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Objective

We look at a fully non-perturbative, finite-temperature solution to a non-supersymmetric,
non-abelian gauge theory with vector fermions in curved space – fermionic Chern–Simons
theory on S2 × S1.
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Background

✠ Light-cone gauge calculations demonstrate Bose–Fermi duality [AGAY12] at the level of the
thermal free energy;

✠ Reproduced the free energy calculations for the fermionic theory on R2 × S1 using the
‘temporal’ gauge [MNTV23];

✠ Set up the calculation amenable to general genus-g Riemann manifolds.
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Motivation

To establish Bose–Fermi duality on genus-g Riemann manifolds (possibly at finite N)!
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Path integral of our theory

The finite temperature partition function of U(N) Chern–Simons theory coupled to
fundamental fermionic matter is defined by the Euclidean path integral,

Z =
∫

D [Aµ] D [ψ] D
[
ψ̄
]

e−SE , (1)

where the Euclidean action SE is given by,

SE = iκ
4π

∫
Σ×S1

Tr
{

A ∧ dA − 2i
3 A ∧ A ∧ A

}
+
∫

Σ×S1
ψ̄( /D + M)ψ. (2)

We study the path integral of this theory on Σ × S1, where Σ is an arbitrary Riemann surface,
and set up the problem at finite N and temperature T = β−1, where β is the circumference of
the S1.
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Gauge conditions adopted
✠ The ‘temporal’ gauge is defined by ∂3A3(x) = 0, which imposes on the holonomy field U(x),

∂3U(x) = ∂3eiβA3(x) = 0; (3)

✠ The remaining two-dimensional U(N) is reduced to a two-dimensional U(1)N by
simultaneously diagonalizing the holonomy field U(x⃗) for every point x⃗ on Σ
[BT93, JMS+13];

✠ Complete gauge is fixed by imposing the Coulomb gauge on the time-independent (zero
mode) diagonal elements of A1, A2, or equivalently,

(Aµ̇) σ
σ =

N(g)=2g∑
j=1

ασ
j aµ̇,j + ϵµ̇ν̇∂ν̇χ

σ, µ̇, ν̇ = 1, 2, (4)

where {aj} is a basis for the nontrivial flat one-forms on the genus g Riemann surface Σ
(the number of such one-forms is N(g)).
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Exact path integral on a general manifold Σ at finite N and volume
In summary, the exact (in N and volume) partition function down to an unfixed
two-dimensional U(1)N is given by,

Z =
( N∏

α=1

∞∑
nα=1

)
(−1)

(N−1)
∑
α

nα
∫ N∏

α=1

D [Aα
3 (x⃗)] D [(Aµ̇) α

α (x⃗)]
∏

m∈Z+ 1
2

D
[
ψ̄α

m(x⃗)
]

D [ψα,m(x⃗)]

 e−SU(1)N , (5)

where µ̇ = 1, 2, and the complicated yet completely local (in two dimensions) action SU(1)N is:

SU(1)N = iκβ
2π

∑
α

∫
Σ

Aα
3 (F12) α

α − 1
8π

∫
Σ

R ln V (x⃗) + 1
β

∫
Σ

∑
m∈Z+ 1

2
α

ψ̄α
−m(x⃗)

{
/̃D + M + iγ3

(
2πm
β

− Aα
3 (x⃗)

)}
ψα,m(x⃗)

− 2π
κβ3

∫
Σ

∑
l∈Z

m,n∈Z+ 1
2

α,σ
α ̸=σ at l=0

1
2πl
β

− Aα
3 (x⃗) + Aσ

3 (x⃗)
ψ̄α

−m(x⃗)γ1ψσ,m−l(x⃗)ψ̄σ
−n(x⃗)γ2ψα,n+l(x⃗). (6)

Effectively, (5) describes two-dimensional U(1)N gauge fields interacting with N neutral scalar
fields Aα

3 and an infinite number of fermionic fields ψα,n(x⃗) via the action (6).
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Specialization to the case Σ = S2

Specializing to a sphere (genus g = 0), fixing the residual two-dimensional U(1)N gauge
freedom on a two-sphere, and integrating out the (remaining) Abelian A1,A2 fields from (5),

Z =
( N∏

α=1

∞∑
nα=1

)
(−1)

(N−1)
∑
α

nα
∫ N∏

α=1

D [Aα
3 (x⃗)]

∏
m∈Z+ 1

2

D
[
ψ̄α

m(x⃗)
]

D [ψα,m(x⃗)]

 e−Sexact , (7)

reducing the action SU(1)N in (5) to the exact (in N and volume) action Sexact, given by,

Sexact =iκ
∑

α

nαλα − 1
8π

∫
S2

R ln V (x⃗) + 1
β

∫
S2

∑
m∈Z+ 1

2
α

ψ̄α
−m(x⃗)

{
/̃D + M + iγ3

(
2πm
β

− Aα
3 (x⃗)

)}
ψα,m(x⃗)

