average value of the fit in that region.

)2 m (GeV/c∆
-0.1 -0.05 0 0.05 0.1

)2
ev

en
ts

/(2
 M

eV
/c

0

200

400

600

800
(a)

)2 m (GeV/c∆
-0.1 -0.05 0 0.05 0.1

)2
ev

en
ts

/(2
 M

eV
/c

0

200

400

600

800
(b)

)2 m (GeV/c∆
-0.1 0 0.1

)2
ev

en
ts

/(2
.5

 M
eV

/c

0

500

1000

(c)

FIG. 3 (color online). MC mass resolution for (a) ηc → KþK−η
(η → γγ), (b) ηc → KþK−η (η → πþπ−π0 ), and (c) ηc →
KþK−π0. The curves represent the fits described in the text.
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Efficiency	loss	due	to	low	momentum	kaons	(<200	MeV/c)		
Ks	and	π±	(<100	MeV/c)	
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FIG. 2: The K0
SK

±π∓ mass spectrum in the ηc mass region
after requiring pT < 0.08 GeV/c. The solid curve shows the
total fitted function, and the dashed curve shows the fitted
background contribution. The shaded areas show signal and
sideband regions.

IV. EFFICIENCY AND RESOLUTION

To compute the efficiency, MC signal events are gen-
erated using a detailed detector simulation [17] in which
the ηc decays uniformly in phase space. These simulated
events are reconstructed and analyzed in the same man-
ner as data. The efficiency is computed as the ratio of
reconstructed to generated events. Due to the presence of
long tails in the Breit-Wigner (BW) representation of the
resonance, we apply selection criteria to restrict the gen-
erated events to the ηc mass region. We express the effi-
ciency as a function of the invariant mass,m(K+π−) [21],
and cos θ, where θ is the angle, in the K+π− rest frame,
between the directions of the K+ and the boost from the
K0

SK
+π− rest frame.

To smooth statistical fluctuations, this efficiency map
is parametrized as follows. First we fit the efficiency as a
function of cos θ in separate intervals of m(K+π−), using
Legendre polynomials up to L = 12:

ϵ(cos θ) =
12
∑

L=0

aL(m)Y 0
L (cos θ), (2)

where m denotes the K+π− invariant mass. For each
value of L, we fit the mass dependent coefficients aL(m)
with a seventh-order polynomial in m. Figure 3 shows
the resulting fitted efficiency map ϵ(m, cos θ). We ob-
tain χ2/Ncells = 217/300 for this fit, where Ncells is the
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FIG. 3: Fitted detection efficiency in the cos θ vs. m(K+π−)
plane. Each interval shows the average value of the fit for
that region.

number of cells in the efficiency map. We observe a signif-
icant decrease in efficiency in regions of cos θ ∼ ±1 due
to the impossibility of reconstructing K± mesons with
laboratory momentum less than about 200 MeV/c, and
π±and K0

S(→π+π−) mesons with laboratory momentum
less than about 100 MeV/c (see Fig. 9 of Ref. [6]). These
effects result from energy loss in the beampipe and inner-
detector material.
The mass resolution, ∆m, is measured as the differ-

ence between the generated and reconstructed K0
S
K±π∓

invariant-mass values. The distribution has a root-mean-
squared value of 10 MeV/c2, and is parameterized by
the sum of a Crystal Ball [22] and a Gaussian function.
We perform a binned fit to the K0

SK
±π∓ mass spectrum

in data using the following model. The background is
described by a second-order polynomial, and the ηc res-
onance is represented by a nonrelativistic BW function
convolved with the resolution function. In addition, we
allow for the presence of a residual J/ψ contribution mod-
eled with a Gaussian function. Its parameter values are
fixed to those obtained from a fit to the K0

S
K±π∓ mass

spectrum for the ISR data sample obtained by requiring
|M2

rec| < 1 GeV2/c4. The fitted K0
S
K±π∓ mass spectrum

is shown in Fig. 2. We obtain the following ηc parame-
ters:

m = 2980.8± 0.4 MeV/c2, Γ = 33± 1 MeV,

Nηc = 9808± 164,
(3)

where uncertainties are statistical only. Our measured
mass value is 2.8 MeV/c2 lower than the world aver-
age [19]. This may be due to interference between the
ηc amplitude and that describing the background in the

correction. There are 2950 events in the mass region
between 2.7 and 3.8 GeV=c2, of which 73% are from
the η → γγ decay mode and 27% are from the η → πþπ−π0

decay mode. We observe a strong ηc signal and a small
enhancement at the position of the ηcð2SÞ. The ηc signal-to-
background ratio for each of the η decay modes is
approximately the same. We perform a simultaneous fit
to the KþK−η mass spectra for the two η decay modes. For
each resonance, the mass and width are constrained to take
the same fitted values in both distributions. Backgrounds
are described by second-order polynomials, and each
resonance is represented by a simple Breit-Wigner function
convolved with the corresponding resolution function. In
addition, we include a signal function for the χc2 resonance
with parameters fixed to their PDG values [16]. Figure 4(a)
shows the fit result, and Table I summarizes the ηc and
ηcð2SÞ parameter values. We have only a weak constraint
on the ηcð2SÞ width and so we fix its value to 11.3 MeV
[16]. Indicating with ν the number of degrees of freedom,
we obtain a good description of the data with χ2=ν ¼
194=204 and a χ2 probability of 68.1%.
TheKþK−π0 mass spectrum is shown in Fig. 4(b). There

are 23 720 events in the mass region between 2.7 and
3.9 GeV=c2. We observe a strong ηc signal and a small
signal at the position of the ηcð2SÞ on top of a sizeable
background. We perform a fit to the KþK−π0 mass
spectrum using the background function BðmÞ ¼
ea1mþa2m2

for m < m0 and BðmÞ ¼ eb0þb1mþb2m2
for

m > m0, where m ¼ mðKþK−π0Þ and ai, bi, and m0 are

free parameters [20]. The two functions and their first
derivatives are required to be continuous at m0, so that the
resulting function has only four independent parameters. In
addition, we allow for the presence of a residual J=ψ
contribution modeled as a simple Gaussian function. Its
parameter values are fixed to those from a fit to the
KþK−π0 mass spectrum for the ISR data sample obtained
requiring jM2

recj < 1 ðGeV=c2Þ2. Figure 4(b) shows the fit
to the KþK−π0 mass spectrum, and Table I summarizes the
resulting ηc and ηcð2SÞ parameter values. We obtain a
reasonable description of the data with χ2=ν ¼ 225=189
and a χ2 probability of 3.8%.
The following systematic uncertainties are considered.

The background uncertainty contribution is estimated by
replacing each function by a third-order polynomial. The
mass scale uncertainty is estimated from fits to the J=ψ
signal in ISR events. In the case of ηc → KþK−η, we
perform independent fits to the mass spectra obtained for
the two η decay modes, and consider the mass difference as
a measurement of systematic uncertainty. The different
contributions are added in quadrature to obtain the values
quoted in Table I.

VI. BRANCHING RATIOS

We compute the ratios of the branching fractions for ηc
and ηcð2SÞ decays to theKþK−η final state compared to the
respective branching fractions to the KþK−π0 final state.
The ratios are computed as

R ¼ Bðηc=ηcð2SÞ → KþK−ηÞ
Bðηc=ηcð2SÞ → KþK−π0Þ

¼
NKþK−η

NKþK−π0

ϵKþK−π0

ϵKþK−η

1

Bη
:

ð5Þ

For each η decay mode, NKþK−η and NKþK−π0 represent the
fitted yields for ηc and ηcð2SÞ in the KþK−η and KþK−π0

mass spectra, ϵKþK−η and ϵKþK−π0 are the corresponding
efficiencies, and Bη indicates the particular η branching
fraction. The PDG values of the branching fractions are
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FIG. 4 (color online). (a) The KþK−η mass spectrum summed over the two η decay modes. (b) The KþK−π0 mass spectrum. In each
figure, the solid curve shows the total fitted function and the dashed curve shows the fitted background contribution.

TABLE I. Fitted ηc and ηcð2SÞ parameter values. The first
uncertainty is statistical and the second is systematic.

Resonance Mass (MeV=c2) Γ (MeV)

ηc → KþK−η 2984.1% 1.1% 2.1 34.8% 3.1% 4.0
ηc → KþK−π0 2979.8% 0.8% 3.5 25.2% 2.6% 2.4
ηcð2SÞ → KþK−η 3635.1% 5.8% 2.1 11.3 (fixed)
ηcð2SÞ → KþK−π0 3637.0% 5.7% 3.4 11.3 (fixed)

DALITZ PLOT ANALYSIS OF … PHYSICAL REVIEW D 89, 112004 (2014)
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Clear	ηc	signal	fit	with	a	Breit-Wigner	func<on	convolved	with	the	
mass	resolu<on	func<on.	
Background	described	with	2nd	order	polynomial.	
	

ηc	ηc	

6710	signal	events	
with	55.2%	purity	

12849	signal	events	
with	64.3%	purity	

γγàKs	K+π-		 γγàK+	K-	π0	

ηc(2S)	

J/ψ	

sideband	
regions		
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Dalitz Plot Analysis of ηcàK K π 
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FIG. 4: Dalitz plot for ηc→K0
SK

±π∓ events in the signal region.
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FIG. 5: The ηc→K0
SK

±π∓ Dalitz plot projections on (a) m2(K±π∓), (b) m2(K0
Sπ

±), and (c) m2(K0
SK

±). The superim-
posed curves result from the MIPWA described in the text. The shaded regions show the background estimates obtained by
interpolating the results of the Dalitz plot analyses of the sideband regions.

background. Also, the asymmetry between the two K∗

modes in background may be explained as being due to
interference between the I = 0 and I = 1 isospin con-
figurations for the K∗(→Kπ)K final state produced in
two-photon fusion.

We fit the ηc sidebands using an incoherent sum of am-
plitudes, which includes contributions from the a0(980),

a0(1450), a2(1320), K∗(892), K∗
0 (1430), K∗

2 (1430),
K∗(1680), andK∗

0 (1950) resonances. To better constrain
the sum of the fractions to one, we make use of the chan-
nel likelihood method [27] and include resonances until
no structure is left in the background and an accurate
description of the Dalitz plots is obtained.

To estimate the background composition in the ηc sig-

We observe an enhancement in the low mass region of
the KþK− mass spectrum due to the presence of the
a0ð980Þ, a2ð1320Þ, and a0ð1450Þ resonances. The K$π0

mass spectrum is dominated by the K%
0ð1430Þ resonance.

We also observe K%ð892Þ signals in the K$π0 mass
spectrum in both the signal and sideband regions. We fit
the ηc sidebands using an incoherent sum of amplitudes,
which includes contributions from the a2ð1320Þ, K%ð892Þ,
K%

0ð1430Þ, K%
2ð1430Þ, K%ð1680Þ, and K%

0ð1950Þ resonances
and from an incoherent background. As for the Dalitz plot
analysis described in Sec. VII.A, the resulting amplitude
fractions are interpolated into the ηc signal region and
normalized using the results from the fit to the KþK−π0

mass spectrum. The estimated background contributions
are indicated by the shaded regions in Fig. 10.
We perform a Dalitz plot analysis of ηc → KþK−π0

using a procedure similar to that described for the ηc →
KþK−η analysis in Sec. VII.A. We note that in this case, the
amplitude contributions to the KþK− system must have
isospin one in order to satisfy isospin conservation in ηc
decay. As discussed in Sec. VII.A, the K%K̄ amplitudes,
again denoted as K%þK−, must be symmetrized in order to
conserve C-parity. We take the K%

0ð1430ÞþK− amplitude as
the reference, and so set its phase to zero. The a0ð980Þ
resonance is parametrized as a coupled-channel Breit-
Wigner resonance whose parameters are taken from
Ref. [24]. We do not include an additional S-wave isobar
amplitude in the nominal fit. If we include a K%þ

0 ð800ÞK−

amplitude, as for example in Ref. [25], we find that its
contribution is consistent with zero.
Table IV summarizes the amplitude fractions and phases

obtained from the fit. Using a method similar to that
described in Sec. VII.C, we divide the Dalitz plot into a
number of cells such that the number of expected events in
each cell is at least eight. In this case there are 12 free
parameters and we obtain χ2=ν ¼ 212=130. We observe a

relatively large χ2 contribution (χ2 ¼ 19 for 2 cells) in the
lower left corner of the Dalitz plot, where the momentum of
the π0 is very small; this may be due to a residual
contamination from γγ → KþK− events.
The Dalitz plot analysis shows a dominance of scalar

meson amplitudes with small contributions from spin-two
resonances. The K%ð892Þ contribution is consistent with
originating entirely from background. Other spin-one K%

resonances have been included in the fit, but their con-
tributions have been found to be consistent with zero. We
note the presence of a sizeable nonresonant contribution.
However, in this case the sum of the fractions is signifi-
cantly lower than 100%, indicating important interference
effects. Figure 10 shows the fit projections superimposed
on the data, and good agreement is apparent for all
projections. We compute the uncorrected Legendre

FIG. 9 (color online). Dalitz plot for the events in the ηc →
KþK−π0 signal region. The shaded area denotes the accessible
kinematic region.
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FIG. 10 (color online). The ηc → KþK−π0 Dalitz plot projec-
tions. The superimposed curves result from the Dalitz plot
analysis described in the text. The shaded regions show the
background estimates obtained by interpolating the results of the
Dalitz plot analyses of the sideband regions.
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ηcà	K+K-π0		

K*0(1430)	

a0(1450)	a2(1310)	

K*0(1430)	
a2(1310)	

a0(1450)	

•  Unbinned	maximum	likelihood	fit	in	the	ηc	mass	region	
•  Full	interference	allowed	among	amplitudes.	
•  Fits	performed	using:	

•  Isobar	model:	Phys.	Lec.	B	592,	1	(2004)		
•  Model	Independent	Par<al	Wave	Analysis	(MIPWA):	Phys.	Rev.	D	73,	032004	(2006)		

ηcà	KsK+π-		
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Model	Independent	Par<al	Wave	Analysis		
	of	ηcàK	K	π		

	
•  ηc=0+											Interference	between	(Kπ)	K	systems	is	construc<ve.	
•  	Kπ	amplitude	is	symmetrized	
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A=|A1		+		c2A2eφ2	+	c3A3eφ3+…|	
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TABLE I: Summary of the Blatt-Weisskopf penetration form
factors.

