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Introduction

• Earlier work:
• RG flow for multiscalar φ4-theory in 4D can be described by non-associative 

algebras; [2303.13884] with Bo Sundborg
• The algebra helps to identify large N limits without graph theory or 

combinatorics; [2312.04954] with Bo Sundborg

• Most recent work: 
• Several old and new large N limits for the bifundamental model and two 

matrix-vector (multi-matrix) models [2408.13004]
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Algebraic description at one-loop 

• Multiscalar theory with massless scalars and quartic interactions in 
4D

• One-loop beta function
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Algebraic description at one-loop 

• Beta function is quadratic in the couplings

• Gives rise to a product [Michel ’84]
• Commutative
• Not generally associative
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Algebraic description at one-loop 

• Introduce a basis closed under RG flow
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k=1,…,#invariants



Algebraic description at one-loop 

• Algebra representation
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Ex: bifundamental model

• Fields φab with global symmetry O(N)xO(M)
• Two invariants à basis elements

• EQ
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Multi-indices A=ab
a=1,…, N
b=1,…,M



Ex: bifundamental model

• Algebra (finite N and M)

• Beta functions (finite N and M)
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General rescaling

• Scaling rules

• Ansatz

• Optimal scaling [Ferrari, Rivasseau, Valette 2019]
• ”smallest scaling exponents that lead to a well-defined large N expansion”
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Scaling exponents: n(k), m(k)



General rescaling

• Large N and/or M via large Q

• Scaling 
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Scaling exponents 



Large Q limits

• Require finite algebra of Ek at large Q for all c≥0

• Bifundamental model

• Exponent conditions
• Linear programming (LP) problem à optimal solution à optimal scaling
• Depend on c
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Large Q limits

• Exponent condition ßà terms in the algebra

• Types of limits
• Critical: two exponent conditions are identical (overlap) increasing the 

number of terms that survive. Occurs for specific values of c.
• Reduced: no conditions are identical, fewer terms survive.
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Large Q limits: bifundamental model

13

Axes 
x= !𝑢 1
y= !𝑢(2)



Ex: bifundamental model

• 2 optimal scalings

• Finite algebra for N≥M (0≤c≤1)

• Finite algebra for M≥N (c≥1)
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Ex: bifundamental model

• 3 large Q limits

• Critical limit for c=1 (M/N=ω is fixed)

• Reduced limits for 0≤c<1 (N>>M) and c>1 (M>>N)

• Note: 𝑁 → ∞ and M → ∞ do not commute
• Non-commuting limits [Ferrari 2019], [Azeyanagi, Ferrari, Gregori 2018]

15



Ex: bifundamental model

• Critical limit for c=1 (M/N=ω is fixed)
• Matrix-like
• Free parameter ω

• Reduced limits for 0≤c<1 (N>>M) and c>1 (M>>N)
• Vector-like
• Simpler: no free parameter, fewer terms
• Special case of critical limit for ω=0
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• Critical limit for c=1 (M/N=ω is fixed)
• Matrix-like
• Free parameter ω

• Reduced limits for 0≤c<1 (N>>M) and c>1 (M>>N)
• Vector-like
• Simpler: no free parameter, fewer terms
• Special case of critical limit for ω=0

17



Ex: adjoint matrix-vector SU(N)xO(M)

• Global symmetry SU(N)xO(M)
• Adjoint representation SU(N)
• 4 invariants (2 single-trace, 2 double-trace)

• Results: 2 optimal scalings & 5 limits
• N2≥M (0≤c≤2 )

• N2≤M (c≥2)
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Ex: adjoint matrix-vector SU(N)xO(M)

• Summary
• Simplest limit: tensor-like c<2, similar to a ”melonic” limit
• Tensor-like c>2, possibly an ”enhanced melonic” limit
• Matrix-vector-like (M/N2 fixed) simpler than matrix-like
• Vector-like limit more complicated than in the other models
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Conclusion

• Benefit of method
• Not diagramatic or combinatorial
• Extracts diagrammatic information
• Identifies known optimal scalings, e.g. [’t Hooft ’74],[Carrozza, Tanasa 2016]
• Quick, use to identify limits to be studied by other methods in more detail

• Drawbacks of method
• Only applied to marginal φ4 theory
• Only applied to one-loop order
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Open questions

• Do any of these limits survive to higher loop orders?

• Can the algebra tell us anything about the diagrams that dominate 
each limit?

• Can the algebra be applied to other fields and interactions and 
dimensions?
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Thank you!
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