− 2π
κβ3

∫
S2

∑
l∈Z

m,n∈Z+ 1
2

α,σ
α ̸=σ at l=0

1
2πl
β

− Aα
3 (x⃗) + Aσ

3 (x⃗)
ψ̄α

−m(x⃗)γ1ψσ,m−l(x⃗)ψ̄σ
−n(x⃗)γ2ψα,n+l(x⃗). (8)

V (x⃗) is solely given in terms of Aα
3 (x⃗).
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Simplifications at large N
In the ’t Hooft large-N limit, the local Vandermonde factor V (x⃗) becomes global, and the A3
fields become space-independent (expressed in terms of eigenvalues {λα}), leading to,

Z =
( N∏

α=1

∞∑
nα=1

)
(−1)

(N−1)
∑
α

nα
∫ ( N∏

α=1
dλα

)
V exp

(
−iκ

∑
α

nαλα − Seff ({λα}, {nα})
)
, (9)

where,
e−Seff({λα},{nα}) =

n∏
α=1

∫ ∏
m∈Z+ 1

2

D
[
ψ̄α

m(x⃗)
]

D [ψα,m(x⃗)] e−Sf , (10)

Seff ({λα}, {nα}) is the renormalized effective action after integrating out the fermionic fields,

Sf = 1
β

∫
S2

∑
m∈Z+ 1

2
α

ψ̄α
−m(x⃗)

{
/̃D + M + iγ3

(
2πm
β

− λα

β

)}
ψα,m(x⃗) − 2π

κβ3

∫
S2

∑
l∈Z

m,n∈Z+ 1
2

α,σ
α̸=σ at l=0

1
2πl
β

− λα

β
+ λσ

β

ψ̄α
−m(x⃗)γ1ψσ,m−l(x⃗)ψ̄σ

−n(x⃗)γ2ψα,n+l(x⃗).

(11)

The spatial covariant derivative D̃ in (11) is taken in the background of the gauge fields
corresponding to the constant fluxes in the U(1)N .
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Dirac operator on S2 I

The covariant derivative on S2 in the presence of constant flux background field Aµ̇ (µ̇ = 1, 2)
in the kinetic part of (11),

SDirac = 1
β

∫
S2

∑
m∈Z+ 1

2
α

ψ̄α
−m(x⃗)

{
/̃Dα + M + iγ3

(
2πm
β

− λα

β

)}
ψα,m(x⃗) (12)

is given by,

/̃Dα = eµ̇
a γ

a
(
∂µ̇ − i

2ω
ab
µ̇ σab − i(Aµ̇)α

α

)
, (13)

where eµ̇
a is the vielbein, ωab

µ̇ is the spin connection on S2, and σab = i
4[γa, γb].
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Spin-weighted spherical harmonics I
Spin-weighted spherical harmonics sYjm(θ, ϕ) are defined on S2 by,

s+1ð̄ sð(sYjm) = (s(s + 1) − j(j + 1)) sYjm , (14)
(−i∂ϕ − s) sYjm = m sYjm , (15)

where the operators s ð̄ and sð, with spin weight s, are given by,

sð η := eiϕ
{
∂θ + i

sin θ∂ϕ + s
(

1 − cos θ
sin θ

)}
η, (16)

s ð̄ η := e−iϕ
{
∂θ − i

sin θ∂ϕ − s
(

1 − cos θ
sin θ

)}
η. (17)

The indices s, j , and m of sYjm take on the values,

s = 0,±1
2 ,±1, . . . , j = |s|, |s| + 1, |s| + 2, . . . , m = −j ,−(j − 1), . . . , j − 1, j . (18)
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Spin-weighted spherical harmonics II
The functions sYjm are normalized such that,∫

dΩ sY ∗
j1m1(θ, ϕ) sYj2m2(θ, ϕ) = δj1j2δm1m2 . (19)

The phase factor of sYjm(θ, ϕ) is chosen such that,

sð(sYjm) =
√

j(j + 1) − s(s + 1) s+1Yjm , (20)

s ð̄(sYjm) = −
√

j(j + 1) − s(s − 1) s−1Yjm . (21)
These functions are also eigenvectors of the usual angular momentum operators,

s′J3 sYjm(θ, ϕ) = (m − s ′ + s) sYjm(θ, ϕ), (22)

sJ± sYjm(θ, ϕ) =
√

j(j + 1) − m(m ± 1) sYjm±1(θ, ϕ), (23)

sJ2
sYjm(θ, ϕ) = j(j + 1) sYjm(θ, ϕ), (24)

which satisfy,

sð sJ = s+1J sð, s ð̄ sJ = s−1J s ð̄, sJ ∈ {sJ3, sJ±, sJ2}. (25)
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Dirac operator on S2 II
With an appropriate choice of the coordinate chart, the covariant derivative takes the form,

/̃Dα = 1
R

 0 eiϕ
qα+ 1

2
ð̄ + 1

2 sin θ
e−iϕ

qα− 1
2
ð + 1

2 sin θ 0

 , (26)

with eigenvectors,

qαZ±
j,m = 1√

2

(
±ieiϕ/2

qα− 1
2
Yjm

e−iϕ/2
qα+ 1

2
Yjm

)
, j = |qα| + 1

2 , |qα| + 3
2 , . . . , (27)

such that,

/̃Dα qαZ±
j,m = ± i

R

√
j(j + 1) −

(
qα + 1

2

)(
qα − 1

2

)
qαZ±

j,m, j = |qα| + 1
2 , |qα| + 3

2 , . . . .