Spin F

0 1

1

√
1+(Rrpr)2√
1+(RrpAB)2

2

√
9+3(Rrpr)2+(Rrpr)4√

9+3(RrpAB)2+(RrpAB)4

which we choose interval 14, corresponding to a mass of
1.45 GeV/c2. The number of associated free parameters
is therefore 58.
Due to isospin conservation in the hadronic ηc and K∗

decays, the (Kπ)K amplitudes are combined with posi-
tive signs, and so therefore are symmetrized with respect
to the two K∗K modes. In particular we write the Kπ
S-wave amplitudes as

AS-wave =
1√
2
(aK

+π−

j eiφ
K+π−

j + aK
0π−

j eiφ
K0π−

j ), (9)

where aK
+π−

(m) = aK
0π−

(m) and φK
+π−

(m) =

φK
0π−

(m), for ηc→K0K+π− [21] and

AS-wave =
1√
2
(aK

+π0

j eiφ
K+π0

j + aK
−π0

j eiφ
K−π0

j ), (10)

where aK
+π0

(m) = aK
−π0

(m) and φK
+π0

(m) =

φK
−π0

(m), for ηc→K+K−π0. For both decay modes
the bachelor kaon is in an orbital S-wave with respect
to the relevant Kπ system, and so does not affect these
amplitudes. The second amplitude in Eq.(9) is reduced
because the K0 is observed as a K0

S
, but the same re-

duction factor applies to the first amplitude through the
bachelor K0, so that the equality of the three-body am-
plitudes is preserved.
Other resonance contributions are described as above.

The K∗
2 (1430)K contribution is symmetrized in the same

way as the S-wave amplitude.
We perform MC simulations to test the ability of

the method to find the correct solution. We generate
ηc→K0

SK
±π∓ event samples which yield reconstructed

samples having the same size as the data sample, ac-
cording to arbitrary mixtures of resonances, and extract
the Kπ S-wave using the MIPWA method. We find that
the fit is able to extract correctly the mass dependence
of the amplitude and phase.
We also test the possibility of multiple solutions by

starting the fit from random values or constant parameter
values very far from the solution found by the fit. We find

only one solution in both final states and conclude that
the fit converges to give the correct S-wave behaviour for
different starting values of the parameters.
The efficiency-corrected fractional contribution fi due

to resonant or non-resonant contribution i is defined as
follows:

fi =
|ci|2

∫

|Ai(xn, yn)|2dxdy
∫

|
∑

j cjAj(x, y)|2dxdy
. (11)

The fi do not necessarily sum to 100% because of inter-
ference effects. The uncertainty for each fi is evaluated
by propagating the full covariance matrix obtained from
the fit.
We test the quality of the fit by examining a large sam-

ple of MC events at the generator level weighted by the
likelihood fitting function and by the efficiency. These
events are used to compare the fit result to the Dalitz
plot and its projections with proper normalization. In
these MC simulations we smooth the fitted Kπ S-wave
amplitude and phase by means of a cubic spline. We
make use of these weighted events to compute a 2-D
χ2 over the Dalitz plot. For this purpose, we divide
the Dalitz plot into a grid of 25 × 25 cells and consider
only those containing at least 5 events. We compute
χ2 =

∑Ncells

i=1 (N i
obs −N i

exp)
2/N i

exp, where N i
obs and N i

exp

are event yields from data and simulation, respectively.

VI. DALITZ PLOT ANALYSIS OF ηc→K0
SK

±π∓

Figure 4 shows the Dalitz plot for the candidates in
the ηc signal region, and Fig. 5 shows the corresponding
Dalitz plot projections. Since the width of the ηc meson
is 32.3± 1.0 MeV, no mass constraint can be applied.
The Dalitz plot is dominated by the presence of hor-

izontal and vertical uniform bands at the position of
the K∗

0 (1430) resonance. We also observe further bands
along the diagonal. Isospin conservation in ηc decay re-
quires that the (KK) system have I=1, so that these
structures may indicate the presence of a0 or a2 reso-
nances. Further narrow bands are observed at the posi-
tion of the K∗(892) resonance, mostly in the K0

S
π− pro-

jection; these components are consistent with originating
from background, as will be shown.
The presence of background in the ηc signal region re-

quires precise study of its structure. This can be achieved
by means of the data in the ηc sideband regions, for which
the Dalitz plots are shown in Fig. 6.
In both regions we observe almost uniformly popu-

lated resonant structures mostly in the K0
S
π− mass, es-

pecially in the regions corresponding to the K∗(892) and
K∗

2 (1430) resonances. The resonant structures in K+π−

mass are weaker. The three-body decay of a pseudoscalar
meson into a spin-one or spin-two resonance yields a non-
uniform distribution (see Eq.(5)) in the relevant reso-
nance band on the Dalitz plot. The presence of uniformly
populated bands in the K∗(892) and K∗

2 (1430) mass re-
gions, indicates that these structures are associated with

ηc=KsK+π-					 ηc=K+K-π0	

✬

✫

✩

✪

Model independent Partial Wave Analysis

✷ Interference between the two Kπ modes is determined by G-parity which is positive

for ηc decays.

✷ For ηc → K0
SK

+π−:

AS−wave = 1√
2
(aK+π−

j eiφ
K+π−

j + a
K0

Sπ
−

j eiφ
K0

S
π−

j )

where aK+π−

(m) = aK0
Sπ

−

(m) and φK+π−

(m) = φK0
Sπ

−

(m)

✷ For ηc → K+K−π0:

AS−wave = 1√
2
(aK+π0

j eiφ
K+π0

j + aK−π0

j eiφ
K−π0

j )

where aK+π0
(m) = aK−π0

(m) and φK+π0
(m) = φK−π0

(m)

✷ The K∗
2 (1420), a0(980), a0(1400), a2(1310), ... contributions are modelled as

relativistic Breit-Wigner functions multiplied by the corresponding angular functions.

✷ Backgrounds are fitted separately and interpolated into the ηc signal regions.
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where	

Amplitude	is	wricen	as	a	sum	of	par<al	waves	with	Ai	and	φi		

•  Mass	spectrum	is	divided	into		30	equally	spaced	mass	intervals	60	MeV	wide.	
•  Each	interval	has	2	new	free	parameters,	Ai	and	φi.	with	a	total	of	58	
•  Fix	A=1	and	φ=π/2	in	one	arbitrary	bin	(bin	11	with	mass=1.45	GeV/c2)	
•  Other	resonance	contribu<ons,	A2,	A3,	etc…,	are	parameterized	as	Breit-Wigner	

amplitudes	mul<plied	by	their	corresponding	angular	func<ons.	
•  Backgrounds	are	interpolated	from	sideband	regions:	K*(892)	en<rely	background.	
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TABLE II: Results from the ηc→K0
SK

±π∓ and ηc→K+K−π0 MIPWA. Phases are determined relative to the (Kπ S-wave) K
amplitude which is fixed to π/2 at 1.45 GeV/c2.

ηc→K0
SK

±π∓ ηc→K+K−π0

Amplitude Fraction (%) Phase (rad) Fraction (%) Phase (rad)

(Kπ S-wave) K 107.3 ± 2.6 ± 17.9 fixed 125.5 ± 2.4 ± 4.2 fixed
a0(980)π 0.8 ± 0.5 ± 0.8 1.08 ± 0.18 ± 0.18 0.0 ± 0.1 ± 1.7 -
a0(1450)π 0.7 ± 0.2 ± 1.4 2.63 ± 0.13 ± 0.17 1.2 ± 0.4 ± 0.7 2.90 ± 0.12 ± 0.25
a0(1950)π 3.1 ± 0.4 ± 1.2 −1.04 ± 0.08 ± 0.77 4.4 ± 0.8 ± 0.8 −1.45 ± 0.08 ± 0.27
a2(1320)π 0.2 ± 0.1 ± 0.1 1.85 ± 0.20 ± 0.20 0.6 ± 0.2 ± 0.3 1.75 ± 0.23 ± 0.42
K∗

2 (1430)K 4.7 ± 0.9 ± 1.4 4.92 ± 0.05 ± 0.10 3.0 ± 0.8 ± 4.4 5.07 ± 0.09 ± 0.30

Total 116.8 ± 2.8 ± 18.1 134.8 ± 2.7 ± 6.4
− 2 logL −4314.2 −2339
χ2/Ncells 301/254=1.17 283.2/233=1.22
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FIG. 7: The mass projections (a) K0
SK

± from ηc→K0
SK

±π∓ and (b) K+K− from ηc→K+K−π0. The histograms show the
MIPWA fit projections with (solid, black) and without (dashed, red) the presence of the a0(1950)

+
→K0

SK
± resonance. The

shaded regions show the background estimates obtained by interpolating the results of the Dalitz plot analyses of the sideband
regions.

TABLE III: Fitted a0(1950) parameter values for the two ηc
decay modes.

Final state Mass (MeV/c2) Width (MeV)

ηc→K0
SK

±π∓ 1949 ± 32 ± 76 265 ± 36 ± 110
ηc→K+K−π0 1927 ± 15 ± 23 274 ± 28 ± 30

Weighted mean 1931 ± 14 ± 22 271 ± 22 ± 29

wave amplitude and phase using a cubic spline.

• We remove low-significance contributions, such as
those from the a0(980) and a2(1320) resonances.

• We vary the signal purity up and down according
to its statistical uncertainty.

• The effect of the efficiency variation as a function
of KKπ mass is evaluated by computing separate
efficiencies in the regions below and above the ηc
mass.

These additional fits also allow the computation of
systematic uncertainties on the amplitude fraction and
phase values, as well as on the parameter values for the
a0(1950) resonance; these are summarized in Table IV.
In the evaluation of overall systematic uncertainties, all
effects are assumed to be uncorrelated, and are added in
quadrature.
The measured amplitude and phase values of the I =

1/2 Kπ S-wave as functions of mass obtained from the
MIPWA of ηc→K0

S
K±π∓ are shown in Table V. Interval

14 of theKπmass contains the fixed amplitude and phase
values.

•  Dominance	of	Kπ	S-wave	with	contribu<ons	from	a0π	and	K*(1430)K.	
•  New	resonance	a0(1950)	with	2.5σ	significance.	

•  Good	descrip<on	of	the	data!	
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FIG. 5: The ηc→K0
SK

±π∓ Dalitz plot projections on (a) m2(K±π∓), (b) m2(K0
Sπ

±), and (c) m2(K0
SK

±). The superim-
posed curves result from the MIPWA described in the text. The shaded regions show the background estimates obtained by
interpolating the results of the Dalitz plot analyses of the sideband regions.

background. Also, the asymmetry between the two K∗

modes in background may be explained as being due to
interference between the I = 0 and I = 1 isospin con-
figurations for the K∗(→Kπ)K final state produced in
two-photon fusion.

