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C O S M I C  R AY S

• Cosmic ray flux observed 
across 11 orders of 
magnitude 

• Most energetic events: 
several * 1020eV 

• Puzzles: origin & 
acceleration mechanism 
for such ultra-high 
energy (UHE) cosmic rays

J.	Bea'y	and	S.	Westerhoff,	Ann.	Rev.	
Nucl.	Par.	Sci.	59	(2009)	

1	par?cle	/	m2	sec	

1	par?cle	/	m2	year	

1	par?cle	/	km2	year	
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N E U T R I N O - C O S M I C  R AY  C O N N E C T I O N
• Neutrinos and gamma rays are produced when cosmic 

rays interact with ambient matter/radiation field 

• Cosmic rays ~<10
19

eV bent by magnetic fields in flight. 
Gamma rays absorbed/cascade down ~>TeV 

• Neutrino are immune to both

€ 

pγ →
pπ 0

nπ +
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C O S M O G E N I C  N E U T R I N O S

• Photohadronic interaction 
between UHE cosmic rays 
(>10

19.5
eV) and CMB 

photons 

• This is the Greisen-Zatsepin-
Kuzmin (GZK) process - a 
‘guaranteed” neutrino flux

1018 Energy [eV]10201019
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Radio	transparency	in	ice	

Kilometer-scale	a3enua5on	length	
for	radio	signal	in		South	Pole	ice	

R A D I O  D E T E C T I O N
• Estimated event rate: ~<1/km3/yr 
• Demands for detector ~100km2

The	Askaryan	Effect	

~20%	charge	
asymmetry	

Peak	emission	0.1~1GHz	
P	~	Ne

2	~	E2	

Highly	polarized	broadband	signal	
Confirmed	detecEon	in	ice,	SLAC	2006	
(Phys.	Rev.	LeM.	99:171101)	
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A S K A R YA N  R A D I O  A R R AY

Full ARA37 covers ~100km2
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H A R D W A R E

Vpol	 Hpol	

Antenna	
requirements:	
1.	Broadband							
150~850MHz	
2.	Azimuthal					
symmetry	
3.	Fit	in	the	hole	

450MHz notch filter  
removes SP comms

Deployed ~40m from station  
center, allows in-situ calibration
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A R A  D ATA

ns 

m
V 

3 ARA stations operational

Simulated on-cone 1018eV event 1.2km awayARA02 Vpol calibration pulser event 
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• No physical background for calibration 

• Man-made calibration source:  
Local cal pulser 
IceCube Deep pulser(~1.5km deep)  
IceCube rooftop pulser 
Mobile surface pulser  
 

Pulser	on	roo*op	of		
the	IceCube	Lab.		

Distance:	4	km	

A"er	improved	geometry		
calibra3on	

C A L I B R AT I O N

IC string 1&22 
Distance: 4000m
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2  S TAT I O N S  A N A LY S I S
• Data from station 2 & 3 in 2012-13 season was used in neutrino search 
• No candidate found in 10 month period.  

Expected neutrino: 0.11 +- 0.002  
Expected background: ARA02 0.009+-0.010, ARA03 0.011+-0.015 
(Allison et al. arXiv:1507.08991)
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I N T E R F E R O M E T R I C  R E C O N S T R U C T I O N  ( P R E L I M I N A RY )

• In principle, Askaryan signals should behave similarly in time-domain across registered 
receiving antenna 

• Cross correlating a pair of different waveforms indicates the signal “delay” between two 
channels 

• For reconstruction, set of delays associated with each point in the sky is computed. Cross 
correlation values are computed per these delays and summed

,
“ C O H E R E N C E ” ,  C O N TA I N S  

V E R T E X  P O S I T I O N  I N F O  
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A N G U L A R  R E C O N S T R U C T I O N  - C A L I B R AT I O N  P U L S E R  

~60º

~30º

• 2013 ARA03 March filtered events -D6BV pulser 
• Pulser distance fixed as known (42m)
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A N G U L A R  R E C O N S T R U C T I O N  -  S I M U L AT I O N  ( P R E L I M I N A RY )

• Data set: 1018eV neutrinos vertices randomly scattered around single ARA 
station, up to 5km Example Event

True Vertex Distance: 2581m 

True Reco Diff. 

Zenith 102.74° 102.94° 0.2° 

Azimuth 222.69° 222.89° 0.2° 
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S U M M A R Y
• 2 ARA stations taking data for more than 3 years. 

