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GR in (2+1)-dimensions

GR in (2+1)-dimensions... is boring

there is no propagating graviton mode
point masses do not correspond to black hole solutions. Indeed, G3M is
dimensionless → conical singularities! Deser, Jackiw, ’t Hooft ’84

adding a cosmological constant can help to construct vacuum black hole
solutions, but only for Λ < 0 (BTZ black hole)
perturbative backreaction calculations in semiclassical gravity:

Gµν = 8πG3⟨Tµν⟩ (1)

suggest that QFTs can dress the (naked) conical singularities with
Planckian-sized horizons, but have to be taken with care

Can we do better? Yes! We can rely on AdS/CFT...
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The braneworld construction

The AdS/CFT correspondence

CFT is usually taken to be some non-abelian gauge theory of rank N . In the
large N (or, equivalently, c) limit, the bulk theory classicalises and reduces to
(generally) Einstein gravity
IR divergences in the bulk theory are mapped to UV divergences in the
boundary theory
theory is regularised by introducing a cutoff surface (brane) a small distance ℓ
from the conformal boundary, adding local counterterms in minimal
subtraction scheme and sending ℓ → 0 Taylor ’00; Bianchi, Freedman, Skenderis ’02

if, however, the cutoff is physical (an end of the world brane), the CFT living
on the brane couples to gravity... de Haro, Skenderis, Solodukhin ’01

Conjecture: classical black holes which localize on a brane in AdSd+1 exactly
map to d-dimensional quantum-corrected black holes including all orders of
backreaction Emparan, Fabbri, Kaloper ’02 .
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The braneworld construction

The AdS4 C-metric
The C-metric is given in Boyer-Lindquist-like
coordinates by:

ds2 =
ℓ2

(ℓ+ xr)2

[
−H(r)dt2 +

dr2

H(r)
+ r2

(
dx2

G(x)
+G(x)dϕ2

)]
,

with:

H(r) = 1− r2

R2
3

− µℓ

r
, G(x) = 1− x2 − µx3 .

describes (a pair of) accelerating black hole(s) in
AdS4 with acceleration A = 1/ℓ

µ > 0 is related to the mass of the black hole
AdS4 radius is given by ℓ4 =

(
1/ℓ2 − 1/R2

3

)−1/2

x = 0 is an umbilic surface =⇒ Kij = hij/ℓ

need to be careful about conical singularities

Figure: Black
hole in the
slow-acceleration
limit pulled by a
cosmic string
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The braneworld construction

Braneworld holography

cutoff the spacetime with an end
of the world brane with tension τ

Randall, Sundrum 99; Karch, Randall ’01

retain only the 0 ≤ x ≤ x1 portion
impose Z2 symmetry by glueing a
copy of the bulk on the other side
satisfy the junction condition for
spacetime surgery. This is easily
done on the umbilic surface, giving:

τ =
1

2πG4ℓ
∝ A

the brane provides the force to
accelerate the black holes

Figure: Representation of the
spacetime surgery
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The quantum-corrected black holes

Braneworld holography

Adding charges to the quantum-corrected black hole is easy enough: add charges
to the bulk black hole! With electric/magnetic charge, the equations of motion
are Climent, Emparan, Hennigar ’24 :

8πG3⟨Tij⟩ = Gij +
1

R2
3

hij −
ℓ̃2∗
2

(
F k
i Fjk − 1

4
hijF

2

)
+ 16πG3Akj

khij + ℓ2[R2 terms] ,
(2)

supplemented by the semiclassical higher-order Maxwell’s equations:

⟨Jj⟩ = jj +
ℓ̃2∗

16πG3

(
∇iF

ji + ℓ2[R∇F terms]
) (3)

Electromagnetic theory does not localise on the brane in the same way as the
gravitational theory Bajc and Gabadadze ’00 .
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The quantum-corrected black holes

The theory on the brane
Slicing the charged AdS C-metric we obtain the following metric and stress tensor
on the brane:

ds2 = −H(r̄)dt̄2 +H−1(r̄)dr̄2 + r̄2dϕ̄2 , Fr̄t̄ =
2qℓ

ℓ⋆r̄2
∆(q, µ)2

H(r̄) = 1− 8G3M − r̄2

R2
3

− ℓF (M, q)

r̄
+

ℓ2Z(M, q)

r̄2
.