We fit the ηc sidebands using an incoherent sum of am-
plitudes, which includes contributions from the a0(980),

a0(1450), a2(1320), K∗(892), K∗
0 (1430), K∗

2 (1430),
K∗(1680), andK∗

0 (1950) resonances. To better constrain
the sum of the fractions to one, we make use of the chan-
nel likelihood method [27] and include resonances until
no structure is left in the background and an accurate
description of the Dalitz plots is obtained.

To estimate the background composition in the ηc sig-

Interference	effects	



MIPWA	of	ηcà	K+	K-π0			

2016-02-12	 11	

•  Dominance	of	Kπ	S-wave	with	contribu<ons	from	a0π	and	K*(1430)K.	
•  New	resonance	a0(1950)	with	4.2σ	significance	

•  Good	descrip<on	of	the	data!	
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FIG. 10: The ηc→K+K−π0 Dalitz plot projections, (a) m2(K+π0), (b) m2(K−π0), and (c) m2(K+K−). The superim-
posed curves result from the MIPWA described in the text. The shaded regions show the background estimates obtained by
interpolating the results of the Dalitz plot analyses of the sideband regions.

mental distributions. We observe good agreement for all
the distributions, which indicates that also in this case
the fit is able to reproduce the local structures apparent
in the Dalitz plot.

VIII. THE I = 1/2 Kπ S-WAVE AMPLITUDE
AND PHASE

Figure 13 displays the measured I = 1/2 Kπ S-
wave amplitude and phase from both ηc→K0

S
K±π∓ and

ηc→K+K−π0. We observe good agreement between the
amplitude and phase values obtained from the two mea-
surements.
The main features of the amplitude (Fig. 13(a)) can be

explained by the presence of a clear peak related to the
K∗

0 (1430) resonance which shows a rapid drop around
1.7 GeV/c2, where a broad structure is present which
can be related to the K∗

0 (1950) resonance. There is some
indication of feedthrough from the K∗(892) background.
The phase motion (Fig. 13(b)) shows the expected be-
havior for the resonance phase, which varies by about π
in the K∗

0 (1430) resonance region. The phase shows a
drop around 1.7 GeV/c2 related to interference with the
K∗

0 (1950) resonance.
We compare the present measurement of the Kπ

S-wave amplitude from ηc→K0
SK

±π∓ with measure-
ments from LASS [5] in Fig. 14(a)(c) and E791 [8] in
Fig. 14(b)(d). We plot only the first part of the LASS
measurement since it suffers from a two-fold ambiguity
above the mass of 1.82 GeV/c2. The Dalitz plot fits ex-
tract invariant amplitudes. Consequently, in Fig. 14(a),
the LASS I = 1/2 Kπ scattering amplitude values have
been multiplied by the factor m(Kπ)/q to convert to
invariant amplitude, and normalized so as to equal the
scattering amplitude at 1.5 GeV/c2 in order to facilitate
comparison to the ηc results. Here q is the momentum of
either meson in the Kπ rest frame. For better compar-

ison, the LASS absolute phase measurements have been
displaced by −0.6 rad before plotting them in Fig. 14(c).
In Fig. 14(b) the E791 amplitude has been obtained by
multiplying the amplitude c in Table III of Ref. [8] by
the Form Factor F 0

D, for which the mass-dependence is
motivated by theoretical speculation. This yields am-
plitude values corresponding to the E791 Form Factor
having value 1, as for the ηc analyses. In Fig. 14(d), the
E791 phase measurements have been displaced by +0.9
rad, again in order to facilitate comparison to the ηc mea-
surements.
While we observe similar phase behavior among the

three measurements up to about 1.5 GeV/c2, we observe
striking differences in the mass dependence of the ampli-
tudes.

IX. SUMMARY

We perform Dalitz plot analyses, using an isobar
model and a MIPWA method, of data on the decays
ηc→K0

SK
±π∓ and ηc→K+K−π0, where the ηc mesons

are produced in two-photon interactions in the BABAR

experiment at SLAC. We find that, in comparison with
the isobar models examined here, an improved descrip-
tion of the data is obtained by using a MIPWA method.
We extract the I = 1/2 Kπ S-wave amplitude and

phase and find good agreement between the measure-
ments for the two ηc decay modes. The Kπ S-wave is
dominated by the presence of the K∗

0 (1430) resonance
which is observed as a clear peak with the corresponding
increase in phase of about π expected for a resonance. A
broad structure in the 1.95 GeV/c2 mass region indicates
the presence of the K∗

0 (1950) resonance.
A comparison between the present measurement and

previous experiments indicates a similar trend for the
phase up to a mass of 1.5 GeV/c2. The amplitudes, on
the other hand, show very marked differences.
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posed curves result from the MIPWA described in the text. The shaded regions show the background estimates obtained by
interpolating the results of the Dalitz plot analyses of the sideband regions.

mental distributions. We observe good agreement for all
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the fit is able to reproduce the local structures apparent
in the Dalitz plot.
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amplitude and phase values obtained from the two mea-
surements.
The main features of the amplitude (Fig. 13(a)) can be

explained by the presence of a clear peak related to the
K∗

0 (1430) resonance which shows a rapid drop around
1.7 GeV/c2, where a broad structure is present which
can be related to the K∗

0 (1950) resonance. There is some
indication of feedthrough from the K∗(892) background.
The phase motion (Fig. 13(b)) shows the expected be-
havior for the resonance phase, which varies by about π
in the K∗

0 (1430) resonance region. The phase shows a
drop around 1.7 GeV/c2 related to interference with the
K∗

0 (1950) resonance.
We compare the present measurement of the Kπ

S-wave amplitude from ηc→K0
SK

±π∓ with measure-
ments from LASS [5] in Fig. 14(a)(c) and E791 [8] in
Fig. 14(b)(d). We plot only the first part of the LASS
measurement since it suffers from a two-fold ambiguity
above the mass of 1.82 GeV/c2. The Dalitz plot fits ex-
tract invariant amplitudes. Consequently, in Fig. 14(a),
the LASS I = 1/2 Kπ scattering amplitude values have
been multiplied by the factor m(Kπ)/q to convert to
invariant amplitude, and normalized so as to equal the
scattering amplitude at 1.5 GeV/c2 in order to facilitate
comparison to the ηc results. Here q is the momentum of
either meson in the Kπ rest frame. For better compar-

ison, the LASS absolute phase measurements have been
displaced by −0.6 rad before plotting them in Fig. 14(c).
In Fig. 14(b) the E791 amplitude has been obtained by
multiplying the amplitude c in Table III of Ref. [8] by
the Form Factor F 0

D, for which the mass-dependence is
motivated by theoretical speculation. This yields am-
plitude values corresponding to the E791 Form Factor
having value 1, as for the ηc analyses. In Fig. 14(d), the
E791 phase measurements have been displaced by +0.9
rad, again in order to facilitate comparison to the ηc mea-
surements.
While we observe similar phase behavior among the

three measurements up to about 1.5 GeV/c2, we observe
striking differences in the mass dependence of the ampli-
tudes.

IX. SUMMARY

We perform Dalitz plot analyses, using an isobar
model and a MIPWA method, of data on the decays
ηc→K0

SK
±π∓ and ηc→K+K−π0, where the ηc mesons

are produced in two-photon interactions in the BABAR

experiment at SLAC. We find that, in comparison with
the isobar models examined here, an improved descrip-
tion of the data is obtained by using a MIPWA method.
We extract the I = 1/2 Kπ S-wave amplitude and

phase and find good agreement between the measure-
ments for the two ηc decay modes. The Kπ S-wave is
dominated by the presence of the K∗

0 (1430) resonance
which is observed as a clear peak with the corresponding
increase in phase of about π expected for a resonance. A
broad structure in the 1.95 GeV/c2 mass region indicates
the presence of the K∗

0 (1950) resonance.
A comparison between the present measurement and

previous experiments indicates a similar trend for the
phase up to a mass of 1.5 GeV/c2. The amplitudes, on
the other hand, show very marked differences.

16

)4/c2) (GeV0π+(K2m
0 2 4 6

)4
/c2

ev
en

ts
/(0

.0
8 

G
eV

0

100

200

300
(a)

)4/c2) (GeV0π
-(K2m

0 2 4 6

)4
/c2

ev
en

ts
/(0

.0
8 

G
eV

0

100

200

300
(b)

)4/c2) (GeV-K+(K2m
0 2 4 6 8

)4
/c2

ev
en

ts
/(0

.1
 G

eV
0

50

100

150

200 (c)

FIG. 10: The ηc→K+K−π0 Dalitz plot projections, (a) m2(K+π0), (b) m2(K−π0), and (c) m2(K+K−). The superim-
posed curves result from the MIPWA described in the text. The shaded regions show the background estimates obtained by
interpolating the results of the Dalitz plot analyses of the sideband regions.
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SK
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the isobar models examined here, an improved descrip-
tion of the data is obtained by using a MIPWA method.
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phase and find good agreement between the measure-
ments for the two ηc decay modes. The Kπ S-wave is
dominated by the presence of the K∗
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which is observed as a clear peak with the corresponding
increase in phase of about π expected for a resonance. A
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TABLE II: Results from the ηc→K0
SK

±π∓ and ηc→K+K−π0 MIPWA. Phases are determined relative to the (Kπ S-wave) K
amplitude which is fixed to π/2 at 1.45 GeV/c2.

ηc→K0
SK

±π∓ ηc→K+K−π0

Amplitude Fraction (%) Phase (rad) Fraction (%) Phase (rad)

(Kπ S-wave) K 107.3 ± 2.6 ± 17.9 fixed 125.5 ± 2.4 ± 4.2 fixed
a0(980)π 0.8 ± 0.5 ± 0.8 1.08 ± 0.18 ± 0.18 0.0 ± 0.1 ± 1.7 -
a0(1450)π 0.7 ± 0.2 ± 1.4 2.63 ± 0.13 ± 0.17 1.2 ± 0.4 ± 0.7 2.90 ± 0.12 ± 0.25
a0(1950)π 3.1 ± 0.4 ± 1.2 −1.04 ± 0.08 ± 0.77 4.4 ± 0.8 ± 0.8 −1.45 ± 0.08 ± 0.27
a2(1320)π 0.2 ± 0.1 ± 0.1 1.85 ± 0.20 ± 0.20 0.6 ± 0.2 ± 0.3 1.75 ± 0.23 ± 0.42
K∗

2 (1430)K 4.7 ± 0.9 ± 1.4 4.92 ± 0.05 ± 0.10 3.0 ± 0.8 ± 4.4 5.07 ± 0.09 ± 0.30

Total 116.8 ± 2.8 ± 18.1 134.8 ± 2.7 ± 6.4
− 2 logL −4314.2 −2339
χ2/Ncells 301/254=1.17 283.2/233=1.22
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FIG. 7: The mass projections (a) K0
SK

± from ηc→K0
SK

±π∓ and (b) K+K− from ηc→K+K−π0. The histograms show the
MIPWA fit projections with (solid, black) and without (dashed, red) the presence of the a0(1950)

+
→K0

SK
± resonance. The

shaded regions show the background estimates obtained by interpolating the results of the Dalitz plot analyses of the sideband
regions.

TABLE III: Fitted a0(1950) parameter values for the two ηc
decay modes.

Final state Mass (MeV/c2) Width (MeV)

ηc→K0
SK

±π∓ 1949 ± 32 ± 76 265 ± 36 ± 110
ηc→K+K−π0 1927 ± 15 ± 23 274 ± 28 ± 30

Weighted mean 1931 ± 14 ± 22 271 ± 22 ± 29

wave amplitude and phase using a cubic spline.

• We remove low-significance contributions, such as
those from the a0(980) and a2(1320) resonances.

• We vary the signal purity up and down according
to its statistical uncertainty.

• The effect of the efficiency variation as a function
of KKπ mass is evaluated by computing separate
efficiencies in the regions below and above the ηc
mass.

These additional fits also allow the computation of
systematic uncertainties on the amplitude fraction and
phase values, as well as on the parameter values for the
a0(1950) resonance; these are summarized in Table IV.
In the evaluation of overall systematic uncertainties, all
effects are assumed to be uncorrelated, and are added in
quadrature.
The measured amplitude and phase values of the I =

1/2 Kπ S-wave as functions of mass obtained from the
MIPWA of ηc→K0

S
K±π∓ are shown in Table V. Interval

14 of theKπmass contains the fixed amplitude and phase
values.
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SK
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SK
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MIPWA fit projections with (solid, black) and without (dashed, red) the presence of the a0(1950)

+
→K0

SK
± resonance. The

shaded regions show the background estimates obtained by interpolating the results of the Dalitz plot analyses of the sideband
regions.

TABLE III: Fitted a0(1950) parameter values for the two ηc
decay modes.

