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Introduction (NUTs and Bolts)

“NUTs and Bolts” [Gibbons, Hawking ’79], gravitational instantons of
Einstein theory;

(anti-) Self-duality, i.e. Rab =
1
2Rabcd e

c ∧ ed = ± ⋆Rab =⇒ Rµν = 0;

NUT solutions: topology of R4 (or quotient), [Taub ’51, NUT ’63], [Hawking
’77];

Taub-Bolt solution: Topology of C ↪→ O(2)→
2
S2, AF R4/Z2, asymptotic to

round S3/Z2 [Eguchi, Hanson ’78], [Gibbons-Hawking ’78];

NUT solution: regular solution on R4(/Zp) with a “nut”, i.e. a
zero-dimensional fixed-points set of a specific Killing vector;

Bolt solution: regular solution on O(p) with a “bolt”, i.e. a two-dimensional
fixed sub-manifold;
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Introduction (NUTs and Bolts)

“Spherical” [Carter ’68, Plebanski ’75], [Martelli, Passias, Sparks ’12], or Σg

[Toldo, Willet ’17] NUTs and Bolts of AdS holography:

ds2 =
r2 − s2

Ω(r)
dr2 + (r2 − s2)ds2S2 +

4s2Ω(r)

r2 − s2
σ2
3 , A =

[
P̂
r2 + s2

r2 − s2
− Q̂

2rs

r2 − s2

]
σ3 ,

Ω(r) = (r2 − s2)2 + (1− 4s2)(r2 + s2)− 2M̂r + P̂ 2 − Q̂2 ,

At large r ds2 ∼ dr2/r2 + r2
[
ds2S2 + 4s2σ2

3

]
=⇒ AlAdS4;

Boundary is SU(2)× U(1) biaxially-squashed 3-sphere;

4 parameters: s, M , P , Q related by BPS (η = ±1):

1

2
-BPS : M̂ = ηQ̂

√
4s2 − 1 , P̂ = −ηs

√
4s2 − 1 ,

1

4
-BPS : M̂ = 2ηsQ̂ , P̂ = −η 4s

2 − 1

2
,

self-dual : M̂ = −ηs(4s2 − 1) , P̂ = ηQ ,
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Introduction (NUTs and Bolts)

Another class of 1/4-BPS AlAdS4 solutions [Martelli, Passias, Sparks ’11],
[Martelli, Passias ’13]:

ds24 = (q2−p2)
[
dq2

Q(q)
+

dp2

−P(p)

]
+

1

(q2 − p2)

[
Q(q)(dτ+p2dσ)2−P(p)(dτ+q2dσ)2

]
,

A =
pP − qQ
q2 − p2

dτ + pq
qP − pQ
q2 − p2

dσ ,

P(p) = p4 + Ep2 − 2Np− P 2 + α ,

Q(q) = q4 + Eq2 − 2Mq −Q2 + α ,

q radial coordinate: q ∈ [q+,+∞), (p, τ, σ)→ p ∈ [p−, p+] angles;

6 parameters: E, N , M , P , Q and α related by supersymmetry:

MP = NQ ,
[
M2 −N2 − E(P 2 −Q2)

]2
= 4(P 2 −Q2)2α .
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Introduction (NUTs and Bolts)

Globally:

Provided P ′(p±)∆τ
(±) = ±4π =⇒ boundary is topologically squashed S3

ds2 ≃
q→+∞

dq2/q2 + q2
[
− dp2/P(p)− P(p)dσ2 + (dτ + p2dσ)2

]
,

p− p+ p+ ≡ q+ q+ +∞

Regularity at p+ = q+ imposes N =M and P = Q =⇒ self dual solution;

p = q = p+ ≡ q+ is a nut =⇒ NUT-type solution;

2 parameters U(1)× U(1)-invariant squashed S3:

ds2 =
dθ2

f(θ)
+ f(θ) sin2 θdϕ2 +

[
dψ + (cos θ + a sin2 θ)dϕ

]2
,

f(θ) = v2 − a2 sin2 θ − 2a cos θ ,
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Spindly Bolts

Goal: construct a U(1)2-invariant solution on C ↪→ O(t)→
t

Σ[m−,m+];

Σ[m−,m+] = S3/U(1)[m−,m+] → holography with orbifolds! [Martelli’s talk];

p− p+ q+ +∞

Metric can not be regular if N =M and P = Q;

Not self-dual solution;

1/4-BPS;
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Spindly Bolts

Change variables from (τ, σ)→ (θ1, θ2) on two patches U± on Σ:

U± : τ (±) = q2+θ
(±)
1 − p2±θ

(±)
2 , σ(±) = −θ(±)