Analysis of 2 stations✕year data finds no neutrino 
candidate. Analysis chain established and detector 
largely understood 

• New analysis techniques to be applied to recent 
data.  
Coherence cut ✔: σθ:1.3°  σϕ:0.31° 

• Funded 2017/18 for 2 more stations (5 total). GZK 
discovery potential ~ IceCube 

• Full ARA37 will be most cost-effective determining 
cosmic neutrino flux > 100PeV, complementary to 
IceCube 

• Very young field. R&D to be done to lower energy 
threshold, cost
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T H A N K  Y O U

Published:
TestBed Performance: Astroparticle Physics 35 (2012) 457 (arXiv:1105:2854)
TestBed Diffuse Limit: Astroparticle Physics 70 (2015) 62 (arXiv:1404.5285)
TestBed GRB limit: arXiv:1507.00100 (subm to Astrop. Phys.)

In publication:
Recently the first paper submitted on ARA design station result: 
ARA2 Diffuse Limit: arXiv:1507.08991  
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B A C K - U P  S L I D E S
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C A L C U L AT I O N  O F  C O S M O G E N I C  
N E U T R I N O  F L U X

R. Engel, D. Seckel. T. 
Stanev 
Phys.Rev.D64:093010,2001 source 

function 
neutrino 
yield 

primary energy 

2.1 Neutrino production in the GZK mechanism

Figure 2.1: The cross section for pion production in the interaction of protons and gamma

rays. Interesting for the GZK mechanism is the �+ resonance, where the cross section

peaks to around 500 µb in total [41].

calculated by integrating a source function L and the neutrino yield Y over the proton

energy E
p

and the redshift z [40]:

F (E
⌫

) =
c

4⇡E
⌫

·
Z Z

L(z, Es

p

)Y (Es

p

, E
⌫

, z)
dEs

p

Es

p

dz. (2.4)

The source function L(z, Es

p

) describes the density and energy spectrum of the UHECRs.

It depends on the production energy at the sources, their redshift distribution throughout

the Universe and the energy loss of the cosmic ray particle during propagation. Further-

more, it scales inversely with the adiabatic expansion of the Universe. The neutrino

yield function Y(Es

p

, E
⌫

, z) can be derived from Monte Carlo simulations with the given

prerequisites of pion production cross section and the energy spectrum of the CMB.

Apart from its influence on the CMB spectrum, the redshift of the interaction becomes

important in the yield function if it is very small, comparable to the interaction length

of the UHECRs. In this case, not all energy is transferred in photopion production and

a lower number of neutrinos than expected is produced. This e↵ect vanishes at distances

above roughly 200Mpc, where the number of produced neutrinos saturates [40].

An example for a flux calculated from Equation 2.4 under certain assumptions for L

and Y is displayed in Figure 2.2. This flux can be taken as a possible example flux.

Models used, especially the model for the source function, have big uncertainties, which

make absolute flux predictions with the current knowledge impossible. Still it can be

noted that the flux expectation is very low. Given the low cross section for neutrino

interactions, di↵erent flux models result in less than one interaction per year per cubic

kilometer of dense matter. It can be easily deduced that a detector exposure of several

hundred km3yr is needed to investigate the flux properties.

13
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F L U X  D E P E N D E N C I E S
5

Figure 2. Cosmogenic neutrino flux for all fla-
vors, for di↵erent UHECR parameters compared
to instrument sensitivities. Dash-dot line corre-
sponds to a strong source evolution case with a
pure proton composition, dip transition model,
and E

max

= 3 ZeV. Uniform source evolution
with iron rich (30%) composition and EZ,max

< Z
10 EeV is shown in the dotted line and dashed line
represents pure iron injection and EZ,max

= Z
100 EeV. Grey shaded range brackets dip and
ankle transition models, with evolution of star
formation history for z < 4, pure proton and
mixed ‘Galactic’ compositions, and large proton
E

max

(> 100 EeV)). Including the uniform source
evolution would broaden the shaded area down
to the solid line below it. Current experimental
limits (labeled lines on top) assume 90% confi-
dence level and full mixing neutrino oscillation.
The di↵erential limit and the integral flux limit
on a pure E�2 spectrum (straight lines) are pre-
sented for IceCube 22 lines [38], ANITA-II [39]
and Auger South [23]. For future instruments,
we present the projected instrument sensitivities
(dashed lines) for IceCube 80 lines (acceptances
from S. Yoshida, private communication, see also
[40]), and for JEM-EUSO [41].