Final state Mass (MeV/c2) Width (MeV)

ηc→K0
SK

±π∓ 1949 ± 32 ± 76 265 ± 36 ± 110
ηc→K+K−π0 1927 ± 15 ± 23 274 ± 28 ± 30

Weighted mean 1931 ± 14 ± 22 271 ± 22 ± 29

wave amplitude and phase using a cubic spline.

• We remove low-significance contributions, such as
those from the a0(980) and a2(1320) resonances.

• We vary the signal purity up and down according
to its statistical uncertainty.

• The effect of the efficiency variation as a function
of KKπ mass is evaluated by computing separate
efficiencies in the regions below and above the ηc
mass.

These additional fits also allow the computation of
systematic uncertainties on the amplitude fraction and
phase values, as well as on the parameter values for the
a0(1950) resonance; these are summarized in Table IV.
In the evaluation of overall systematic uncertainties, all
effects are assumed to be uncorrelated, and are added in
quadrature.
The measured amplitude and phase values of the I =

1/2 Kπ S-wave as functions of mass obtained from the
MIPWA of ηc→K0

S
K±π∓ are shown in Table V. Interval

14 of theKπmass contains the fixed amplitude and phase
values.
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shaded regions show the background estimates obtained by interpolating the results of the Dalitz plot analyses of the sideband
regions.
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decay modes.
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±π∓ 1949 ± 32 ± 76 265 ± 36 ± 110
ηc→K+K−π0 1927 ± 15 ± 23 274 ± 28 ± 30
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wave amplitude and phase using a cubic spline.

• We remove low-significance contributions, such as
those from the a0(980) and a2(1320) resonances.

• We vary the signal purity up and down according
to its statistical uncertainty.

• The effect of the efficiency variation as a function
of KKπ mass is evaluated by computing separate
efficiencies in the regions below and above the ηc
mass.

These additional fits also allow the computation of
systematic uncertainties on the amplitude fraction and
phase values, as well as on the parameter values for the
a0(1950) resonance; these are summarized in Table IV.
In the evaluation of overall systematic uncertainties, all
effects are assumed to be uncorrelated, and are added in
quadrature.
The measured amplitude and phase values of the I =

1/2 Kπ S-wave as functions of mass obtained from the
MIPWA of ηc→K0

S
K±π∓ are shown in Table V. Interval

14 of theKπmass contains the fixed amplitude and phase
values.
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shaded regions show the background estimates obtained by interpolating the results of the Dalitz plot analyses of the sideband
regions.

TABLE III: Fitted a0(1950) parameter values for the two ηc
decay modes.

Final state Mass (MeV/c2) Width (MeV)

ηc→K0
SK

±π∓ 1949 ± 32 ± 76 265 ± 36 ± 110
ηc→K+K−π0 1927 ± 15 ± 23 274 ± 28 ± 30

Weighted mean 1931 ± 14 ± 22 271 ± 22 ± 29

wave amplitude and phase using a cubic spline.

• We remove low-significance contributions, such as
those from the a0(980) and a2(1320) resonances.

• We vary the signal purity up and down according
to its statistical uncertainty.

• The effect of the efficiency variation as a function
of KKπ mass is evaluated by computing separate
efficiencies in the regions below and above the ηc
mass.

These additional fits also allow the computation of
systematic uncertainties on the amplitude fraction and
phase values, as well as on the parameter values for the
a0(1950) resonance; these are summarized in Table IV.
In the evaluation of overall systematic uncertainties, all
effects are assumed to be uncorrelated, and are added in
quadrature.
The measured amplitude and phase values of the I =

1/2 Kπ S-wave as functions of mass obtained from the
MIPWA of ηc→K0

S
K±π∓ are shown in Table V. Interval

14 of theKπmass contains the fixed amplitude and phase
values.

MIPWA	fit	improved	with	the	a0(1950)	resonance	in	both	ηc	channels.	

											with	a0(1950)	
											without	a0(1950)	

ηcà	KsK+π-		 ηcà	K+	K-π0		
4.2σ		2.5σ		

large	
systema<cs	
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B. Dalitz plot analysis of ηc→K0
SK

±π∓ using an
isobar model

We perform a Dalitz plot analysis of ηc→K0
S
K±π∓ us-

ing a standard isobar model, where all resonances are
modeled as BW functions multiplied by the correspond-
ing angular functions. In this case the Kπ S-wave is
represented by a superposition of interfering K∗

0 (1430),
K∗

0 (1950), non-resonant (NR), and possibly κ(800) con-
tributions. The NR contribution is parametrized as an
amplitude that is constant in magnitude and phase over
the Dalitz plot. In this fit the K∗

0 (1430) parameters are
taken from Ref. [12], while all other parameters are fixed
to PDG values. We also add the a0(1950) resonance with
parameters obtained from the MIPWA analysis.
For the description of the ηc signal, amplitudes are

added one by one to ascertain the associated increase of
the likelihood value and decrease of the 2-D χ2. Table VI
summarizes the fit results for the amplitude fractions and
phases. The high value of χ2/Ncells = 1.82 (to be com-
pared with χ2/Ncells = 1.17) indicates a poorer descrip-
tion of the data than that obtained with the MIPWA
method. Including the κ(800) resonance does not im-
prove the fit quality. If included, it gives a fit fraction of
(0.8± 0.5)%.
The Dalitz plot analysis shows a dominance of scalar

meson amplitudes, with small contributions from spin-
two resonances. The K∗(892) contribution is consistent
with originating entirely from background. Other spin-
1 K∗ resonances have been included in the fit, but their
contributions have been found to be consistent with zero.
We note the presence of a sizeable non-resonant con-
tribution. However, in this case the sum of the frac-
tions is significantly lower than 100%, indicating impor-
tant interference effects. Fitting the data without the
NR contribution gives a much poorer description, with
−2 logL = −4115 and χ2/Ncells = 2.32.
We conclude that the ηc→K0

SK
±π∓ Dalitz plot is not

well-described by an isobar model in which the Kπ S-
wave is modeled as a superposition of Breit-Wigner func-
tions. A more complex approach is needed, and the
MIPWA is able to describe this amplitude without the
need for a specific model.

VII. DALITZ PLOT ANALYSIS OF ηc→K+K−π0

The ηc→K+K−π0 Dalitz plot [12] is very similar to
that for ηc→K0

S
K±π∓ decays. It is dominated by uni-

formly populated bands at the K∗
0 (1430) resonance posi-

tion in K+π0 and K−π0 mass squared. It also shows a
broad diagonal structure indicating the presence of a0 or
a2 resonance contributions. The Dalitz plot projections
are shown in Fig. 10.
The ηc→K+K−π0 Dalitz plot analysis using the isobar

model has been performed already in Ref. [12] . It was
found that the model does not give a perfect description
of the data. In this section we obtain a new measurement

TABLE VI: Results from the ηc→K0
SK

±π∓ Dalitz plot anal-
ysis using an isobar model. The listed uncertainties are sta-
tistical only.

Amplitude Fraction % Phase (rad)

K∗
0 (1430)K 40.8 ± 2.2 0.

K∗
0 (1950)K 14.8 ± 1.7 −1.00 ± 0.07

NR 18.0 ± 2.5 1.94 ± 0.09
a0(980)π 10.5 ± 1.2 0.94 ± 0.12
a0(1450)π 1.7 ± 0.5 2.94 ± 0.13
a0(1950)π 0.7 ± 0.2 −1.76 ± 0.24
a2(1320)π 0.2 ± 0.2 −0.53 ± 0.42
K∗

2 (1430)K 2.3 ± 0.7 −1.55 ± 0.11

Total 88.8 ± 4.3
−2 logL −4290.7
χ2/Ncells 467/256=1.82

of the Kπ S-wave by making use of the MIPWA method.
In this way we also perform a cross-check of the results
obtained from the ηc→K0

SK
±π∓ analysis, since analyses

of the two ηc decay modes should give consistent results,
given the absence of I=3/2 Kπ amplitude contributions.

A. MIPWA of ηc→K+K−π0

We perform a MIPWA of ηc→K+K−π0 decays us-
ing the same model and the same mass grid as for
ηc→K0

S
K±π∓. As for the previous case we obtain a bet-

ter description of the data if we include an additional
a0(1950) resonance, whose parameter values are listed in
Table III. We observe good agreement between the pa-
rameter values obtained from the two ηc decay modes.
The table also lists parameter values obtained as the
weighted mean of the two measurements. Table II gives
the fitted fractions from the MIPWA fit.
We obtain a good description of the data, as evidenced

by the value χ2/Ncells = 1.22, and observe the a0(1950)
state with a significance of 4.2σ. The fit projections
on the K+π0, K−π0, and K+K− squared mass distri-
butions are shown in Fig. 10. As previously, there is
a dominance of the (Kπ S-wave) K amplitude, with
a significant K∗

2 (1430)K amplitude, and small contri-
butions from a0π amplitudes. We observe good agree-
ment between fractions and relative phases of the am-
plitudes between the ηc→K0

SK
±π∓ and ηc→K+K−π0

decay modes. Systematic uncertainties are evaluated as
discussed in Sect. VI.A.
We compute the uncorrected Legendre polynomial mo-

ments ⟨Y 0
L ⟩ in each K+π0, K−π0 and K+K− mass in-

terval by weighting each event by the relevant Y 0
L (cos θ)

function. These distributions are shown in Fig. 11 as
functions of Kπ mass, combined for K+π0 and K−π0,
and in Fig. 12 as functions of K+K− mass. We also com-
pute the expected Legendre polynomial moments from
the weighted MC events and compare with the experi-

•  Resonances	are	modeled	as	Breit-Wigner	mul<plied	by	their	angular	
func<ons.	

•  Kπ	S-wave	is	parametrized	as	a	superposi<on	of	interfering	K*0(1430),	
K*0(1950),	and	non-resonant	amplitude	(NR).	

Kπ	S-wave	

Interference	effects	

Poor	descrip<on	of	data!	
Compare	with	1.17	with	MIWPA	fit.	

Similar	result	for	K+K-π0	



I=1/2	Kπ	S-wave	Amplitude	
•  Amplitude	extending	up	to	a	mass	of	2.5	GeV/c2.	
•  Due	to	isospin	conserva<on,	no	contribu<on	from	I=3/2.	
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ηcà	KsK+π-		
ηcà	K+	K-π0		

•  Phase	varies	by	about	π	about	
K*0(1430)	resonance.	

•  Drop	at	1.7	GeV/c2	due	to	
interference	with	K*0(1950)		
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FIG. 13: The I = 1/2 Kπ S-wave amplitude (a) and phase (b) from ηc→K0
SK

±π∓ (solid (black) points) and ηc→K+K−π0

(open (red) points); only statistical uncertainties are shown. The dotted lines indicate the Kη and Kη′ thresholds.

•  Clear	peak	about	K*0(1430)	
resonance	

•  Broad	structure	likely	due	to	
K*0(1950.)		
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±π∓ (solid (black) points) and ηc→K+K−π0

(open (red) points); only statistical uncertainties are shown. The dotted lines indicate the Kη and Kη′ thresholds.



LASS	measurement	has	
two-fold	ambiguity	above	
1.82	GeV/c2.	
	

E791	measurements	are	
limited	to	below	1.6	GeV/c2	
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I=1/2	Kπ	S-wave	Amplitude	
Difficulty	separa<ng	I=1/2	and	I=3/2	contribu<ons	in	LASS	and	E791	experiments.	

E791	
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FIG. 14: The I = 1/2 Kπ S-wave amplitude measurements from ηc→K0
SK

±π∓ compared to the (a) LASS and (b) E791
results: the corresponding I = 1/2 Kπ S-wave phase measurements compared to the (c) LASS and (d) E791 measurements.
Black dots indicate the results from the present analysis; square (red) points indicate the LASS or E791 results. The LASS
data are plotted in the region having only one solution.

To fit the data we need to introduce a new a0(1950)
resonance in both ηc→K0

SK
±π∓ and ηc→K+K−π0 de-

cay modes, and their associated parameter values are in
good agreement. The weighted averages for the parame-
ter values are:

m(a0(1950)) = 1931± 14± 22 MeV/c2,

Γ(a0(1950)) = 271± 22± 29 MeV
(12)

with significances of 2.5σ and 4.2σ respectively, includ-
ing systematic uncertainties. These results are, however,
systematically limited, and more detailed studies of the
I = 1 KK S-wave will be required in order to improve
the precision of these values.
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E791:	D-								K+π+π-	
Phys.	Rev.	D	73,	032004	(2006)	
	

		

Current	
	analysis	

LASS:	K-p-								K+π+n	
Nucl.	Phys.	B	296,	493	(1988)	

Striking	difference	in	
the	mass	dependence	

of	amplitudes!	
	