1 + θ
(±)
2 ,

ds2b =
dp2

−P(p)
−

(q2+ − p2±)2P(p)
(q2+ − p2)2 − P(p)

d(θ
(±)
2 )2

+ [(q2+ − p2)2 − P(p)]
{
dθ

(±)
1 +

(q2+ − p2)(p2 − p2±) + P(p)[
(q2+ − p2)2 − P(p)

] dθ
(±)
2

}2

,

Spindle conditions:

U± :
|P ′(p±)|

2
∆θ

(±)
2 =

2π

m±
,

Smooth lens space condition (gcd(t,m±) = 1):

1

2π

∫
Σ∞

2π

∆θ1
d

{
(q2+ − p2)(p2 − p2±) + P(p)[

(q2+ − p2)2 − P(p)
] dθ

(±)
2

}
≡ − t ∈ Z

m+m−
,
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Spindly Bolts

The boundary is now a (branched) squashed L(t, 1) = S3/Zt;
Regularity near the bolt at q+:

Q′(q+)∆θ1 = 4π =⇒ C× C/Zm± ;

p− p+ q+ +∞

Topology of C ↪→ O(t)→t Σ[m−,m+] =⇒ Spindly-Bolt!;
(E,N,M,P,Q, α︸ ︷︷ ︸,∆θ1,∆θ2︸ ︷︷ ︸)− 2(BPS)−4(regularity)= 2 free parameters;

q+ +∞

Quantization of A:

1

2π

∫
Σ
F =

η

2

(m− + σm+

m+m−
− t

m+m−

)
,

σ = 1 twist, σ = −1 anti-twist;
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Holographic Free Energy

Two families according to σ = ±1;

Sren = SEΛ + SF + SGH + Sct ,

SEΛ =
−1

16πG4

∫
d4x
√
g (R(g) + 6) , SF =

−1
16πG4

∫
d4x
√
g (F 2) ,

SGH =
−1

8πG4

∫
q=q0

d3x
√
γ (γµνK(γ)

µν ) , Sct =
1

8πG4

∫
q=q0

d3x
√
γ (2 +

1

2
R(γ)) ,

We obtain

Sren =
∆τ∆σ(p+ − p−)q+

8πG4

[
p2+ + p+p− + p2− +

M

q+
− q2+

+
(P −Q)2

2(q+ − p+)(q+ − p−)
+

(P +Q)2

2(q+ + p+)(q+ + p−)

]
,
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Holographic Free Energy

For the twist: 0/2 parameters

Sren =
π

8G4

[
2
m+ +m−

m+m−
− t

m−m+
− (m− −m+)

2

tm−m+

]
, t =

q̃+ − 1

x
(m− −m+) ,

For the anti-twist (p± = w(1± x), q+ = wq̃+): 1/2 parameters

Sren(q̃+) =
π
[
(q̃2+ − (x+ 1)2)m− − (q̃2+ − (x− 1)2)m+

]2
8G4tm−m+

×

2q̃+(1 + x+ 2q)x−
[
q̃2+ + (1 + x)2 + 2q(1 + q̃2+ + x2)

]
x2

[
1− q̃2+ + 2(1 + 2q)x+ x2

]2 ,

ηP = (p+ + p−)
p+ − p− +

√
(p+ − p−)2 − 8(p+ + p−)ηP

4
.

q =

[
q̃2+ − (1 + x)2

][
w(x− 1)− ηP̃

]
2w(q̃2+ + x2 − 1)− 4xηP̃

.
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Holographic Free Energy

Some
limits:

p− p+ q+ +∞

q+ = p+p+ = p−

q+ = p+ = p−

q+ → p+: gives again self-dual U(1)2 NUTs [Martelli, Passias ’13]

TypeI : Sren =
π

2G4
, TypeII : Sren =

π

2G4

1

1− 4[Q/(p+ + p−)2]2
,

p− → p+: U(1)2 → SU(2)× U(1) Bolts [Martelli, Passias, Sparks ’12]

1

4
-BPS : Sbolt

ren =
π

2G4

[
1− t

4

]
,

1

2
-BPS : Sbolt

ren =
π

2G4

[
1−2
√
4s2 − 1

st

[
s2− t

2

16

]]
,

p− → p+ ← q+: SU(2)× U(1) NUTs [Martelli, Passias, Sparks ’12]

1

4
-BPS : Snut

ren =
π

2G4
,

1

2
-BPS : Snut

ren =
π

2G4
4s2 ,
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Recap and Comments

We found an articulated space of solutions which all come from the
Spindly-Bolt

1/4-BPS NUTs 1/2-BPS NUTs

1/4-BPS Bolts

NUTs & Round-Bolts

1 parameter SU(2)× U(1)

1/2-BPS Bolts

1/4-BPS Twist
Spindly-Bolt !!!

