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AdS black hole entropy from the BPS states of the CFT

Semi-classically: S black hole = 1
4A horizon −→ can we count the black hole microstates?

Supersymmetric black holes in AdS −→ we can count BPS states of the dual CFT.

First result obtained for magnetic AdS4 black hole from the large -N limit of the
topologically twisted index. [Benini, Hristov, Zaffaroni, ’15]

We focus on a class of AdS4 black holes with orbifold conical singularities, and
reproduce their entropy by taking the large -N limit of the spindle index.

Our results provide the first such holographic correspondence involving a CFT on
an orbifold.
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AdS4 spindle black holes

Supersymmetric solutions to minimally gauged 4D supergravity/STU model with
orbifold conical singularities. [Ferrero, Gauntlett, Ipiña, Martelli, Sparks, ’20]

[Ferrero, Gauntlett, Sparks, ’21]

[Ferrero, Inglese, Martelli, Sparks, ’21]

Their uplift to 11D sugra is smooth!

Horizon geometry: AdS2×Spindle.

Boundary geometry: Spindle×R

−→ the dual CFT lives on the Spindle. The Spindle: at the poles
the angles are 2π/n+ and
2π/n−.

They describe accelerating black holes.
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The spindle index

The spindle index of a N = 2 Chern-Simons-matter theory is the supersymmetric
partition function on Spindle×S1.

Supersymmetry fixes the flux of the R-symmetry background gauge field A on the
spindle to be [Ferrero, Gauntlett, Sparks, ’21]

1

2π

∫
Spindle

dA =
1

n−
+
σ

n+
, σ = ±1 .

Therefore there are two ways to have a supersymmetric Spindle×S1 background:

σ = +1 (twist): spindly generalization of the topologically twisted index.

σ = −1 (anti-twist): spindly generalization of the superconformal index.
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The spindle index matrix model and its holomorphic blocks

The spindle index can be computed via localization: [Inglese, Martelli, Pittelli, ’23]

Z Spindle×S1 =
∑

gauge fluxes

∫
gauge holonomies

Z classical Z 1-loop .

It can be factorized into holomorphic blocks: [Beem, Dimofte, Pasquetti, ’14]

Z classical Z 1-loop = B+(z+,∆+,A+,ω) ·B−(z−,∆−,A−,ω)

ω = chemical potential for the angular momentum on the Spindle,

log z± = ∓ (gauge holonomies)− iω (gauge fluxes) ,

∆± = (flavour/topological holonomies) ± iω (flavour/topological fluxes) ,

A± −→ “fractional terms”, unique to the spindle!
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Holomorphic blocks and Zn± fluxes

Define
`± = σ± a± (gauge flux) mod n± ∈ (Zn±)rank G ,

where
σ− = −1 , σ+ = σ , n+ a− − n−a+ = 1 .

Then the fractionate terms A± are defined as (ρ ≡ representation weight)

A± =
1

n±

(
ρ(`±) + σ± a± (flavor flux)− (r/2) mod n±

)
.

Z Spindle×S1 ≈
∑
`+, `−

∫
dz+ B+(z+,A+, . . .) ·

∫
dz− B−(z−,A−, . . .) .

At large N the summation over `± should be dominated by a specific
configuration −→ we must determine the dominant value of `±.
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Expression for the holomorphic blocks

For a quiver theory with gauge group G =
∏

a U(N)ka the two blocks are

B± =
∏
a

N∏
i=1

e∓
i

2ω ka(log z±a,i )
2

(z±a,i )
−σ±kaA±

eO(N) ·
}

Chern-Simons terms

·
∏
a

N∏
i=1

(z±a,i )
1
ω ∆±

m; a eO(N) ·
}

Topological symmetries

·
∏

multiplets

∏
weights ρ

(prefactor) ·
(

(z±)−σ±ρ eiσ±(ωA±−∆±); e±iω
)−1

∞

}
1-loop

Topological symmetries −→ ∆±m; a

Chiral multiplets −→ ∆±I with
∑

I∈W ∆±I = 2π +
σ±ω
n±

Vector multiplets −→ “∆± ” ≡ 2π +
σ±ω
n±
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Cancellation of long-range forces

Multiplets in the adjoint/bifundamental representation:
∏

weights ρ

=
N∏

i, j = 1

Short-range contributions (i ∼ j) : at leading order in N only come from
the q-Pochhammers ( ; )∞.

Long-range forces ( |i − j | � 1) : these contributions must cancel for any
of the known methods of large-N computation to be applicable.

We restrict to non-chiral Chern-Simons quiver theories with a M-theory dual that
satisfy the 3d analogue of the 4d ABJ anomaly cancellation for any symmetry.
Example: ABJM.

