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Introduction

• Recent supergravity solutions of the form AdS × O where O is an
orbifold [Ferrero et al. ‘20], [Cassani et al. ‘21]

• A particular 2-orbifold which occurs in these solutions is that of a
spindle: O2 = Σ = WCP1

[n1,n2]

• Solutions smoothly uplift to D = 10, 11 [Ferrero et al. ‘21],

[Ferrero-Gauntlett-Sparks ‘21], contribute to quantum gravity path integral

• Via AdS/CFT duality, the dual SCFT lives on a background involving
Σ e.g. [Plebanski-Demianski ‘76] I = Σ × S1, motivating the study of
QFT on such orbifold backgrounds

Observables? Partition functions of certain supersymmetric gauge theories
computable due to localization of the path integral [Pestun ‘07]. Such
techniques have recently extended to include theories on orbifolds

• 3d N = 2 theories on: Σ × S1, Λ [Inglese-Martelli-Pittelli ‘23]

• 4d N = 1 theories on: Σ × T 2, Λ × S1 [Pittelli ‘24]

Aim of this talk: apply these techniques to

• 2d N = (2, 2) theory on Σ = WCP1
[n1,n2]

[AP-Jeon-Kim-Kim-Ray]
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Spindles

• Σ ∼= WCP1
[n1,n2]

, more commonly known as a spindle

• n1,2 ∈ Z (n1 < n2) and are coprime: gcd(n1, n2) = 1

• Orbifold with topology of S2 except the poles are locally C/Zn1,2

∼= WCP1
[1,3]

∼= WCP1
[2,3]

• In order to preserve supersymmetry on Σ one needs to satisfy
[Ferrero-Gauntlett-Sparks ‘21]

1

2π

∫
Σ
FR =

n2 + σn1
2n1n2

= χσ

• σ = ±1 are referred to as the twist and anti-twist cases respectively
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Supergravity solution

To illustrate our computation we consider the D = 5 minimal gauged
SUGRA solution of [Ferrero et al. ‘20]

ds2 =
4y

9
ds2AdS3

+
y

q
dy2 +

q

36y2
dz2︸ ︷︷ ︸

ds2Σ

, q = 4y3 − 9y2 + 6ay − a2.

• q(y1,2,3) = 0 pick y ∈ [y1, y2] for a positive definite metric

• Conical singularities at y1,2 cannot be removed by choice of ∆z

• Choices of a(n1,2), ∆z(n1,2) conical defecits 2π(1− 1/n1,2)

R-symmetry gauge field

A =
1

4

(
1− a

y

)
dz,

1

2π

∫
Σ
dA =

n2 − n1
2n1n2

=⇒ anti-twist!

singular at the poles A|y1,2 ̸= 0 - important in localization calculations
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N = (2, 2) Killing spinor equations

• One can define a SUSY theory on a curved manifold following the
approach of [Festuccia-Seiberg ‘11]

• Performed in detail for N = (2, 2) [Closset-Cremonesi ‘14] the off-shell
Killing spinor equations take the form

Dµϵ = −1

2
Hγµϵ−

1

2
Gγµγ12ϵ, Dµϵ̃ = −1

2
Hγµϵ̃+

1

2
Gγµγ12ϵ̃

• Two functions G,H (integrability condition: H2 +G2 = F (RΣ, F ))

From the 5D Killing spinor equation of min. D = 5, can read off

G = −1, H = iay−3/2.

These values of G,H avoid all classes studied thus far e.g:

• (squashed) S2: G = 0 [Closset-Cremonesi ‘14], [Hosomichi-Lee-Okuda ‘17]

• EAdS2: H = 0 [Lezcano-Jeon-Ray ‘23]

• A-twist, Ω-deformation: H ± iG = 0 [Closset-Cremonesi ‘14]
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Supersymmetric localization

Now want to compute observables for the N = (2, 2) theory on Σ

• In order to compute the partition function we use supersymmetric
localization

• SUSY theory: QeqS[X] = 0, equivariant supercharge Qeq

• Deform the path integral by QeqV[X] where Q2
eqV[X] = 0 i.e.