U(1)× U(1)
1/4-BPS Anti-Twist

1/4-BPS TypeI
NUTs

2 parameters U(1)× U(1)
1/4-BPS TypeII
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Recap and Comments

We found an articulated space of solutions which come from the
Spindly-Bolts;

acceleration: CP ⇒ PD with O(t), relation with the accelerating BHs with Σ
horizon [Ferrero, Gauntlett, Ipina, Martelli, Sparks ’20],[Dario’s talk!];

field theory localization:

1/4-BPS spherical NUTs and bolts with SU(2)× U(1)-symmetry

✓[Toldo,Willet ’17];

1/2-BPS NUTS with SU(2)× U(1)-sym. ✓[Martelli,Sparks ’11];

1/4-BPS NUTs with U(1)2-sym. ✓[Martelli, Passias, Sparks
’11],[Alday,Martelli,Richmond,Sparks ’13];

✗: 1/2-BPS spherical Bolts with SU(2)× U(1)-sym and 1/4-BPS
spindly-Bolts with U(1)× U(1)-sym [Dario and Edoardo’s talks!];

“extremization”...
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Recap and Comments

Equivariant localization of the action [Benetti Genolini, Gauntlett, Sparks
’23], [Alice Lüscher’s talk!]

ε = Killing spinor =⇒ ϵ⃗ = ε†ΓµΓ⋆ε ∂µ , b
(A)
1,2 ≡ ϵ⃗ · µ⃗

(A)
1,2 ,

Ioff-shell(cA, ϵ⃗ ) =
π

2G4

{ 2∑
A=1

cA

[
b
(A)
1 + cAb

(A)
2

]2
4 dA b

(A)
1 b

(A)
2

}
,

p2

p1

µ⃗
(2)
1

µ⃗
(2)
2

µ⃗
(1)
2

µ⃗
(1)
1

v⃗2

v⃗1

v⃗3

σ = +1 : c1 = c2 , σ = −1 : c1 = −c2 ,

v⃗1 = (r+,m−) , v⃗2 = (−1, 0) , v⃗3 = (r−,−m+) ,

µ⃗
(1)
1 = (m−,−r+) , µ⃗

(1)
2 = (0,−1) ,

µ⃗
(2)
1 = (0, 1) , µ⃗

(2)
2 = (m+, r−) ,

t = m−r− +m+r+ ,
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Recap and Comments

Equivariant localization of the action [Benetti Genolini, Gauntlett, Sparks
’23], [Alice Lüscher’s talk!]

ε = Killing spinor =⇒ ϵ⃗ = ε†ΓµΓ⋆ε ∂µ , b
(A)
1,2 ≡ ϵ⃗ · µ⃗

(A)
1,2 ,

Ioff-shell(cA, ϵ⃗ ) =
π

2G4

{ 2∑
A=1

cA

[
b
(A)
1 + cAb

(A)
2

]2
4 dA b

(A)
1 b

(A)
2

}
= f(z ≡ ϵ1/ϵ2) ,

p2

p1

µ⃗
(2)
1

µ⃗
(2)
2

µ⃗
(1)
2

µ⃗
(1)
1

v⃗2

v⃗1

v⃗3

∂zf(z)
∣∣∣
z∗

= 0 , f(z∗)

= Sren , σ = 1 ,

̸= Sren , σ = −1 , ?
related to the fact that regular NUTs

solutions are characterized by z = −1 or z > 0 ?

[Farquet,Lorenzen,Martelli,Sparks ’14]
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Recap and Comments

Thanks for your attention!
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Recap and Comments

Back-up slides

BPS:

P 2P(p) = P−(p)P+(p) , P 2Q(q) = Q−(q)Q+(q) ,

P±(p) = Pp2 ∓Np∓ P 2 + P
√
α , Q±(q) = Pq2 ∓Nq ∓ PQ+ P

√
α ,

Parameters in terms of the roots

N = ηP
(p+ + p−)(p+ + σp−) + ηP (σ − 1)

p+ + p−
,

√
α = σ

ηP (p+ − p−)(p+ + σp−) + p+p−(p
2
+ − p2−)

p2+ − p2−
.