UHECRs if the sources are not continuously emit-
ting particles, but are transient such as GRBs and
young magnetars.

4. Conclusion

The possibility of observing high energy neutri-
nos is intimately related to the resolution of the
long standing mystery of the origin of UHECRs.
To discover the origin of UHECRs will require
a coordinated approach on three complementary
fronts: the direct UHECR frontier, the transition
region between the knee and the ankle, and the
multi-messenger interface with high-energy pho-
tons and neutrinos.

Current data suggest that watershed
anisotropies will only become clear above 60
EeV and that very large statistics with good
angular and energy resolution will be required.
The Auger Observatory (located in Mendoza,
Argentina), will add 7 ⇥ 103km2.sr each year of
exposure to the southern sky, while the Telescope
Array (located in Utah, USA) will add about
2 ⇥ 103km2.sr each year in the North. Current
technologies can reach a goal of another order
of magnitude if deployed by bold scientists over
very large areas (e.g., Auger North). New tech-
nologies may ease the need for large number of
detector units to cover similarly large areas. Fu-
ture space observatories (e.g., JEM-EUSO, OWL,
Super-EUSO) promise a new avenue to reach the
necessary high statistics especially if improved
photon detection technologies are achieved.

Existing and upcoming high energy neutrino
detectors roughly cover three energy ranges: PeV
(= 1015 eV), EeV (= 1018 eV), and ZeV (=
1021 eV). ANTARES, IceCube, and the future
KM3Net are large water or ice cubic detectors
that aim at observing events around PeV ener-
gies. IceCube will also have a very good sensitiv-
ity at higher energies, and will ultimately be able
to cover a wide energy range from about 1 PeV
to ⇠ 10 EeV. Experiments primarily dedicated
to the detection of cosmic rays like the Pierre
Auger Observatory and the Telescope Array have
their best neutrino sensitivities in the EeV energy
range. The radio telescope ANITA and the fluo-
rescence telescope JEM-EUSO are most e↵ective

A. Olinto, K. Kotera, D. Allard 
arXiv: 1102.5133 (2011) 

Dash-dotted: FRII strong source 
evolution, pure proton composition 

Grey region: A range of SFR 
source evolutions, mixed 
composition 

Solid: grey + uniform source 
evolution 

Dotted: uniform source evolution, 
iron-rich composition, low Ezmax 

Dash: uniform source evolution, 
pure iron composition, high Ezmax 

Measurement of the neutrino flux: 

1. Correlation with astrophysical sources 
2. Implication on cosmic ray composition 
3. Constrain source distribution  
4. Particle physics at the highest energies  
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A S K A R YA N  S I G N A L  M O D E L I N G
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1PeV 
Shower 

Detection in silica sand (Phys. Rev. Lett. (2001) 86.2802) 
Detection in rock salt (Phys. Rev. D72(2005) 032002 
Detection in ice, SLAC (Phys. Rev. Lett (2007). 99:171101)

Peak emission 0.1~1GHz 
P ~ Ne2 ~ E2 

Highly polarized broadband signal 



A S K A R YA N  S I G N A L  P O L A R I Z AT I O N

ν 
shower 

θc=56° 

Electric Field Polarization 
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L P M  E F F E C T  &  N C / C C  I N T E R A C T I O N S

LPM Energy threshold ~ several PeV

from Maxwell’s equations in a dielectric medium !12,13". In
the Fraunhofer limit the contribution of an infinitesimal par-
ticle track #l!!v! #t to the electric field spectrum is given by

RE! $% ,x! &!
e' r i%

2()0c2
#l!!ei(%"k!•v! )teikR, $2&

where %!2(* is the angular frequency, k! (k! !R! ) is the
wave vector in the direction of observation (R! ) and l!! is the
track length projected onto a plane perpendicular to the ob-
serving direction. The Fraunhofer limit corresponds to a dis-
tance to the detector R#!zsh sin +"2/, with zsh the shower
longitude.
This simple expression displays in a transparent form

three most important characteristics of such signals: The pro-
portionality between the electric field amplitude and the
tracklength, the fact that in the Cherenkov direction (%
"k!•v! !0) there is no phase factor associated with the posi-
tion along the track direction and the fact that radiation is
polarized in the direction of l!! , which is in the apparent
direction of the track as seen from an observer located at x! .
Complete numerical simulations of radio pulses from elec-
tromagnetic showers have been made using Eq. $2& !13,14"
but they are only technically feasible for shower energies
below about 10 PeV.
We can understand most of the characteristics of shower

induced pulses in terms of the excess electron distributions in
a shower. To a good approximation the pulse can be related
to the Fourier transform of the spatial distribution of the
excess charge. For the purpose of studying the pulse emitted
along directions close to the Cherenkov angle it is sufficient
to consider the longitudinal distribution of the excess charge
$along z, the shower axis&. The electric field amplitude is
then given by