Z(t) =

∫
F
[DX]e−S[X]−tQeqV[X]

• Z ′(t) = 0 so we can freely take t→ ∞ =⇒ integral localizes to
QeqV[X0] = δQeqV[X0] = 0, the BPS locus

Z =

∫
FBPS

[DX0]e
−S[X0] 1

SDet
[
δ2QeqV[X0]

δX2
0

]
• Result is 1-loop exact. Aim is now to evaluate Z1-loop = SDet [. . .]
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One-loop determinants

We want to evaluate the 1-loop determinant Z1-loop

• Start with chiral multiplet on Σ : (ϕ, ϕ̃, ψ, ψ̃, F, F̃ )

FBPS = {ϕ = ϕ̃ = ψ = ψ̃ = F = F̃ = 0}

• Pick a localization scheme of the form

QeqV =

∫
d2x

√
gQeq

(
(Qeqψ)

†ψ + (Qeqψ̃)
†ψ̃

)
• Can reorganise these fields into cohomological variables

Φ = {ϕ, ϕ̃}, Ψ = {ϵψ, ϵ̃ψ̃}

• Result of the one-loop determinant reduces to

Z1-loop =

√
detΨ(Q2

eq)

detΦ(Q2
eq)

• Ratio of quadratic fluctuations between the bosons and fermions
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Method 1: unpaired eigenvalues

Still seems difficult to compute Z1-loop - SUSY results in cancellations

• Aim: Find operator O s.t. OΦ = Ψ, [O, Q2
eq] = 0

• Then for each bosonic eigenvalue Q2
eqΦ = λΦ, λ ̸= 0 we have

Q2
eqΨ = Q2

eqOΦ = OQ2
eqΦ = OλΦ = λΨ

a corresponding fermion of identical eigenvalue! These will cancel and
play no role in Z1-loop

• Only modes Φ (Ψ) in kerO (kerO†) will contribute

For our theory on Σ it turns out such an operator is

O = {P−, P+} = {iϵγµϵDµ, iϵ̃γ
µϵ̃Dµ}

kerO/O† yields - agreement with [Inglese-Martelli-Pittelli ‘23]

Z1-loop =
Γ
(
1
2

(⌊
− r

2n2

⌋
−
⌊
− r

2n1

⌋
+

J− r
2
Kn1

n1
+

J− r
2
Kn2

n2

)
+ r

4χ
)

Γ
(
1 + 1

2

(⌊
− r

2n2

⌋
−
⌊
− r

2n1

⌋
− J− r

2
Kn1

n1
− J− r

2
Kn2

n2

)
− r

4χ
) , r ∈ 2Z
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Method 2: orbifold index theorem

Another way to compute Z1-loop is equivariant index theory [Atiyah-Bott ‘84],

[Pestun ‘07]

IM(O; etQ
2
eq) =

∑
fixed points

trΓ0(e
tQ2

eq)− trΓ1(e
tQ2

eq)

det(1− Jp)
=

∑
i

die
tλi

where Γ0 = Φ, Γ1 = O(Γ0) = Ψ, Jp = ∂z′p/∂zp then Z1-loop =
∏

i λ
−di
i

• Need an extension of the index to include orbifolds [Vergne ‘96]

• For the spindle Σ, this is [Inglese-Martelli-Pittelli ‘23]

IΣ(O; etQ
2
eq) =

2∑
p=1

1

np

∑
w∈Znp

trΓ0(e
(t−w)Q2

eq)− trΓ1(e
(t−w)Q2

eq)

det(1−WpJp)

• Work with regular U(1)R connections at the poles: AR|y1,2 = 0

• Again, crucial to have r ∈ 2Z - agreement with eigenvalue method!
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Conclusions and future work

Conclusions

• Studied the partition function of N = (2, 2) theories on
Σ = WCP1

[n1,n2]

• Explicit computation of 1-loop determinants using two methods:
unpaired eigenvalues and orbifold index theorem [Inglese-Martelli-Pittelli

‘23, Pittelli ‘24]

• Matches the dimensional reduction of the result of
[Inglese-Martelli-Pittelli ‘23] for N = 2 on Σ × S1

Future directions

• Localization for a twist case e.g. d = 5 STU gauged SUGRA
[Boido-Ipiña-Sparks ‘21]

• Large-N limit of this index [Colombo et al. ‘24] - Gravitational dual of Σ?

• ZS2 allows for computation of worldsheet instantons ∼
Gromov-Witten invariants [Gomis-Lee ‘12] - what about ZΣ?

• Localization for H2 × Σ i.e. combining with [Lezcano-Jeon-Ray ‘23]
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