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Objective

We look at a fully non-perturbative, finite-temperature solution to a non-supersymmetric,

non-abelian gauge theory with vector fermions in curved space — fermionic Chern—Simons
theory on §2 x S
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Background

% Light-cone gauge calculations demonstrate Bose—Fermi duality [AGAY12] at the level of the
thermal free energy;

% Reproduced the free energy calculations for the fermionic theory on R? x St using the
‘temporal” gauge [MNTV23];

% Set up the calculation amenable to general genus-g Riemann manifolds.
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Motivation

To establish Bose—Fermi duality on genus-g Riemann manifolds (possibly at finite N)!
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Path integral of our theory

The finite temperature partition function of U(N) Chern—Simons theory coupled to
fundamental fermionic matter is defined by the Euclidean path integral,

Z—- [DIAID[D [ e, 1)
where the Euclidean action Sg is given by,
ik 2i -
SE:/ TrqdAANdA— —ANANA ~|—/ V(D + M. (2)
4t Jy st 3 ¥ xSt

We study the path integral of this theory on ¥ x S, where ¥ is an arbitrary Riemann surface,

and set up the problem at finite N and temperature T = 3=, where §3 is the circumference of
the St.
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Gauge conditions adopted

% The ‘temporal’ gauge is defined by d3A3(x) = 0, which imposes on the holonomy field U(x),
93U(x) = d3e"PB() = 0 (3)

% The remaining two-dimensional U(N) is reduced to a two-dimensional U(1)N by
simultaneously diagonalizing the holonomy field U(X) for every point X on ¥
[BT93, JIMS*13];

% Complete gauge is fixed by imposing the Coulomb gauge on the time-independent (zero

mode) diagonal elements of Ay, Ay, or equivalently,

N(g)=2g
(Ap)y = Z afaﬂJ + €100 X7, v =12 (4)
j=1

where {a;} is a basis for the nontrivial flat one-forms on the genus g Riemann surface ¥
(the number of such one-forms is N(g)).
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Exact path integral on a general manifold X at finite NV and volume

In summary, the exact (in N and volume) partition function down to an unfixed
two-dimensional U(1)N is given by,

(H Z) (N 1)2""/H ]D[ H D 1/)m D[d]am( )] e_SU(l)N’ (5)
a=1n,=1

mezZ+1 3

where 1 = 1,2, and the complicated yet completely local (in two dimensions) action Su(l)N is:

Su@n ——Z/A" Fi2) 2 f—/ Rln V(x)+ﬂ/ > (%) { + M+ iy (%—mng‘(x))} Yo, m(X)

eZ+ 2
2 1
K;S/ Z 27l '(/)am(x)’y wom I( )1/10 (X)'Y '(/)ozn+l( ) (6)
T AR+ A(R)
m,neZ-&-% B
a;éaa:;:— 1=0

Effectively, (5) describes two-dimensional U(1)V gauge fields interacting with N neutral scalar
fields A and an infinite number of fermionic fields 1, ,(X) via the action (6).
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Specialization to the case ¥ = S?

Specializing to a sphere (genus g = 0), fixing the residual two-dimensional U(1)V gauge
freedom on a two-sphere, and integrating out the (remaining) Abelian A;, A fields from (5),

= (IS )™ 1 oo 1L et

mEZ-i-*

] D Wam(R)] | e 5=, (7)

reducing the action Sy(yyv in (5) to the exact (in N and volume) action Sexact, given by
Sexact :i/-cZna)\a — i/ RInV(X)+ l/ Z {LD + M+ iy (27r7m - Ag‘(f())} Ya,m(X)
p 8T S2 5 - ﬁ
1
/@ﬂ‘?’ /52 Z 27l

155,17(?)71%,,114(Y)i‘in(f)f%,nw(f)- (8)
ez — — AF(X) + AZ(X)
m n€Z+2 ﬁ

a;ﬁa at 1=0
- R of=
V(X) is solely given in terms of A§(X).
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Simplifications at large N

In the 't Hooft large-N limit, the local Vandermonde factor V/(X) becomes global, and the A3
fields become space-independent (expressed in terms of eigenvalues {\,}), leading to,

N oo _ e [ N
= <H Z) IR / (H d/\a> V exp (—inZnax\a - seg({xu},{nu})) (9)
a=1 a

a=1ns=1
where,
e Sa({ha} () H ([ I1 P1E) Dleen(l e, (10)
= mEZ+f

Set ({Aa}s {na}) is the renormalized effective action after integrating out the fermionic fields,

50 ﬁ/_gz Z (DMt (B2 Y v - 2 b ﬁd I o (R (R 1 (R).
mnEZ+* ﬁ ﬂ
a#o ;t 1=0

(11)

The spatial covariant derivative D in (11) is taken in the background of the gauge fields
corresponding to the constant fluxes in the U(1)N
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Dirac operator on S? |

The covariant derivative on S? in the presence of constant flux background field A (r=1,2)
in the kinetic part of (11),

smac:/ S, *{m Mt iy (”Tm—%)}wam() (12)

Z+2

is given by,
D, = e'~? (8 — —wubaab i(Ap)a” ) , (13)

where €} is the vielbein, wzb is the spin connection on 52, and o, = Z[fya,'yb]
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Spin-weighted spherical harmonics |
Spin-weighted spherical harmonics s Yjm(0, ¢) are defined on 52 by,

5118 58(sYim) = (s(s + 1) = j(G + 1)) s Yjm, (14)
(—i0p —5)sYim=m sYim, (15)

where the operators 55 and 50, with spin weight s, are given by,

it i 1 —cos6
Qdn=e {89 + —Si dp+s <—Sin 7 ns (16)

= : 1—cosé

i _ 9, —s| ——~ . 1

s0n = e {80 sin 08¢ ( sin6 )}77 (17)