Q =
(p+ + p−)

[
q2+ + σp+p− − q+(p+ + σp−)

]
+ ηP

[
σp+ + p− + q+(σ − 1)

]
p+ + p−

,
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Recap and Comments

Back-up slides

For the twist case (σ = 1):

P̃ =
P

p+ + p−
,

m+

m−
=
q2+ − p2+
q2+ − p2−

p− + ηP̃

p+ + ηP̃
,

p± = w(1± x) , q+ =
p+ + p−

2
q̃+ = wq̃+ ,

w = −ηP̃
[
q̃2+ − (1− x)2

]
m+ −

[
q̃2+ − (1 + x)2

]
m−

(1 + x)
[
q̃2+ − (1− x)2

]
m+ −

[
q̃2+ − (1 + x)2

]
(1− x)m−

,

∆θ2
2π

=
1

8ηP̃

(1 + x)
[
q̃2+ − (1− x)2

]
m+ −

[
q̃2+ − (1 + x)2

]
(1− x)m−

x2m+m−
,

∆θ1
2π

=
1

2n+(q̃+ − 1)

1

w2
[
2ηP̃ + w(q̃2+ + 1− x2)

] ,
t =

n+(q̃+ − 1)

x
(m− −m+) =⇒ x = (q̃+ − 1)

(m− −m+)n+
t

,
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Recap and Comments

Back-up slides

Reality of the metric

σ = 1 : P ∈ R , η = signP .

σ = −1 :
P ∈ C =⇒ Re(P ) =

η(p2+ − p2−)
4

, η = signRe(P ) ,

P ∈ R =⇒ 0 < ηP <
(p2+ − p2−)

2
, η = signP .

It follows:

P ∈ R (σ = ±1): all parameters real =⇒ (A, gµν) ∈ R;
P ∈ C (σ = −1): (E,P 2 − α) ∈ R =⇒ P(p) ∈ R ( =⇒ metric on Σ real),
(M,Q,Q2 − α) ∈ C =⇒ (A, gµν) ∈ C;
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Recap and Comments

Back-up slides

Squashed-branched lens space:

S3(a, b;m±; t) ≡ S3(a, b;m±)/Zt = (C1/Zm− × C2/Zm+
)/Zt ,

|z1|2

a2
+
|z2|2

b2
= 1 ,

with the identification

(z1, z2) ∼ e
2πi
t ◦ (e

2πi
m− z1, e

2πi
m+ z2) ∼ (e

2πi
tm− z1, e

2πi
tm+ z2) ∼ (e

2πim+
t z1, e

2πim−
t z2) .

Consider t = k+k−t and m± = k±m±:

(e
2πim+

t z1, e
2πim−

t z2) = (e
2πim+

tk− z1, e
2πim−

tk+ z2) =⇒ (e
2πim+k+

k− z1, e
2πim−z2) .
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Recap and Comments

Back-up slides

Killing spinor

ε = c


−i

√
P−(p)

√
Q−(q)/

√
q + p

−i
√
P+(p)

√
Q+(q)/

√
q + p

⟨P ⟩
√
P−(p)

√
Q+(q)/

√
q − p

⟨P ⟩
√
P+(p)

√
Q−(q)/

√
q − p

 ei
N
2P (τ+

√
ασ) ,

Susy Killing vector ϵ⃗ = ε†ΓµΓ⋆ε ∂µ

ϵ⃗∗ =
1

q2+ − p2−

{[
(p2− +

√
α)

2π

∆θ1
+

r+
m−

(q2+ +
√
α)

2π

∆θ
(−)
2

]
, (q2+ +

√
α)

2π

∆θ
(−)
2

}
,

twist : ϵ⃗∗ = f(P̃ , q̃+)
{
(r+ + r−), (m− −m+)

}
,
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Recap and Comments

Back-up Slides

The equivariant volume (for the case at hand)

V(λa, ϵ⃗) =
π

4G4

2∑
A=1

1

dA

2∏
i=1

e
λA
ai

b
(A)
i

b
(A)
i

,

at second order

4G4

π
V(λA, ϵ⃗)

∣∣∣
λ2
a

=
2∑

A=1

1

dA

[
λA
1 λ

A
2 +

1

2

bA1 λ
A
1

bA2
+

1

2

bA2 λ
A
2

bA1

]

=
1

d1

[
λ1λ2 +

1

2

b
(1)
1 λ1

b
(1)
1

+
1

2

b
(1)
2 λ2

b
(1)
1

]
+

1

d2

[
λ2λ3 +

1

2

b
(2)
1 λ2

b
(2)
2

+
1

2

b
(2)
2 λ3

b
(2)
1

]
,

Only if λ1 = λ2 = λ3 ≡ κ = ±1 the (second order of the) equivariant volume becomes

V(κ, ϵ⃗)
∣∣∣
λ2

=
π

2G4

3∑
A=2

1

dA

[
κ

[
b
(A)
1 + κ b

(A)
2

]2
4 b

(A)
1 b

(A)
2

]
.
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