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❑ Trivial theory.
❑ Brown-Henneaux1: 

❑ Black Hole2.
❑ Boundary degrees of freedom           boundary conditions.3 

General Relativity 

in 3D

1 Brown, Henneaux (1986).
2 Bañados, Teitelboim, Zanelli (1992).
3 Coussaert, Henneaux, Van Driel (1995).



General Relativity 

in 3D

4 Afshar, Detournay, Grumiller, et. al. (2016); Donnay, Giribet, Gonzales, Pino (2016).
5 Pérez, Tempo, Troncoso (2016).

Suitable choice of boundary conditions:

❑ Invariant under a group of asymptotic symmetries.
❑ Well-defined action principle.
❑ Solutions of physical relevance.

Expamples:

❑ Soft hair.4

❑ Integrable Systems/General Relativity.5



➢ Bi-Hamiltonian system: 

where and     are:

and the quantities and      , are given by

❑ Nonlinear PDE’s

❑ Dym’s equation

Integrable Systems

❑ KdV, NLS, AKNS, Dym, etc.



Integrable Systems
➢ The operators define a Poisson bracket

and they are bi-Hamiltonian since they satisfy the compatibility condition6

➢ They also satisfy the following recurrence relation

➢ We can show 

➢ Zero-curvature formulation:

6 Olver (2000).



General Relativity in AdS3

❑ General Relativity in 2+1 dimensions with negative cosmological constant can be written as two copies of 
the Chern-Simons action7,

where the gauge fields.                       , are spanned in the                   algebra, and              . 

with

❑ The dynamic of the theory is given by a zero-curvature equation

❑ In Hamiltonian formalism, the Chern-Simons action should be supplemented with a boundary term
such that the variation of the action vanishes on-shell

with

7 Achúcarro, Townsend (1986).



Boundary conditions

Before impossing boundary conditions we can choose the fields such that

The gauge fields yield

We choose the following boundary conditions8

Where                 are the dynamical fields at the boundary, and                are functions to be specified.

8 Bunster, Henneaux, Pérez, Tempo, Troncoso (2014).



Boundary conditions

Solving the zero-curvature equation

Which can be written as

with

and                 . 



Construction of boundary conditions

We consider a polynomial ansatz9 in  

9 Ablowitz, Kaup, Newell, Segur (1974).



Construction of boundary conditions

Where       is introduced to make explicit the Brown-Henneaux case

9 Ablowitz, Kaup, Newell, Segur (1974).

We consider a polynomial ansatz9 in  



Construction of boundary conditions

The second and third relations are “initial conditions” which fix        and        respectively . 

The fourth relation                             , corresponds to the bi-Hamiltonian recursive relation 
where

In general,



Construction of boundary conditions

Replacing the values of       in                                         , we find

Which corresponds to Dym’s hierarchy.



Integrability of the boundary term

The boundary term that renders the action is differentiable and finite is 



Integrability of the boundary term

The boundary term that renders the action is differentiable and finite is 

The full boundary term                          , reads

since 



Asymptotic Charges

The boundary conditions yields the following charges 

The asymptotic algebra is1

concretely 

1 Brown, Henneaux (1986).



Black Hole

For the simplest solution of the hierarchy, i.e.,                               , and therefore                       ,      
the metric reads

From the Chern-Simons formulation perspective, the metric can be constructed through the relation

Redefining the radial coordinate as



Black Hole

In ADM formalism the metric reads

From the Chern-Simons formulation perspective, the metric can be constructed through the relation

with



Black Hole

From the conserved charges we can identify the mass and angular momentum

The horizon, determined by                      is given by 

Which respectively read



Black Hole

Mass and angular momentum:

The extremality is not permitted since  



Thermal properties

• The thermal properties of the black hole can be 
determined within the Euclidean counterpart of the 
metric. The temperature      and the horizon angular 
velocity       are

• The Euclidean action in its Hamiltonian form reduces to

• The entropy respects the Bekenstein-Hawking law.  

where          . 



Concluding remarks

• We have constructed the Dym boundary conditions, exploiting the behavior of the 

Lagrange multipliers

• They allow a well-defined action principle.

• They render finite and nonvanishing charges, and the asymptotic symmetry 
algebra is finite-dimensional and abelian.

• Black hole configurations are allowed, but not its extremal version.

Further work:

• Nontrivial solutions.

• More general gauge theories??



Thank you for your attention!
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