Phase	behaviour	is	
similar	as	expected	by	
Watson’s	theorem!	



Conclusion	

•  Dalitz	plot	analysis	of	ηcàK	K	π using	MIPWA	and	
isobar	model. 		
–  Improved	descrip<on	with	MIPWA.	
–  a0(1950)	resonance	with	m=	1931±14±22	MeV/c2	and	
Γ=271±22±29	MeV	with	significance	of	2.5σ	and	4.2σ.	

	

•  Extrac<on	of	I=1/2	Kπ	S-wave	using	MIPWA		
–  Amplitudes	show	dis>nct	differences	with	previous	
measurements	by	E791	and	LASS.		
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BACK	UP	SLIDES	
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γγàKs
 K+π- , Ksàπ+π-  

•  Consider	only	events	with	4	charged	tracks	
and	no	more	than	5	photon	candidates	with	
energy	>100	MeV.	

•  Vertex	fit	of	oppositely	charged	tracks	to	
select	Ks	candidates.	

–  No	PID	on	daughter	π,	decay	length	>0.2	cm.	
–  Mass	+/-2σ	from	Gaussian-ficed	π+π-	mass	

spectrum	with	m=497.24	MeV/c2,	σ=2.9	MeV/c2.	

	
•  Loose	Kaon	and	Pion	PID	for	remaining	two	

tracks.	

•  Background	from	ISR	events	with	JPC=	1-	-	
resonance	produc<on	suppressed:	

		
	

	

6

signal efficiency and to determine background features.
Two-photon events are simulated using the GamGam
MC generator [18].

III. RECONSTRUCTION AND SELECTION OF
ηc→K0

SK
±π∓ EVENTS

To study the reaction

γγ→K0
S
K±π∓ (1)

we select events in which the e+ and e− beam particles
are scattered at small angles, and hence are undetected
in the final state. We consider only events for which
the number of well-measured charged-particle tracks with
transverse momentum greater than 0.1 GeV/c is exactly
equal to four, and for which there are no more than five
photon candidates with reconstructed energy in the elec-
tromagnetic calorimeter greater than 100 MeV. We ob-
tain K0

S→π+π− candidates by means of a vertex fit of
pairs of oppositely charged tracks which requires a χ2

fit probability greater than 0.001. Each K0
S candidate is

then combined with two oppositely charged tracks, and
fitted to a common vertex, with the requirements that
the fitted vertex be within the e+e− interaction region
and have a χ2 fit probability greater than 0.001. We se-
lect kaons and pions by applying high-efficiency particle
identification criteria. We do not apply any particle iden-
tification requirements to the pions from the K0

S
decay.

We accept only K0
S candidates with decay lengths from

the main vertex of the event greater than 0.2 cm, and
require cos θK0

S
> 0.98, where θK0

S
is defined as the angle

between the K0
S
momentum direction and the line join-

ing the primary and the K0
S vertex. A fit to the π+π−

mass spectrum using a linear function for the background
and a Gaussian function with mean m and width σ gives
m = 497.24 MeV/c2 and σ = 2.9 MeV/c2. We select the
K0

S signal region to be within ±2σ of m and reconstruct
the K0

S
4-vector by adding the three-momenta of the pi-

ons and computing the energy using the K0
S
PDG mass

value [19].
Background arises mainly from random combinations

of particles from e+e− annihilation, from other two-
photon processes, and from events with initial-state pho-
ton radiation (ISR). The ISR background is dominated
by JPC = 1−− resonance production [20]. We discrim-
inate against K0

SK
±π∓ events produced via ISR by re-

quiring M2
rec ≡ (pe+e− − prec)2 > 10 GeV2/c4, where

pe+e− is the four-momentum of the initial state and prec
is the four-momentum of the K0

S
K±π∓ system.

The K0
SK

±π∓ mass spectrum shows a prominent ηc
signal. We define pT as the magnitude of the vector sum
of the transverse momenta, in the e+e− rest frame, of the
final-state particles with respect to the beam axis. Since
well-reconstructed two-photon events are expected to
have low values of pT , we optimize the selection as a func-
tion of this variable. We produce K0

SK
±π∓ mass spectra

with different pT selections and fit the mass spectra to
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FIG. 1: Distributions of pT for γγ→K0
SK

±π∓. The data
are shown as (black) points with error bars, and the signal
MC simulation as a (red) histogram; the vertical dashed line
indicates the selection applied to select two-photon events.

extract the number of ηc signal events (Ns) and the num-
ber of background events below the ηc signal (Nb). We
then compute the purity, defined as P = Ns/(Ns +Nb),
and the significance S = Ns/

√
Ns +Nb. To obtain the

best significance with the highest purity, we optimize the
selection by requiring the maximum value of the prod-
uct of purity and significance, P · S, and find that this
corresponds to the requirement pT < 0.08 GeV/c.

Figure 1 shows the measured pT distribution in com-
parison to the corresponding pT distribution obtained
from simulation of the signal process. A peak at low pT is
observed indicating the presence of the two-photon pro-
cess. The shape of the peak agrees well with that seen
in the MC simulation. Figure 2 shows the K0

S
K±π∓

mass spectrum in the ηc mass region. A clear ηc sig-
nal over a background of about 35% can be seen, to-
gether with a residual J/ψ signal. Information on the
fitting procedure is given at the end of Sec. IV. We de-
fine the ηc signal region as the range 2.922-3.039 GeV/c2

(m(ηc)± 1.5 Γ), which contains 12849 events with a pu-
rity of (64.3 ± 0.4)% . Sideband regions are defined by
the ranges 2.785-2.844 GeV/c2 and 3.117-3.175 GeV/c2

(within 3.5-5 Γ), respectively as indicated (shaded) in
Fig. 2.

Details on data selection, event reconstruction, resolu-
tion, and efficiency measurement for the ηc→K+K−π0

decay can be found in Ref. [12]. The ηc signal region for
this decay mode contains 6710 events with a purity of
(55.2± 0.6)%.

pT<0.08	GeV/c	

M2
rec=(pe+e—prec)2	>	10	GeV/c2	

Selec<on	op<mized	as	a	
func<on	of	pT.	

	
Maximize	P�S:	
P=Ns/(Ns+Nb)	
S=Ns/	√(Ns+Nb)	
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ηc	sideband	regions	
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•  Uniformly	distributed	resonant	structures	in	mul<-channel	likelihood.	
•  Weaker	in	K+π- than	in	K0sπ- due	to	interference	between	I=0	and	I=1	

configura<ons.	
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FIG. 6: Dalitz plots for the ηc→K0
SK

±π∓ sideband regions: (a) lower, (b) upper.

nal region we perform a linear mass dependent interpo-
lation of the fractions of the different contributions, ob-
tained from the fits to the sidebands, and normalized
using the results from the fit to the K0

S
K±π∓ mass spec-

trum. The estimated background contributions are indi-
cated by the shaded regions in Fig. 5.

A. MIPWA of ηc→K0
SK

±π∓

We perform the MIPWA including the resonances
listed in Table II. In this table, and in the remainder
of the paper, we use the notation (Kπ)K or K∗K to
represent the corresponding symmetrized amplitude. Af-
ter the solution is found we test for other contributions,
including spin-one resonances, but these are found to be
consistent with zero, and so are not included. This sup-
ports the observation that the observed K∗(892) struc-
tures originate entirely from background. We find a dom-
inance of the Kπ S-wave amplitude, with small contribu-
tions from a0π amplitudes and a significant K∗

2 (1430)K
contribution.
The table lists also a significant contribution from the

a0(1950)π amplitude, where a0(1950)+→K0
SK

+ is a new
resonance. We also test the spin-2 hypothesis for this
contribution by replacing the amplitude for a0→K0

SK
+

with an a2→K0
SK

+ amplitude with parameter values left
free in the fit. In this case no physical solution is found
inside the allowed ranges of the parameters, and the ad-
ditional contribution is found consistent with zero. This
new state has isospin one, and the spin-0 assignment is
preferred over that of spin-2.
A fit without this state gives a poor description of the

high mass K0
S
K+ projection, as can be seen in Fig. 7(a).

We obtain −2 logL = −4252.9 and χ2/Ncells = 1.33 for
this fit. We then include in the MIPWA a new scalar

resonance decaying to K0
SK

+ with free parameters. We
obtain ∆(logL) = 61 and ∆χ2 = 38 for an increase of
four new parameters. We estimate the significance for the
a0(1950) resonance using the fitted fraction divided by
its statistical and systematic errors added in quadrature,
and obtain 2.5σ. Since interference effects may also con-
tribute to the significance, this procedure gives a conser-
vative estimate. The systematic uncertainties associated
with the a0(1950) state are described below. The fitted
parameter values for this state are given in Table III. We
note that we obtain χ2/Ncells = 1.17 for this final fit, in-
dicating good description of the data. The fit projections
on the three squared masses from the MIPWA are shown
in Fig. 5, and they indicate that the description of the
data is quite good.
We compute the uncorrected Legendre polynomial mo-

ments ⟨Y 0
L ⟩ in each K+π−, K0

Sπ
− and K0

SK
+ mass in-

terval by weighting each event by the relevant Y 0
L (cos θ)

function. These distributions are shown in Fig. 8 as func-
tions of Kπ mass after combining K+π− and K0

S
π−, and

in Fig. 9 as functions of K0
S
K+ mass. We also com-

pute the expected Legendre polynomial moments from
the weighted MC events and compare with the exper-
imental distributions. We observe good agreement for
all the distributions, which indicates that the fit is able
to reproduce the local structures apparent in the Dalitz
plot.
We compute the following systematic uncertainties on

the I = 1/2 Kπ S-wave amplitude and phase. The dif-
ferent contributions are added in quadrature.

• Starting from the solution found by the fit, we gen-
erate MC simulated events which are fitted using
a MIPWA. In this way we estimate the bias intro-
duced by the fitting method.

• The fit is performed by interpolating the Kπ S-

•  Backgrounds	from	a0(980),	a0(1450),	a2(1320),	K*(892),	K*0(1430),	
K*2(1430).	

•  Spin-1	resonance	contribu<ons	are	en<rely	from	background.	

Low	sideband	 High	sideband	



MIPWA	of	ηcàK	K	π			
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TABLE IV: Systematic uncertainties on the a0(1950) parameter values from the two ηc decay modes.

ηc→K0
SK

±π∓ ηc→K+K−π0

Effect Mass Width Fraction (%) Mass Width Fraction (%)
(MeV/c2) (MeV) (MeV/c2) (MeV)

Fit bias 11 22 0.5 1 10 0.5
Cubic spline 24 79 0.6 14 9 0.2
Marginal components 70 72 0.0 2 8 0.3
ηc purity 3 16 1.0 18 26 0.4
Efficiency 11 8 0.2 1 15 0.2

Total 76 110 1.3 23 30 0.8

TABLE V: Measured amplitude and phase values for the I = 1/2 Kπ S-wave as functions of mass obtained from the MIPWA
of ηc→K0

SK
±π∓ and ηc→K+K−π0. The first error is statistical, the second systematic. The amplitudes and phases in the

mass interval 14 are fixed to constant values.