R"E! $% ,x! &"#
e' r i%

2()0c2
eikR sin +$ dzQ$z &eipz. $3&

Here + is the angle between the shower axis and the obser-
vation direction and we have introduced the parameter

p$+ ,%&!
%

c $1"n cos +& $4&

to transparently relate the radio emission spectrum to the
Fourier transform of the $excess& charge distribution Q(z).
Q(z) can be in turn well approximated by a fixed fraction
(21%) of the shower size distribution (NS!total number of
electrons and positrons&. The algorithm consisting on using
Eq. $3& with Q(z)!21% NS has been extensively checked
by direct comparison with Monte Carlo results in the Fraun-
hofer limit at energies below the PeV scale when a full simu-
lation is possible $Fig. 1 displays an example&. Full details,
the range of validity of the approximation and the checks
performed will be presented elsewhere !15".
The phase factor pz in the exponent of Eq. $3& regulates

the interference between different shower sections in longi-

tudinal development. For "p"z#1 ("p"z$1) emission is
completely incoherent $coherent&. Characteristic angular dis-
tributions of radio pulses due to hadronic and electromag-
netic showers are shown in Fig. 1. The angular distribution
of the pulse has a main ‘‘diffraction’’ peak corresponding to
p!0, the Cherenkov direction, which concentrates most of
the power around the -1 GHz band in ice. In this direction
the pulse amplitude scales accurately with excess track
length provided the frequency is below -300 MHz. For
electromagnetic showers the track length is proportional to
the energy !16" and for hadronic showers it scales with a
large and slowly varying fraction of the energy (80–92% for
shower energies between 100 TeV and 100 EeV& !17".
Above 10 PeV the electric field amplitude in the Cherenkov
cone is a very good estimator of shower energy if the dis-
tance to the shower is known, whatever its character and
regardless of the precise behavior of the shower develop-
ment.
The simple scaling associated with the coherent regime is

broken by interference from different parts of the shower
when "p"zsh-1. Here zsh is a characteristic length around
shower maximum within which a significant fraction of the
shower particles is contained (-70%) !16", i.e. an equiva-
lent slit aperture in the diffraction analogue with Eq. $3&.
Expanding the expression p(+)zsh-1 around the Cherenkov
angle, +!+C%.+ , we get, for small .+ ,

n sin +Czsh.+
%

c -1. $5&

As the observation angle deviates from the Cherenkov direc-
tion the electric field amplitude drops. For a given frequency

FIG. 1. Left: longitudinal development of electromagnetic $solid
lines& and hadronic $dashed lines& showers in ice for different ener-
gies. Right: angular distribution of the electric field amplitude emit-
ted by the showers shown on the left. Shown is the value "E(*)R"
where R is the distance to the shower, normalized to its maximum
at the Cherenkov angle (+C!56°). The units, that is the precise
values at the maximum, are marked in the figure. For the 1 PeV
case the electric field amplitude obtained in a complete simulation
!13" $dot-dashed line& is also shown to compare with the approxi-
mation used !Eq. $3&".

J. ALVAREZ-MUÑIZ, R. A. VÁZQUEZ, AND E. ZAS PHYSICAL REVIEW D 61 023001

023001-2
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L P M  E F F E C T  &  N C / C C  I N T E R A C T I O N S