B±
∣∣
Long-range forces

=
∏

multiplets

N∏
i, j = 1

(
z±a,i

z±b,j

)σ±
2 sign(j−i)

(
A±− 1

2 + 1
2n±

)

The special ansatz `±a,i = i mod n± (and its permutations) makes the above

long-range forces cancel for any value of z±.
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Strategy for the large -N expansion

We follow a similar approach as [Hosseini, Zaffaroni, ’22], [Choi, Hwang, Kim, ’19].
The difference is that we have to deal with the Zn± fluxes, which we set to

`±a,i = i mod n± .

At large N assume that z± approach a continuous distribution of the form

log z±a (t) ≈ −σ± N1/2 t ∓ i y±a (t) .

i ∈ {1, . . . ,N} is replaced with continuous t and discrete i± = i mod n± :

1

N

N∑
i=1

(. . .) −→ 1

n±

∑
i± ∈Zn±

∫
dt ρ±(t) (. . .) , with

∫
dt ρ±(t) = 1 .

We can deal with sums of powers of A± as follows:∑
i± ∈Zn±

(
A±

∣∣
`
±
a,i = i±

)n
=

∑
i± ∈Zn±

1

(n±)n
(
i± + . . . mod n±

)n
=

n±−1∑
k=0

(
k

n±

)n

.
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Holomorphic blocks at large N and the free energy

We find that the large -N expansion of the holomorphic blocks is

log
(
B+ ·B−

)
≈ F (ρ−, y−,∆−)

ω
− σ F (ρ+, y+,∆+)

ω
,

where the free energy F is given by (in the region Im 1
ω < Im ∆+ya−yb

2πω < 0)

F (ρ, y ,∆)

N3/2
=
∑
a

∫
dt ρ(t) t

(
∆m; a − ka ya(t)

)
+

+
∑
chiral

multiplets

∫
dt ρ(t)2 G 3

(
∆ + ya(t)− yb(t)

)
.

Here G 3 (x) = 1
6 x (x −

∑
I∈W ∆I )(x −

∑
I∈W ∆I/2).

Only difference with the S2 × S1 indices:
∑

I∈W ∆±I = 2π +
σ±ω
n±
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Large-N saddle point

Example: ABJM with k = 1. (Set δy(t) ≡ y2(t)− y1(t) )

The ∆m for the topological symmetry can be reabsorbed by shifting the flavor
∆1,∆2,∆3,∆4.

Extremize
F (ρ, δy ,∆)

N3/2
+ µ

(∫
dtρ(t)− 1

)
with respect to ρ, δy :

These are the extremal values of ρ(t) and δy(t). [Benini, Hristov, Zaffaroni, ’15]
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Large-N entropy function

The extremal value of the free energy of ABJM is

F
∣∣
extremal ρ,δy

=
23/2

3
N3/2

√
∆1∆2∆3∆4 ,

and thus the large -N limit of the spindle index

logZ Spindle×S1 =
23/2

3

N3/2

ω

(√
∆−1 ∆−2 ∆−3 ∆−4 − σ

√
∆+

1 ∆+
2 ∆+

3 ∆+
4

)
matches the black hole entropy function. [Cassani, Gauntlett, Martelli, Sparks, ’21]

[Faedo, Martelli, ’21]

The entropy of the spindle black holes is the Legendre transform of the above:

SBH(J,Q) =
(

logZ Spindle×S1

)∣∣
∆±

I =ϕI ±ωQmagn.
I

− i
(
ωJ +

∑4
I=1ϕI Q

elect.
I

)
extremized with respect to ω, ϕI under the constraint

∑
I∈W ∆±I = 2π +

σ±ω
n± .
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Higher-dimensional setups?

This concludes the first holographic matching involving a CFT on orbifold!

What about similar higher-dimensional setups?

Let us briefly discuss AdS5 black strings with a dual on T 2×Spindle.

[work in progress . . . ]
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What about black strings?

Consider black strings in AdS5 with AdS3×Spindle (or BTZ×Spindle) near-horizon.

There are (near-horizon) solutions with smooth 10D uplift.
[Ferrero, Gauntlett, Ipiña, Martelli, Sparks, ’20]

[Boido, Ipiña, Sparks, ’21]

[Hosseini, Hristov, Zaffaroni, ’21]

The localization computation on T 2×Spindle is already done. [Pittelli, ’24]

In the Cardy limit τ → 0 the 4d spindle index should lead us to the right-moving
central charge associated to the black strings!

Leading N2 order: we have correctly reproduced it, in a similar way to the
3d computation!

WIP: subleading N0 order, anti-twist background, other technicalities . . .
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Outlook

We have counted the microstates of accelerating AdS4 black holes by
computing the large -N limit of the spindle index.

This computation could be enriched by considering lower order corrections,
extending to chiral quivers, etc . . .

AdS5 black strings with spindle horizon −→ soon!

More higher-dimensional setups, possibly involving more complicated
higher-dimensional orbifolds.

Thank you!
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