The indices s, j, and m of §Yj,, take on the values,
1 . . . . .
s:O,:I:E,:I:I,..., Jj=Isl,Is|+1,|s|+2,..., m=—j,—(—-1),...,5—1,j. (18)
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Spin-weighted spherical harmonics Il
The functions 5 Yjn, are normalized such that,

[ 42 Y5 (6.6) Vi (6.6) = Siibmm (19)
The phase factor of 5 Yjm (6, ¢) is chosen such that,
(s Yim) = Vil +1) = s(s + 1) s41Yjm. (20)
B(Yim) = —ViG 1) —s(s— 1) o1 Ym. (21)
These functions are also eigenvectors of the usual angular momentum operators,
5S35 Yim(0,0) = (m — 5"+ 5) s Vjm(0, 0), (22)
st sYim(0,0) = \/i(i + 1) — m(m£1) sYjm+1(0, ¢), (23)
sI2 $Yim(8,9) = j(j +1) s Yim(6, 9), (24)
which satisfy,
dsd =s41J 59, s =s_1J, sJ € {shs, sJs, s}, (25)
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Dirac operator on 52 I
With an appropriate choice of the coordinate chart, the covariant derivative takes the form,

- 0 i® O+ —o
D, = l € dat3 + 2sin0 (26)
“ R e”"b 10 + L 0 ’
Ga—3 2sinf
with eigenvectors,
1 [(£ie? 1Y 1 3
aZ:t = = —j R 3 J:|q’+77‘q|+777 (27)
Ga=j,m \ﬁ ( e I¢/2qa+% ij o > o 5
such that,
~ i .. 1 1 . 1 3
Do qaZJ':f:m - :tR\/J(] +1) - <Qa + 2) <C]a - 2) CIaZJ%:m’ J=lgal + 2 Gal + 2

(28)

We can expand the fermions in this basis to evaluate the kinetic and interaction terms.
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Finite temperature gap equation

Following the Schwinger—Dyson procedure, the finite temperature gap equation is obtained as,

e}

2j+1
Y 7(Pma H , 29
7(Pma3) = 2 ﬁR2ZU ma3_Qm3 qul iRpyj + M+Z7(Qno3) (29)
J o™ 5
2 - N\ @
where H(C) =71 C2 = 92C1, P = (5. 277222, g, = T and.
1/
@ Qmoz,3 E\/J(J + 1) - (qa + %) (qO‘ - %) (30)
maj — 1 e
E\/./(J + 1) - (qa + %) (qa - %) _Qma,3
In close analogy, for the flat space case, we obtain,
27 1
Y7 (Pno3) = —— H - . (31
T( ’3) K/B Z / 27T)2 Pna3 - Qma 3 (’@ma + M + ZT(Qma,?»)) ( )

meZ+}

a#o at m=n
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Solution of the finite temperature gap equation
(29) is solved component-wise,

. (4rm 4w
Y7 1(Pma3) = Pma3 5|n<?QT(MT7 'Dma,3)> + Mr C05<?QT(MT7 Pma,3)>a

A7 . [ 4r
Y 73(Pma,3) = Pmas (COS(?QT(MT» Pma,3)> - 1> - Mt 5'”(?QT(MT7 Pma,3)>~

where,
1 = 2j+1 1
Qr(Mr, Pras) = 725 > > —
47TﬂR 1 : 1 2 J(J+1)_( )(%-i-*) 2 ma3 Qno3
n€Zts  j=laol~5 (Qne3)? + [ + M2
oFa :t n=m
2j+1
or(Mr) = g5 2 )3 T T :
4”5"? JG+1) = (9% =3) (9 +3) 0o
n€Z+1j |go|— 2 (Qna ) + R2 +M
and the thermal mass Mt obeys the mass gap equation,
41
MT = M - ?q)T(MT)
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Evaluation of thermal free energy in flat space

For the flat space case, subtracting the zero point energy to remove the UV-divergences, we
get the holonomy-dependent thermal free energy functional Seg as,

% %
St— S =- 47TB 2 (01 (M) ( ®7r(Mr) + MT) 47ri 2 (®o(Mo))? ( ®o(Mo) + Mo>
3
v, Z [ o (@ 13+ Vi [ S in (- 13) — 2 (500 — (3.
n€zZ+1
(37)
&1 (M) is a simple explicit function for the flat space case,
o (M) = —# ; In |2(cosh(BM7) + cos(As))| - (38)

Using the finite temperature and finite volume analogues of the ‘symmetrization’ identities
of [MZJ15], it is possible to evaluate all the integrals/summations in (37) in the large-N limit.
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& (M7) for the finite volume case

¢T(MT):47T/8;F\)2 > Y cha - (39)

. jG+1) (9 —3) (9 +3
n€£+%J:|q"|_% (Qn0,3)2+ (J ) ( 7?2 2)( z 2) +M%’

~um
k ?¢T(M1)
i M—l%nd’Tm'r)
— Pl e 3@,,1:0
== — Finity sedie S*

M

T
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Discussion and future directions

% The thermal effective action is not independent of fluxes at finite volume - holonomy
eigenvalues are not quantized - Bose—Fermi duality has to work in a mathematically
different way (compared to flat space);

% At finite volume, the fermion determinant receives flux contributions from different sectors,
and the free energy will be presented in terms of a sum over these fluxes (in addition to the
summation over Kaluza—Klein momenta and the spin-weighted spherical harmonic labels),
which is seemingly similar to the calculations of the superconformal index [MMPS22];

% First-principles computation of S-matrices [MMP*22] may be possible with our choice of
gauge that could shed new light on their unusual crossing symmetry properties;

% Computation of the free energy for bosons has some subtleties related to the ¢?A? coupling.
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