LPM Energy threshold ~ several PeV

nuclear fragments, using the multiplicity distributions from
!22". For the photon to exceed 500 PeV #to display a clear
LPM elongation$ with a probability greater than 4%, the
initial neutrino energy should on average be above 40 EeV.
The showers induced by charged current electron neutri-

nos can be regarded as a superposition of electromagnetic
and hadronic showers. As a result, provided the interaction
has sufficient energy, the showers display two length scales
corresponding to the electromagnetic and hadronic showers.
Depending on y, the two components of the shower will have
different relative weights. As the average value of y is ex-
pected to be %y&!0.25 !23" the LPM effect will be much
more important than in hadronic showers, as typically 75%
of the neutrino energy will be carried by a single electron
that will induce an electromagnetic shower. In many respects
the mixed character showers are similar to a hadronic shower
with an LPM tail, the only difference being that the typical
energy fractions of the LPM tail are different. Figure 3
shows the depth development curves for neutrino showers
produced by electron neutrino charged current interactions
compared to neutral current or muon flavor neutrino interac-
tions for two different neutrino energies and different values
of y.
The resulting diffraction patterns retain much information

because the emission is coherent. The radio pulse for the
neutrino interactions of ‘‘hadronic type’’ will be much like
that due to the hadronic showers reviewed in Sec. II. On the
other hand the radio pulse for a charged current electron
neutrino interaction has an interference pattern typical of the
combination of two scales. Because of the y distribution, the
interference is typically enhanced as shown in the angular
patterns of the radio pulses of Fig. 4. The pattern is similar to
a small fraction of the patterns from showers initiated by a
single hadron that display a large LPM elongation because of
a fluctuation in which a photon carries a very large fraction
of the shower energy. For deep inelastic scattering #DIS$
neutrino interactions this effect is doubly suppressed because
the fraction of energy transferred to the nucleon is on aver-

age low and because of the results shown in Fig. 2. We will
show how it can be in principle used to establish the indi-
vidual energy transfer of the reaction.

IV. POTENTIAL FOR EXTRACTING INFORMATION
ON NEUTRINO EVENTS

The rich structure of the radio pulse emitted is due to the
coherence of the radiation and opens up many possibilities
for high energy shower detection. Information on the ampli-
tude and phase of the electric field spectrum is sufficient to
allow reconstruction of the depth development of the excess
charge in the showers, which is evident from the Fourier
transform approach to the problem. In practice however the
design of an experiment capable of retaining phase informa-
tion is out of question before the technique has been success-
fully proved in all respects. Assuming that only electric field
spectral amplitudes are observable, much information would
still be accessible from a suitable designed experiment. We
will emphasize the potential of the different measurements
that are accessible in the radio technique, avoiding the dis-
cussion of unresolved experimental issues !12,24,25", such
as noise, which are likely to determine its final sensitivity.
Furthermore, the sensitivity will be also completely depen-
dent on the experimental setup which will have to be opti-
mized according to the design objectives. These crucial is-
sues will have to be addressed when results from in situ
experiments are available, and some experimental efforts are
presently under way in this respect !26", but the general con-
clusions of our discussion are unlikely to be much affected
by them.
We first discuss detection at a single location although

any design is likely to involve a large array of detectors. The
discussion remains simple, illustrates the potential of the
technique, and has also relevant implications for the detec-
tion of radio pulses from showers on the Moon surface
!27,28", although this possibility will be not further ad-
dressed in this article. Neglecting attenuation, the ratio of
shower energy to distance has to be above a given value for

FIG. 3. Longitudinal development of hadronic #dot dashed lines$
and mixed showers #solid lines$ initiated by neutrino interactions in
ice #see text$ for different values of neutrino energy and y as
marked.

FIG. 4. Interference pattern for '!100 MHz corresponding to
the showers of Fig. 3. The figure plots !E(')R! following the con-
vention of Fig. 1.

J. ALVAREZ-MUÑIZ, R. A. VÁZQUEZ, AND E. ZAS PHYSICAL REVIEW D 61 023001

023001-4
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D R I L L I N G  A N D  D E P L O Y M E N T

Hot-water drilling 
Water pumped out and leaves dry hole 
Hole diameter ~15cm 
Design depth 200m (8 hr) 
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A N T E N N A  D E S I G N

Vertically Polarized (Vpol) 
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A N T E N N A  D E S I G N

Horizontally Polarized (Hpol) 

VSWR
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D E L AY  C O M P U TAT I O N
• Ice index of refraction varies 

with depth. Change is most 
drastic near surface (firn) -> EM 
waves travel in curved paths -
raytracing 

• Ideal direction/distance 
reconstruction need to take 
account raytracing effect 

• Semi-analytical approach to 
compute ray paths. Tabulate 
and fit with B-Spline the delays 
thus computed

Varying Index of Refraction

3

index of refraction 
vs. depth 
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R E T R A C E  S H A D O W  B O U N D A R Y