(4)

The solution features three horizon r+, r− and rc:
r+=r− → extremal
rc=r+ → Nariai
rc=r+=r− → ultracold

Plugging into equations of motion one sees that:

⟨T i
j⟩ =

c

8π

F (M)

r̄3
diag(1, 1,−2) + ... (5)

⟨J t̄⟩ ∝ qℓ
√
c

g⋆r̄3
+ ... , ⟨J ϕ̄⟩ = 0 + ... . (6)
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The quantum-corrected black holes

Sharkfin parameter space
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Figure: physical parameter space of the
charged qSdS3 black hole. Green is
extremal black holes, blue Nariai black
holes and red lukewarm solutions
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Figure: deformation of the physical
parameter space of the charged qSdS3 as a
function of backreaction parameter ν.
Lighter corresponds to smaller ν
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Thermodynamics of quantum black holes

The thermodynamics

The i horizon of the bulk black hole with charges Qi and potentials µi follows the
1st law of black hole mechanics:

dM = TidS
(4)
BH +

∑
i

µiQi

Holographically this translates into black hole thermodynamics on the brane, with
some subtleties:

the entropy of the bulk black hole is mapped to the generalised entropy on
the brane:

S
(4)
BH = S(3)

gen = S
(3)
Wald + S

(3)
CFT

each horizon has its own generalised first law:

dM = T+dS
(3)
gen +Φ+dQ , dM = −TcdS

(3)
gen +ΦcdQ , ...

Can explicitly compute entropy, heat capacity, nucleation rates, etc.
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Thermodynamics of quantum black holes

Schottky anomaly

A Schottky peak is a maximum in the heat
capacity C = ∂U

∂T of a thermodynamic
system.
always present in system with a maximum
energy level state. For example, a 2-level
system with energy gap ∆:

C = kB

(
∆

kBT

)2
eβ∆

(1 + eβ∆)2
(7)

found for R-N dS4 black holes
Dinsmore, Draper, Kastor, Qiu, Traschen ’19; Johnson ’19 .

What about qSdS3?

Figure: C for 2-level
system with gap ∆ = 5

Johnson ’19
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Thermodynamics of quantum black holes

Schottky anomaly in neutral qSdS3
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Figure: Heat capacity of the neutral qSdS3.
Lighter corresponds to larger ν.
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Figure: Size zS of the black hole horizon
corresponding to the Schottky anomaly as
a function of backreaction ν, computed
numerically (blue dots). Red line is
analytic small ν solution.
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Thermodynamics of quantum black holes

Summary & Outlook

point masses in dS3 correspond to naked conical singularities
the AdS4 C-metric is ideal for braneworld constructions as it has a umbilic
surface where to place the brane
the holographic solutions show that quantum corrections can produce a large
semiclassical horizon
can add charges to the bulk black hole and study charged quantum-corrected
solutions
thermodynamics in the bulk doubles as thermodynamics on the brane
de Sitter black holes feature Schottky anomalies in the heat capacity, typical
in systems whose microscopic description features a maximum energy level

Interesting questions we don’t have answers for:
what is the microscopic origin of Schottky peaks in dS black holes?
does the Festina-Lente bound survive with quantum corrections?
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Back up: Schottky anomaly in dS4 Reissner-Nörsdtrom

found for R-N dS4 black holes Dinsmore, Draper, Kastor, Qiu, Traschen ’19; Johnson ’19

found for AdS4 black holes in extended thermodynamics Johnson ’20

For the dS4 black holes:
for Q = 0, anomaly happens at TS ≈ 1.7

4πR4

for Q ̸= 0:
there are two branches: the Naraiai branch (C ≤ 0) and the extremal branch
(C ≥ 0)
there is a maximum temperature Tmax
close to Tmax, critical behaviour C ∝ |Tc − T |−α with α = 1/2
Schottky anomaly is on the Nariai branch, but disappears for Q/Qu ⪆ 0.38
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Back up: Schottky anomaly in dS4 Reissner-Nörsdtrom
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Figure: Heat capacity of the dS4 R-N black
hole, showing the extremal branch in red
and the Nariai branch in blue. Lighter
corresponds to larger Q. Dashed line is
Nariai branch for Q/Qu = 0.38.
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Figure: Critical behavior of the heat
capacity for the extremal branch of the dS4

R-N black hole. Lighter corresponds to
larger Q. Dashed lines are asymptotic
behaviour with α = 1/2.
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Back up: Schottky anomaly in charged qSdS3

Schottky anomaly are also present in general for qSdS3. Any differences?:
Q = 0

always present for the neutral case: changing ν smoothly deforms the profile.
no closed form solution for TS in general, but can derive TS(ν) for ν ≪ 1

Q ̸= 0

simple argument shows α = p/q for p, q ∈ Z also for quantum-corrected
geometry. Numerical investigations show that α = 1/2 is robust!
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Schottky anomaly in neutral qSdS3
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Figure: Heat capacity of the neutral qSdS3.
Lighter corresponds to larger ν.
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Figure: Size zS of the black hole horizon
corresponding to the Schottky anomaly as
a function of backreaction ν, computed
numerically (blue dots). Red line is
analytic small ν solution.
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Schottky anomaly in charged qSdS3
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Figure: Asymptotic heat capacity of the
charged qSdS3 at fixed Q. Lighter
corresponds to larger ν. The black dahsed
lines are the best linear fits in log-log space.
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Figure: Critical exponent best fit for the
charged qSdS3 black hole at fixed Q.
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