ηc→K0
SK

±π∓ ηc→K+K−π0

N Kπ mass Amplitude Phase (rad) Amplitude Phase (rad)

1 0.67 0.119 ± 0.100 ± 0.215 0.259 ± 0.577 ± 1.290 0.154 ± 0.350 ± 0.337 3.786 ± 1.199 ± 0.857
2 0.73 0.103 ± 0.043 ± 0.113 −0.969± 0.757 ± 1.600 0.198 ± 0.124 ± 0.216 3.944 ± 0.321 ± 0.448
3 0.79 0.158 ± 0.086 ± 0.180 0.363 ± 0.381 ± 1.500 0.161 ± 0.116 ± 0.098 1.634 ± 0.584 ± 0.448
4 0.85 0.232 ± 0.128 ± 0.214 0.448 ± 0.266 ± 1.500 0.125 ± 0.118 ± 0.031 3.094 ± 0.725 ± 0.448
5 0.91 0.468 ± 0.075 ± 0.194 0.091 ± 0.191 ± 0.237 0.307 ± 0.213 ± 0.162 0.735 ± 0.326 ± 0.255
6 0.97 0.371 ± 0.083 ± 0.129 0.276 ± 0.156 ± 0.190 0.528 ± 0.121 ± 0.055 −0.083 ± 0.178 ± 0.303
7 1.03 0.329 ± 0.071 ± 0.102 0.345 ± 0.164 ± 0.273 0.215 ± 0.191 ± 0.053 0.541 ± 0.320 ± 0.638
8 1.09 0.343 ± 0.062 ± 0.062 0.449 ± 0.196 ± 0.213 0.390 ± 0.146 ± 0.046 0.254 ± 0.167 ± 0.144
9 1.15 0.330 ± 0.070 ± 0.081 0.687 ± 0.167 ± 0.221 0.490 ± 0.135 ± 0.089 0.618 ± 0.155 ± 0.099
10 1.21 0.450 ± 0.059 ± 0.042 0.696 ± 0.156 ± 0.226 0.422 ± 0.092 ± 0.102 0.723 ± 0.242 ± 0.267
11 1.27 0.578 ± 0.048 ± 0.112 0.785 ± 0.208 ± 0.358 0.581 ± 0.113 ± 0.084 0.605 ± 0.186 ± 0.166
12 1.33 0.627 ± 0.047 ± 0.053 0.986 ± 0.153 ± 0.166 0.643 ± 0.106 ± 0.039 1.330 ± 0.264 ± 0.130
13 1.39 0.826 ± 0.047 ± 0.105 1.334 ± 0.155 ± 0.288 0.920 ± 0.153 ± 0.056 1.528 ± 0.161 ± 0.160
14 1.45 1.000 1.570 1.000 1.570
15 1.51 0.736 ± 0.031 ± 0.059 1.918 ± 0.153 ± 0.132 0.750 ± 0.118 ± 0.076 1.844 ± 0.149 ± 0.048
16 1.57 0.451 ± 0.025 ± 0.053 2.098 ± 0.202 ± 0.277 0.585 ± 0.099 ± 0.047 2.128 ± 0.182 ± 0.110
17 1.63 0.289 ± 0.029 ± 0.065 2.539 ± 0.292 ± 0.180 0.366 ± 0.079 ± 0.052 2.389 ± 0.230 ± 0.213
18 1.69 0.159 ± 0.036 ± 0.089 1.566 ± 0.308 ± 0.619 0.312 ± 0.074 ± 0.043 1.962 ± 0.195 ± 0.150
19 1.75 0.240 ± 0.034 ± 0.067 1.962 ± 0.331 ± 0.655 0.427 ± 0.093 ± 0.063 1.939 ± 0.150 ± 0.182
20 1.81 0.381 ± 0.031 ± 0.059 2.170 ± 0.297 ± 0.251 0.511 ± 0.094 ± 0.063 2.426 ± 0.156 ± 0.277
21 1.87 0.457 ± 0.035 ± 0.085 2.258 ± 0.251 ± 0.284 0.588 ± 0.098 ± 0.080 2.242 ± 0.084 ± 0.210
22 1.93 0.565 ± 0.042 ± 0.067 2.386 ± 0.255 ± 0.207 0.729 ± 0.114 ± 0.095 2.427 ± 0.098 ± 0.254
23 1.99 0.640 ± 0.044 ± 0.055 2.361 ± 0.228 ± 0.092 0.777 ± 0.119 ± 0.075 2.306 ± 0.102 ± 0.325
24 2.05 0.593 ± 0.046 ± 0.065 2.329 ± 0.235 ± 0.268 0.775 ± 0.134 ± 0.075 2.347 ± 0.107 ± 0.299
25 2.11 0.614 ± 0.057 ± 0.083 2.421 ± 0.230 ± 0.169 0.830 ± 0.134 ± 0.078 2.374 ± 0.105 ± 0.199
26 2.17 0.677 ± 0.067 ± 0.117 2.563 ± 0.218 ± 0.137 0.825 ± 0.140 ± 0.070 2.401 ± 0.127 ± 0.189
27 2.23 0.788 ± 0.085 ± 0.104 2.539 ± 0.228 ± 0.241 0.860 ± 0.158 ± 0.123 2.296 ± 0.131 ± 0.297
28 2.29 0.753 ± 0.097 ± 0.125 2.550 ± 0.234 ± 0.168 0.891 ± 0.167 ± 0.133 2.320 ± 0.131 ± 0.273
29 2.35 0.646 ± 0.096 ± 0.118 2.315 ± 0.241 ± 0.321 0.994 ± 0.202 ± 0.076 2.297 ± 0.153 ± 0.197
30 2.41 0.789 ± 0.184 ± 0.187 2.364 ± 0.336 ± 0.199 0.892 ± 0.322 ± 0.098 2.143 ± 0.292 ± 0.393

Systema<c	uncertain<es:	
	
1.  Fit	bias.	

•  Generate	signal	MC	
star<ng	from	fit.	

2.  Replace	Kπ	S-wave	
representa<on	with	cubic	
spline	

3.  Remove	low	significance	
contribu<ons	

4.  Vary	signal	purity	
5.  Account	for	efficiency	

varia<on	as	a	func<on	of	ηc	
mass.	

	
	

Effect	of	systema<c	uncertain<es	is	an	
average	of	16	%.	



• Located	at	SLAC	Na<onal	
Accelerator	Laboratory	

• Asymmetric	e+e-	collisions	at	
CM	energy	of	10.58	GeV	.				

• Data	collec<on	1999	to	2008.																				

48   fb-1 

514   fb-1 

424  fb-1 
28    fb-1 
14    fb-1 

1040   fb-1 

Data and physics productivity 

4 

~770 × 10଺ 
തܤܤ  pairs 

~470 × 10଺ 
തܤܤ  pairs 

Study ݍݍത continuum 
background 

Journal submissions in 2012: 
• BaBar: 31 
• Belle: 29 

×100 luminosity upgrades: 
• SuperB: recently cancelled 
• Belle-II: on-track 

Total	integrated	luminosity,	at	the																		
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resulting S-wave andP -wave fractions computed for three
KþK" mass regions. The last column of Table II shows the
measurements of the relative overall rate ( N

Ntot
) defined as

the number of events in the KþK" mass interval over the
number of events in the entire Dalitz plot after efficiency-
correction and background-subtraction.

B. S-wave parametrization at the KþK" threshold

In this section we extract a phenomenological descrip-
tion of the S wave assuming that it is dominated by the
f0ð980Þ resonance while the P wave is described entirely
by the !ð1020Þ resonance. We also assume that no other
contribution is present in this limited region of the Dalitz
plot. We therefore perform a simultaneous fit of the three
distributions shown in Figs. 5(a)–5(c) using the following
model:

dNS2

dmKþK"
¼ jCf0ð980ÞAf0ð980Þj2;

dNP 2

dmKþK"
¼ jC!A!j2;

dN!SP

dmKþK"
¼ argðAf0ð980Þe

i"Þ " argðA!Þ;

(14)

where C!, Cf0ð980Þ, and " are free parameters and

A! ¼ FrFD

m2
! "m2 " im!!

& 4pq (15)

is the spin 1 relativistic BW parametrizing the !ð1020Þ
with ! expressed as

! ¼ !r

!
p

pr

"
2Jþ1

!
Mr

m

"
F2
r : (16)

Here q is the momentum of the bachelor #þ in the
KþK" rest frame. The parameters in Eqs. (15) and (16)
are defined in Sec. VI below.

For Af0ð980Þ we first tried a coupled channel BW (Flatté)
amplitude [17]. However, we find that this parametrization
is insensitive to the coupling to the ## channel. Therefore,
we empirically parametrize the f0ð980Þ with the following
function:

Af0ð980Þ ¼
1

m2
0 "m2 " im0!0$KK

; (17)

where $KK ¼ 2p=m, and obtains the following parameter
values:

m0 ¼ ð0:922' 0:003statÞ GeV=c2;
!0 ¼ ð0:24' 0:08statÞ GeV:

(18)

The errors are statistical only. The fit results are super-
imposed on the data in Fig. 5.
In Fig. 5(c), the S-P phase difference is plotted twice

because of the sign ambiguity associated with the value
of !SP extracted from cos!SP . We can extract the mass-
dependent f0ð980Þ phase by adding the mass-dependent
!ð1020Þ BW phase to the !SP distributions of Fig. 5(c).
Since the KþK" mass region is significantly above the
f0ð980Þ central mass value of Eq. (18), we expect that the
S-wave phase will be moving much more slowly in this
region than in the !ð1020Þ region. Consequently, we re-
solve the phase ambiguity of Fig. 5(c) by choosing as the
physical solution the one which decreases rapidly in the
!ð1020Þ peak region, since this reflects the rapid forward
BW phase motion associated with a narrow resonance. The
result is shown in Fig. 5(d), where we see that the S-wave
phase is roughly constant, as would be expected for the tail
of a resonance. The slight decrease observed with increas-
ing mass might be due to higher mass contributions to the
S-wave amplitude. The values of jSj2 (arbitrary units) and
phase values are reported in Table III, together with the
corresponding values of jP j2.
In Fig. 6(a) we compare the S-wave profile from this

analysis with the S-wave intensity values extracted
from Dalitz plot analyses of D0 ! "K0KþK" [18] and
D0 ! KþK"#0 [19]. The four distributions are normal-
ized in the region from threshold up to 1:05 GeV=c2. We
observe substantial agreement. As the a0ð980Þ and f0ð980Þ
mesons couple mainly to the u "u=d "d and s"s systems, re-
spectively, the former is favored in D0 ! "K0KþK" and
the latter in Dþ

s ! KþK"#þ. Both resonances can con-
tribute in D0 ! KþK"#0. We conclude that the S-wave
projections in the K "K system for both resonances are
consistent in shape. It has been suggested that this feature
supports the hypothesis that the a0ð980Þ and f0ð980Þ are
4-quark states [20]. We also compare the S-wave profile
from this analysis with the #þ#" S-wave profile
extracted from BABAR data in a Dalitz plot analysis of
Dþ

s ! #þ#"#þ [4] [Fig. 6(b)]. The observed agreement
supports the argument that only the f0ð980Þ is present in
this limited mass region.

C. Study of the K"!þ S wave at threshold

We perform a model-independent analysis, similar to
that described in the previous sections, to extract the K#
S-wave behavior as a function of mass in the threshold
region up to 1:1 GeV=c2. Figure 7 shows the K"#þ mass

spectrum in this region, weighted by Y0
k ðcos%Þ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð2kþ 1Þ=4#
p

Pkðcos%Þ, with k ¼ 0, 1, and 2, corrected

TABLE II. S-wave and P -wave fractions computed in three
KþK" mass ranges around the !ð1020Þ peak. Errors are statis-
tical only.

mKþK" (MeV=c2) fS-wave (%) fP -wave (%) N
Ntot

(%)

1019:456' 5 3:5' 1:0 96:5' 1:0 29:4' 0:2
1019:456' 10 5:6' 0:9 94:4' 0:9 35:1' 0:2
1019:456' 15 7:9' 0:9 92:1' 0:9 37:8' 0:2
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resulting S-wave andP -wave fractions computed for three
KþK" mass regions. The last column of Table II shows the
measurements of the relative overall rate ( N

Ntot
) defined as

the number of events in the KþK" mass interval over the
number of events in the entire Dalitz plot after efficiency-
correction and background-subtraction.

B. S-wave parametrization at the KþK" threshold

In this section we extract a phenomenological descrip-
tion of the S wave assuming that it is dominated by the
f0ð980Þ resonance while the P wave is described entirely
by the !ð1020Þ resonance. We also assume that no other
contribution is present in this limited region of the Dalitz
plot. We therefore perform a simultaneous fit of the three
distributions shown in Figs. 5(a)–5(c) using the following
model:

dNS2

dmKþK"
¼ jCf0ð980ÞAf0ð980Þj2;

dNP 2

dmKþK"
¼ jC!A!j2;

dN!SP

dmKþK"
¼ argðAf0ð980Þe

i"Þ " argðA!Þ;

(14)

where C!, Cf0ð980Þ, and " are free parameters and

A! ¼ FrFD

m2
! "m2 " im!!

& 4pq (15)

is the spin 1 relativistic BW parametrizing the !ð1020Þ
with ! expressed as

! ¼ !r

!
p

pr

"
2Jþ1

!
Mr

m

"
F2
r : (16)

Here q is the momentum of the bachelor #þ in the
KþK" rest frame. The parameters in Eqs. (15) and (16)
are defined in Sec. VI below.