Antenna 
depth: 
25m 

Antenna 
depth: 
200m 

Region with raytrace solutions 

Antenna depth: 25m

Antenna depth: 200m
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Ray Tracing

• The problem is a system of ODEs so one can use 
standard ODE techniques, such as Runge-Kutta

• In particular, such methods can use an adaptive step 
size to move very quickly where the ray varies slowly

6

(where τ is amplitude and A(z,f) is attenuation length as a function of depth and frequency)

C. Weaver
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Identifying Solutions

• In general, we have two endpoints, and we 
want to know the properties of the ray(s) 
which connect them

• Solving the differential equations requires an 
initial angle which is unknown

• In general, must use trial and error to find a 
ray which travels from the source to the 
target, within some margin of error

• Allowing for reflections complicates matters

7

C. Weaver
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Semi-Analytical Approach

11

• Casting lots of test rays is expensive!

• Sohda et al.: “Image formation in an optically 
stratified medium: optics of mirage and 
looming” (1967)

• For the case of a pure exponential index of 
refraction, the authors derive a functional 
form for the direct ray path

• Our index of refraction is a very similar form:
Sohda, et al.: South Pole Ice:

C. Weaver
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Sketch of Derivation

13

• From Snell’s law:  

• Substituting n(z) and solving for θ gives: 

• Also, we have: 

• Substituting and rearranging gives: 

• Then things get ugly. . . 

Schematic

12

Image formation by strat8ed media 505 

3. Ray tracing in a stratified medium 
Analytically the problem of ray tracing in a stratified medium can be approached with 

1 ~ ~ 0  dizerent methods. The medium may be considered to be constituted of many discrete 
layers: and the path of the ray through such a discontinuous medium with well-defined 
horizontal stratifications may be investigated, or the medium may be considered to vary 
continuously with height. The former approach has been used extensively for studying 
electromagnetic wave propagation in various regions of the earths stratified atmosphere 
(e.g. Wait 1962), but the latter approach has been preferred in the present analysis because 
it seems to be more akin to reality. 

Choose a Cartesian coordinate system with the origin on the surface of ground, the x axis 
being along the earth's surface (assumed to be plane) and the y axis pointing vertically 
upwards. Let the coordinates of an object S be (XO,JO) and that of an  observer E be 
(se. je) as shown in figures 1 and 2. Let P(xm, ym) be the point where the direction of the 
ray (making an  angle ii with the vertical a t  the object) is horizontal; this point will also be 
an extreme position (either the maximup. or the minimum) ir, the curved ray path a h g  
ivhich this ligi,t beam travels. 

V i  

P, 17'' 0 L 
p2 

Figure 1. Path of the rays in mirage. Figure 2.  Path of the rays in looming. 

Consider a layer of very small thickness dy and suppose that the light is incident at  an 
angle i + di on one surface and leaves it at  an  angle i from the other surface. Suppose 
further that the refractive index of this layer is p and that of a similar layer immediately 
adjacent to it is p - dp. According to Snell's !aw 

sin (i - d i )  - p -~ 
sin i p - dp 

which, since di is small, leads to the equation 

- cot i di = dplp. (2) 
At this point we may mention that if instead of examining the changes in the angle of inci- 
dence, we had investigated the turning of the wave front as it  propagates up or down the 
horizontal stratificatioos, we would have arrived at  an exact!y identical equation. 
Using (1) we obtain 

Integrating and using the boundary conditions 

- cot i di = CY dy. 

. .  
I = 11  or ' i ~  - il at y = yo (figures 1 and 2 respectively) 

R(x,z)

dz

z

x

S(x0,z0)

P(xm,zm)

I(xi,zi)

n + dn

I(xi,zi)

θ

θ0

θ+dθ
∆θ

n

(Base figure from Sodha et al.)

C. Weaver
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Condition for Direct Ray

• We arrive at: 

• This cannot be solved analytically for σ0, but 
it can be done numerically

• This is much faster than doing the same 
thing (root finding), but using a ray-cast for 
each evaluation 14

where

C. Weaver
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AT T E N U AT I O N  O F  R A D I O  S I G N A L  I N  I C E

€ 

ε = ε'−iε ' '

n = ε' = Re(ε)

Loss(dB /m) = 8.686 ω
2c0

ε ' tanδ

tanδ = ε' ' ε '
Lα ~ (1 f )ε' ε ' '

Dielectric const.

Index of refrac.

Loss tangent

Attenuation length
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