(28)

We can expand the fermions in this basis to evaluate the kinetic and interaction terms.
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Finite temperature gap equation
Following the Schwinger–Dyson procedure, the finite temperature gap equation is obtained as,

ΣT (Pmα,3) = − 1
2κβR2

∑
n,σ

1
Pmα,3 − Qnσ,3

H

 ∞∑
j=|qσ |− 1

2

2j + 1
i /Qnσj + M + ΣT (Qnσ,3)

 , (29)

where H(C) ≡ γ1Cγ2 − γ2Cγ1, Pmα =
(

p⃗, 2πm − λα

β

)
, qα = nα

2 , and,

/Qmαj =

 Qmα,3
1
R

√
j(j + 1) −

(
qα + 1

2
) (

qα − 1
2
)

1
R

√
j(j + 1) −

(
qα + 1

2
) (

qα − 1
2
)

−Qmα,3

 . (30)

In close analogy, for the flat space case, we obtain,

ΣT (Pnσ,3) = − 2π
κβ

∑
m∈Z+ 1

2
α

α ̸=σ at m=n

∫ d2q
(2π)2

1
Pnσ,3 − Qmα,3

H
(

1
i /Qmα + M + ΣT (Qmα,3)

)
. (31)
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Solution of the finite temperature gap equation
(29) is solved component-wise,

ΣT ,I(Pmα,3) = Pmα,3 sin
(

4π
κ

ΩT (MT ,Pmα,3)
)

+ MT cos
(

4π
κ

ΩT (MT ,Pmα,3)
)
, (32)

ΣT ,3(Pmα,3) = Pmα,3

(
cos
(

4π
κ

ΩT (MT ,Pmα,3)
)

− 1
)

− MT sin
(

4π
κ

ΩT (MT ,Pmα,3)
)
. (33)

where,

ΩT (MT ,Pmα,3) = 1
4πβR2

∑
n∈Z+ 1

2
σ

σ ̸=α at n=m

∞∑
j=|qσ |− 1

2

2j + 1

(Qnσ,3)2 +
j(j + 1) −

(
qσ − 1

2
) (

qσ + 1
2
)

R2 + M2
T

1
Pmα,3 − Qnσ,3

, (34)

ΦT (MT ) = 1
4πβR2

∑
σ

n∈Z+ 1
2

∞∑
j=|qσ |− 1

2

2j + 1

(Qnσ,3)2 +
j(j + 1) −

(
qσ − 1

2
) (

qσ + 1
2
)

R2 + M2
T

, (35)

and the thermal mass MT obeys the mass gap equation,

MT = M − 4π
κ

ΦT (MT ). (36)
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Evaluation of thermal free energy in flat space
For the flat space case, subtracting the zero point energy to remove the UV-divergences, we
get the holonomy-dependent thermal free energy functional Seff as,

ST − S0 =−4πβV2
κ

(ΦT (MT ))2
(

4π
3κΦT (MT ) + MT

)
+ 4πβV2

κ
(Φ0(M0))2

(
4π
3κΦ0(M0) + M0

)
−V2

∑
α

n∈Z+ 1
2

∫ d2q
(2π)2 ln

(
(Qnα)2 + M2

T
)

+ V2βN
∫ d3q

(2π)3 ln
(
q2 + M2

T
)

− V2N
6πβ2

(
(βM0)3 − (βMT )3) .

(37)

ΦT (MT ) is a simple explicit function for the flat space case,

ΦT (MT ) = − 1
4πβ

∑
σ

ln |2(cosh(βMT ) + cos(λσ))| . (38)

Using the finite temperature and finite volume analogues of the ‘symmetrization’ identities
of [MZJ15], it is possible to evaluate all the integrals/summations in (37) in the large-N limit.
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ΦT (MT ) for the finite volume case

ΦT (MT ) = 1
4πβR2

∑
σ

n∈Z+ 1
2

∞∑
j=|qσ |− 1

2

2j + 1

(Qnσ,3)2 +
j(j + 1) −

(
qσ − 1

2
) (

qσ + 1
2
)

R2 + M2
T

. (39)
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Discussion and future directions

✠ The thermal effective action is not independent of fluxes at finite volume - holonomy
eigenvalues are not quantized - Bose–Fermi duality has to work in a mathematically
different way (compared to flat space);

✠ At finite volume, the fermion determinant receives flux contributions from different sectors,
and the free energy will be presented in terms of a sum over these fluxes (in addition to the
summation over Kaluza–Klein momenta and the spin-weighted spherical harmonic labels),
which is seemingly similar to the calculations of the superconformal index [MMPS22];

✠ First-principles computation of S-matrices [MMP+22] may be possible with our choice of
gauge that could shed new light on their unusual crossing symmetry properties;

✠ Computation of the free energy for bosons has some subtleties related to the ϕ2A2 coupling.
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