For Af0ð980Þ we first tried a coupled channel BW (Flatté)
amplitude [17]. However, we find that this parametrization
is insensitive to the coupling to the ## channel. Therefore,
we empirically parametrize the f0ð980Þ with the following
function:

Af0ð980Þ ¼
1

m2
0 "m2 " im0!0$KK

; (17)

where $KK ¼ 2p=m, and obtains the following parameter
values:

m0 ¼ ð0:922' 0:003statÞ GeV=c2;
!0 ¼ ð0:24' 0:08statÞ GeV:

(18)

The errors are statistical only. The fit results are super-
imposed on the data in Fig. 5.
In Fig. 5(c), the S-P phase difference is plotted twice

because of the sign ambiguity associated with the value
of !SP extracted from cos!SP . We can extract the mass-
dependent f0ð980Þ phase by adding the mass-dependent
!ð1020Þ BW phase to the !SP distributions of Fig. 5(c).
Since the KþK" mass region is significantly above the
f0ð980Þ central mass value of Eq. (18), we expect that the
S-wave phase will be moving much more slowly in this
region than in the !ð1020Þ region. Consequently, we re-
solve the phase ambiguity of Fig. 5(c) by choosing as the
physical solution the one which decreases rapidly in the
!ð1020Þ peak region, since this reflects the rapid forward
BW phase motion associated with a narrow resonance. The
result is shown in Fig. 5(d), where we see that the S-wave
phase is roughly constant, as would be expected for the tail
of a resonance. The slight decrease observed with increas-
ing mass might be due to higher mass contributions to the
S-wave amplitude. The values of jSj2 (arbitrary units) and
phase values are reported in Table III, together with the
corresponding values of jP j2.
In Fig. 6(a) we compare the S-wave profile from this

analysis with the S-wave intensity values extracted
from Dalitz plot analyses of D0 ! "K0KþK" [18] and
D0 ! KþK"#0 [19]. The four distributions are normal-
ized in the region from threshold up to 1:05 GeV=c2. We
observe substantial agreement. As the a0ð980Þ and f0ð980Þ
mesons couple mainly to the u "u=d "d and s"s systems, re-
spectively, the former is favored in D0 ! "K0KþK" and
the latter in Dþ

s ! KþK"#þ. Both resonances can con-
tribute in D0 ! KþK"#0. We conclude that the S-wave
projections in the K "K system for both resonances are
consistent in shape. It has been suggested that this feature
supports the hypothesis that the a0ð980Þ and f0ð980Þ are
4-quark states [20]. We also compare the S-wave profile
from this analysis with the #þ#" S-wave profile
extracted from BABAR data in a Dalitz plot analysis of
Dþ

s ! #þ#"#þ [4] [Fig. 6(b)]. The observed agreement
supports the argument that only the f0ð980Þ is present in
this limited mass region.

C. Study of the K"!þ S wave at threshold

We perform a model-independent analysis, similar to
that described in the previous sections, to extract the K#
S-wave behavior as a function of mass in the threshold
region up to 1:1 GeV=c2. Figure 7 shows the K"#þ mass

spectrum in this region, weighted by Y0
k ðcos%Þ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð2kþ 1Þ=4#
p

Pkðcos%Þ, with k ¼ 0, 1, and 2, corrected

TABLE II. S-wave and P -wave fractions computed in three
KþK" mass ranges around the !ð1020Þ peak. Errors are statis-
tical only.

mKþK" (MeV=c2) fS-wave (%) fP -wave (%) N
Ntot

(%)

1019:456' 5 3:5' 1:0 96:5' 1:0 29:4' 0:2
1019:456' 10 5:6' 0:9 94:4' 0:9 35:1' 0:2
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resulting S-wave andP -wave fractions computed for three
KþK" mass regions. The last column of Table II shows the
measurements of the relative overall rate ( N

Ntot
) defined as

the number of events in the KþK" mass interval over the
number of events in the entire Dalitz plot after efficiency-
correction and background-subtraction.

B. S-wave parametrization at the KþK" threshold

In this section we extract a phenomenological descrip-
tion of the S wave assuming that it is dominated by the
f0ð980Þ resonance while the P wave is described entirely
by the !ð1020Þ resonance. We also assume that no other
contribution is present in this limited region of the Dalitz
plot. We therefore perform a simultaneous fit of the three
distributions shown in Figs. 5(a)–5(c) using the following
model:

dNS2

dmKþK"
¼ jCf0ð980ÞAf0ð980Þj2;

dNP 2

dmKþK"
¼ jC!A!j2;

dN!SP

dmKþK"
¼ argðAf0ð980Þe

i"Þ " argðA!Þ;

(14)

where C!, Cf0ð980Þ, and " are free parameters and

A! ¼ FrFD

m2
! "m2 " im!!

& 4pq (15)

is the spin 1 relativistic BW parametrizing the !ð1020Þ
with ! expressed as

! ¼ !r

!
p

pr

"
2Jþ1

!
Mr

m

"
F2
r : (16)

Here q is the momentum of the bachelor #þ in the
KþK" rest frame. The parameters in Eqs. (15) and (16)
are defined in Sec. VI below.

For Af0ð980Þ we first tried a coupled channel BW (Flatté)
amplitude [17]. However, we find that this parametrization
is insensitive to the coupling to the ## channel. Therefore,
we empirically parametrize the f0ð980Þ with the following
function:

Af0ð980Þ ¼
1

m2
0 "m2 " im0!0$KK

; (17)

where $KK ¼ 2p=m, and obtains the following parameter
values:

m0 ¼ ð0:922' 0:003statÞ GeV=c2;
!0 ¼ ð0:24' 0:08statÞ GeV:

(18)

The errors are statistical only. The fit results are super-
imposed on the data in Fig. 5.
In Fig. 5(c), the S-P phase difference is plotted twice

because of the sign ambiguity associated with the value
of !SP extracted from cos!SP . We can extract the mass-
dependent f0ð980Þ phase by adding the mass-dependent
!ð1020Þ BW phase to the !SP distributions of Fig. 5(c).
Since the KþK" mass region is significantly above the
f0ð980Þ central mass value of Eq. (18), we expect that the
S-wave phase will be moving much more slowly in this
region than in the !ð1020Þ region. Consequently, we re-
solve the phase ambiguity of Fig. 5(c) by choosing as the
physical solution the one which decreases rapidly in the
!ð1020Þ peak region, since this reflects the rapid forward
BW phase motion associated with a narrow resonance. The
result is shown in Fig. 5(d), where we see that the S-wave
phase is roughly constant, as would be expected for the tail
of a resonance. The slight decrease observed with increas-
ing mass might be due to higher mass contributions to the
S-wave amplitude. The values of jSj2 (arbitrary units) and
phase values are reported in Table III, together with the
corresponding values of jP j2.
In Fig. 6(a) we compare the S-wave profile from this

analysis with the S-wave intensity values extracted
from Dalitz plot analyses of D0 ! "K0KþK" [18] and
D0 ! KþK"#0 [19]. The four distributions are normal-
ized in the region from threshold up to 1:05 GeV=c2. We
observe substantial agreement. As the a0ð980Þ and f0ð980Þ
mesons couple mainly to the u "u=d "d and s"s systems, re-
spectively, the former is favored in D0 ! "K0KþK" and
the latter in Dþ

s ! KþK"#þ. Both resonances can con-
tribute in D0 ! KþK"#0. We conclude that the S-wave
projections in the K "K system for both resonances are
consistent in shape. It has been suggested that this feature
supports the hypothesis that the a0ð980Þ and f0ð980Þ are
4-quark states [20]. We also compare the S-wave profile
from this analysis with the #þ#" S-wave profile
extracted from BABAR data in a Dalitz plot analysis of
Dþ

s ! #þ#"#þ [4] [Fig. 6(b)]. The observed agreement
supports the argument that only the f0ð980Þ is present in
this limited mass region.

C. Study of the K"!þ S wave at threshold

We perform a model-independent analysis, similar to
that described in the previous sections, to extract the K#
S-wave behavior as a function of mass in the threshold
region up to 1:1 GeV=c2. Figure 7 shows the K"#þ mass

spectrum in this region, weighted by Y0
k ðcos%Þ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð2kþ 1Þ=4#
p

Pkðcos%Þ, with k ¼ 0, 1, and 2, corrected

TABLE II. S-wave and P -wave fractions computed in three
KþK" mass ranges around the !ð1020Þ peak. Errors are statis-
tical only.
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determine the relative amplitudes and phases of intermedi-
ate resonant and nonresonant states.

The likelihood function is written as

L ¼
YN

n¼1

!
fsig " !ðx; yÞ

P
i;j
cic

%
jAiðx; yÞA%

j ðx; yÞ
P
i;j
cic

%
j IAiA

%
j

þ ð1' fsigÞ

P
i
kiBiðx; yÞ
P
i
kiIBi

"
; (19)

where
(i) N is the number of events in the signal region;
(ii) x ¼ m2ðKþK'Þ and y ¼ m2ðK'"þÞ;
(iii) fsig is the fraction of signal as a function of the

KþK'"þ invariant mass, obtained from the fit to
the KþK'"þ mass spectrum [Fig. 2(a)];

(iv) !ðx; yÞ is the efficiency, parametrized by a third
order polynomial (Sec. IV);

(v) the Aiðx; yÞ describe the complex signal amplitude
contributions;

(vi) the Biðx; yÞ describe the background probability
density function contributions;

(vii) ki is the magnitude of the i-th component for the
background. The ki parameters are obtained by
fitting the sideband regions;

(viii) IAiA
%
j
¼ R

Aiðx; yÞA%
j ðx; yÞ!ðx; yÞdxdy and IBi

¼R
Biðx; yÞdxdy are normalization integrals.

Numerical integration is performed by means of
Gaussian quadrature [21];

(ix) ci is the complex amplitude of the i-th component
for the signal. The ci parameters are allowed to vary
during the fit process.

The phase of each amplitude (i.e. the phase of the
corresponding ci) is measured with respect to the
Kþ !K%ð892Þ0 amplitude. Following the method described
in Ref. [22], each amplitude Aiðx; yÞ is represented by the
product of a complex BW and a real angular term T
depending on the solid angle ":

Aðx; yÞ ¼ BWðmÞ ( Tð"Þ: (20)

For a Ds meson decaying into three pseudoscalar mesons
via an intermediate resonance r (Ds ! rC, r ! AB),
BWðMABÞ is written as a relativistic BW:

FIG. 6 (color online). (a) Comparison between K !K S-wave intensities from different charmed meson Dalitz plot analyses.
(b) Comparison of the K !K S-wave intensity from Dþ

s ! KþK'"þ with the "þ"' S-wave intensity from Dþ
s ! "þ"'"þ.
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BWðMABÞ ¼
FrFD

M2
r $M2

AB $ i!ABMr

; (21)

where !AB is a function of the invariant mass of system
AB (MAB), the momentum pAB of either daughter in the
AB rest frame, the spin J of the resonance and the
mass Mr, and the width !r of the resonance. The explicit
expression is

!AB ¼ !r

!
pAB

pr

"
2Jþ1

!
Mr

MAB

"
F2
r ; (22)

pAB ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM2

AB $M2
A $M2

BÞ2 $ 4M2
AM

2
B

q

2MAB
: (23)

The form factors Fr and FD attempt to model the
underlying quark structure of the parent particle and the
intermediate resonances. We use the Blatt-Weisskopf
penetration factors [23] (Table IV), which depend on a
single parameter R representing the meson ‘‘radius.’’ We
assume RDþ

s
¼ 3 GeV$1 for the Ds and Rr ¼ 1:5 GeV$1

for the intermediate resonances; qAB is the momentum of
the bachelor C in the AB rest frame:

qAB ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM2

Ds
þM2

C $M2
ABÞ2 $ 4M2

Ds
M2

C

q

2MAB
: (24)

pr and qr are the values of pAB and qAB when mAB ¼ mr.
The angular terms Tð"Þ are described by the following

expressions:

Spin 0: Tð"Þ ¼ 1;

Spin 1: Tð"Þ ¼ M2
BC $M2

AC $
ðM2

Ds
$M2

CÞðM2
B $M2

AÞ
M2

AB

;

Spin 2: Tð"Þ ¼ a21 $
1

3
a2a3; (25)

where

a1 ¼ M2
BC $M2

AC þ
ðM2

Ds
$M2

CÞðM2
A $M2

BÞ
M2

AB

;

a2 ¼ M2
AB $ 2M2

Ds
$ 2M2

C þ
ðM2

Ds
$M2

CÞ2
M2

AB

;

a3 ¼ M2
AB $ 2M2

A $ 2M2
B þ ðM2

A $M2
BÞ2

M2
AB

:

(26)

Resonances are included in sequence, starting from
those immediately visible in the Dalitz plot projections.
All allowed resonances from Ref. [10] have been tried, and
we reject those with amplitudes consistent with zero. The
goodness of fit is tested by an adaptive binning !2.
The efficiency-corrected fractional contribution due to

the resonant or nonresonant contribution i is defined as
follows:

fi ¼
jcij2

R jAiðx; yÞj2dxdyR jP
j
cjAjðx; yÞj2dxdy

: (27)

The fi do not necessarily add to 1 because of interference
effects. We also define the interference fit fraction between
the resonant or nonresonant contributions k and l as:

fkl ¼
2
R<½ckc'l Akðx; yÞA'

l ðx; yÞ(dxdyR jP
j
cjAjðx; yÞj2dxdy

: (28)

Note that fkk ¼ 2fk. The error on each fi and fkl is
evaluated by propagating the full covariance matrix ob-
tained from the fit.

Background parametrization

To parametrize the Dþ
s background, we use the Dþ

s

sideband regions. An unbinned maximum likelihood fit is
performed using the function:

L ¼
YNB

n¼1

$
P
i
kiBi

P
i
kiIBi

%
; (29)

where NB is the number of sideband events, the ki
parameters are real coefficients floated in the fit, and the
Bi parameters represent Breit-Wigner functions that are
summed incoherently.
The Dalitz plot for the two sidebands shows the presence

of "ð1020Þ and #K'ð892Þ0 (Fig. 8). There are further struc-
tures not clearly associated with known resonances and due
to reflections of other final states. Since they do not have
definite spin, we parametrize the background using an
incoherent sum of S-wave Breit-Wigner shapes.

VII. DALITZ PLOT ANALYSIS OF Dþ
s ! KþK$!þ

Using the method described in Sec. VI, we perform an
unbinned maximum likelihood fit to the Dþ

s ! KþK$#þ

decay channel. The fit is performed in steps, by adding

TABLE IV. Summary of the Blatt-Weisskopf penetration form
factors. qr and pr are the momenta of the decay particles in the
parent rest frame.

Spin Fr FD

0 1 1

1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þðRrprÞ2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þðRrpABÞ2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þðRDþ

s
qrÞ2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þðRDþ

s
qABÞ2

p

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9þ3ðRrprÞ2þðRrprÞ4

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9þ3ðRrpABÞ2þðRrpABÞ4

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9þ3ðRDþ

s
qrÞ2þðRDþ

s
qrÞ4

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9þ3ðRDþ

s
qABÞ2þðRDþ

s
qABÞ4

p
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BWðMABÞ ¼
FrFD

M2
r $M2

AB $ i!ABMr

; (21)

where !AB is a function of the invariant mass of system
AB (MAB), the momentum pAB of either daughter in the
AB rest frame, the spin J of the resonance and the
mass Mr, and the width !r of the resonance. The explicit
expression is

!AB ¼ !r

!
pAB

pr

"
2Jþ1

!
Mr

MAB

"
F2
r ; (22)

pAB ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM2

AB $M2
A $M2

BÞ2 $ 4M2
AM

2
B

q

2MAB
: (23)

The form factors Fr and FD attempt to model the
underlying quark structure of the parent particle and the
intermediate resonances. We use the Blatt-Weisskopf
penetration factors [23] (Table IV), which depend on a
single parameter R representing the meson ‘‘radius.’’ We
assume RDþ

s
¼ 3 GeV$1 for the Ds and Rr ¼ 1:5 GeV$1

for the intermediate resonances; qAB is the momentum of
the bachelor C in the AB rest frame:

qAB ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM2

Ds
þM2

C $M2
ABÞ2 $ 4M2

Ds
M2

C

q

2MAB
: (24)

pr and qr are the values of pAB and qAB when mAB ¼ mr.
The angular terms Tð"Þ are described by the following

expressions:

Spin 0: Tð"Þ ¼ 1;

Spin 1: Tð"Þ ¼ M2
BC $M2

AC $
ðM2

Ds
$M2

CÞðM2
B $M2

AÞ
M2

AB

;

Spin 2: Tð"Þ ¼ a21 $
1

3
a2a3; (25)

where

a1 ¼ M2
BC $M2

AC þ
ðM2

Ds
$M2

CÞðM2
A $M2

BÞ
M2

AB

;

a2 ¼ M2
AB $ 2M2

Ds
$ 2M2

C þ
ðM2

Ds
$M2

CÞ2
M2

AB

;

a3 ¼ M2
AB $ 2M2

A $ 2M2
B þ ðM2

A $M2
BÞ2

M2
AB

:

(26)

Resonances are included in sequence, starting from
those immediately visible in the Dalitz plot projections.
All allowed resonances from Ref. [10] have been tried, and
we reject those with amplitudes consistent with zero. The
goodness of fit is tested by an adaptive binning !2.
The efficiency-corrected fractional contribution due to

the resonant or nonresonant contribution i is defined as
follows:

fi ¼
jcij2

R jAiðx; yÞj2dxdyR jP
j
cjAjðx; yÞj2dxdy

: (27)

The fi do not necessarily add to 1 because of interference
effects. We also define the interference fit fraction between
the resonant or nonresonant contributions k and l as:

fkl ¼
2
R<½ckc'l Akðx; yÞA'

l ðx; yÞ(dxdyR jP
j
cjAjðx; yÞj2dxdy

: (28)

Note that fkk ¼ 2fk. The error on each fi and fkl is
evaluated by propagating the full covariance matrix ob-
tained from the fit.

Background parametrization

To parametrize the Dþ
s background, we use the Dþ

s

sideband regions. An unbinned maximum likelihood fit is
performed using the function:

L ¼
YNB

n¼1

$
P
i
kiBi

P
i
kiIBi

%
; (29)

where NB is the number of sideband events, the ki
parameters are real coefficients floated in the fit, and the
Bi parameters represent Breit-Wigner functions that are
summed incoherently.
The Dalitz plot for the two sidebands shows the presence

of "ð1020Þ and #K'ð892Þ0 (Fig. 8). There are further struc-
tures not clearly associated with known resonances and due
to reflections of other final states. Since they do not have
definite spin, we parametrize the background using an
incoherent sum of S-wave Breit-Wigner shapes.

VII. DALITZ PLOT ANALYSIS OF Dþ
s ! KþK$!þ

Using the method described in Sec. VI, we perform an
unbinned maximum likelihood fit to the Dþ

s ! KþK$#þ

decay channel. The fit is performed in steps, by adding

TABLE IV. Summary of the Blatt-Weisskopf penetration form
factors. qr and pr are the momenta of the decay particles in the
parent rest frame.

Spin Fr FD

0 1 1

1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þðRrprÞ2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þðRrpABÞ2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þðRDþ

s
qrÞ2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þðRDþ

s
qABÞ2

p

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9þ3ðRrprÞ2þðRrprÞ4

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9þ3ðRrpABÞ2þðRrpABÞ4

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9þ3ðRDþ

s
qrÞ2þðRDþ

s
qrÞ4

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9þ3ðRDþ

s
qABÞ2þðRDþ

s
qABÞ4

p
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g
ai
2 5

m
a

G

ai

r i~ma

!

. ~11!

The factors Bl(qi) are the damping factors @23,24#. The total
width G

a

is the sum of the partial widths divided by phase
space evaluated at m

a

. Equation ~9! is derived from the
expression for two-body scattering, which is described by the
transition matrix T:

Tl5~

12iKlr!

21Kl . ~12!

For production the annihilation vertex of the p̄p system is
described by a complex coupling b

a

8 replacing one g
ai in the

K matrix:

b

a

5
b

a

8

A
( ig

ai
2 5a

a

exp
~

if
a

!

, ~13!

and so

Pi5(

a

b

a

8g
ai

m
a

22m2
Bl~qi!
Bl~qai!

. ~14!

The expressions ~9! and ~12! both involve the K matrix and
directly relate resonance production in two-body scattering
and p̄p annihilation. Equations ~8!–~13! may be considered
as a concise formulation of the isobar model for protonium
annihilation into three mesons via two-meson intermediate
resonances. The free parameters are the masses m

a

, cou-
plings g

ai and b

a

(a
a

,f
a

) of the resonance contributions.
One phase per initial state is set to zero since it is not ob-
servable.
The total transition amplitude squared describes the event

density Ni
theo at each position i of the three-body phase

space. The Dalitz plot is fitted using the x

2-minimization
method based on the MINUIT @25# program package. The x

2

for a Poisson process is formulated as in Ref. @26#:

x

252
(

i
@

yi2ni1ni ln~ni /yi!# , ~15!

with ni the number of events in the ith Dalitz plot bin and yi
the number of events predicted by the model in the ith bin.
Neglecting bins at the Dalitz plot boundary, 730 cells enter
the calculation. The transition amplitude for a partial wave l
squared and integrated over phase space gives its fractional
contribution in the absence of interferences between various
chains. Hence, in general, the sum of the individual contri-
butions is not equal to 1.
We now present the first fit based on well established

resonances only. The K!(892) resonance is parametrized as
a relativistic Breit-Wigner amplitude since only the Kp

channel is open. The charged K!6 mass is found in all fits
with the stable position m05(89163) MeV/c2 and G0
5(6163) MeV/c2. The freely fitted mass difference be-
tween K!0 and K!6 is Dm5(762) MeV/c2. The width is
affected by the mass resolution sm512 MeV/c2 at the K!

mass, according to simulation. Replacing the Breit-Wigner
by the folding of a Breit-Wigner and a Gaussian ~Voigtian

function! gives a resonance width of m5(5263) MeV/c2.
The parameters agree well with measurements of other ex-
periments in Ref. @20#.
The enhancement at the K̄K threshold ~Fig. 4! is gener-

ated by the a0(980) resonance which couples to ph and K̄K .
Therefore, it is parametrized by a 232 K matrix reducing to
the well known Flatté formula @27#:

F05b08
S g1g2 D

m0
22m22i

~

r1g1
21r2g2

2
!

. ~16!

It was previously used in the analysis of the p

0
p

0
h Dalitz

plot @1,28# for which g15g
ph

was determined to be g1
5353 MeV. There the information about the two couplings
in the ph channel was extracted from the cusp-like shape of
the ph intensity which is caused by the opening of the K̄K
threshold and introduces a correlation between the couplings.
For the a2(1320) we used a relativistic Breit-Wigner am-

plitude. It can be produced from the (I50)1S0p̄p initial
state—the angular distributions has a W shape—and the (I
51)3S1 initial state—a U-shaped angular distribution peak-
ing at the Dalitz plot boundary @see Figs. 5~d! and 5~j!#.
In addition to the Kp P wave we expect a I5 1

2 S wave
which contains the K!(1430). The parameters of the Kp S
wave were determined by fitting a scattering amplitude T
5 (1/r)sin deid, Eq. ~12! based on the K matrix to the phase
shift of the LASS experiment @29#. It is purely elastic in the
region of interest. We used the following ansatz:

K5
g0
2

m0
22m2 1c11c2m . ~17!

This form also includes the low-energy (Kp) scattering. The
fit yielded the constants c151.45 and c2520.55/GeV and
m05(1342610) MeV/c2, G05(400620) MeV/c2. The
resonance mass and width extracted from the T matrix in the
complex energy plane are m5(1428610) MeV/c2 and G

5(280615) MeV/c2, in close agreement with LASS @29#.
In the Dalitz plot analysis using Eq. ~9! these values were
then fixed. Alternatively, the K matrix was formulated in
terms of a scattering length including one resonance pole:

K5
am

21abq2 1
g0
2

m0
22m2 ~18!

with a the scattering length and b the effective range. A fit of
this form gives a5(2.5860.21) GeV21 and b5(1.81
60.25) GeV21. The K-matrix values (m0 ,G0) and the T-
matrix pole are, within errors, the same as before. For the
transition from the I51 1S0 state one obtains destructive
interference between the two charges; from 1S0 I50 the
interference is constructive. The fit to the data shows that the
pole term in the K matrix is the dominant part. The I51 1S0
initial state can also decay via the I5 3

2 Kp S wave. So far no
resonance has been observed in this system @20#. If the I
5 3

2 wave has a similar energy dependence as the I5 1
2 wave,

they cannot be distinguished in the K0K6
p

7 final state.
Hence we refrain from including it.
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Model	Independent	Par<al	Wave	Analysis	
		

•  kπ	S-wave	is	taken	as	reference	amplitude,		
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A=|A1	+	c2A2eφ2+	c3A3eφ3+…|	
A=|c1A1eφ1	+	c2A2eφ2+	c3A3eφ3+…|	

•  Other	resonance	contribu<ons,	A2,	A3,	etc…,	are	parametrized	as	Breit-Wigner	
amplitudes	mul<plied	by	their	corresponding	angular	func<ons.	

•  Mass	spectrum	is	divided	into		30	equally	spaced	mass	intervals	60	MeV	wide.	
		
•  In	each	interval,	2	new	free	parameters	are	added:	Ai	and	φi	



Outline	
•  Theore<cal	Mo<va<on	
•  γγàKs	K+π-		and	γγàK+K-π0	
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•  Model	Independent	Par<al	Wave	Analysis	
•  Kπ S-wave	amplitude	
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