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» Lyapunov exponent
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Asymptotically Lifshitz Black Hole

S B ™ 2

Black hole geometries that asymptote nonrelativistic Lifshitz spacetime : 45" = —5 | =gy @ + d¥i- +dz
5 % | R : ; dz? : .
_ . ds® = — |- — f(z)dtz B, O ettty Danielsson, Thorlacius, 2009
(d+1)-dim Lifshitz black hole: gl | S SR ST HE
L\ d—14€
f(z)=1- (T)
zy, is the horizon “h
: i - t—= Q% 25 Qz, T— QF * : -

Satisfies the Lifshitz scaling: * y # “ b (Anisotropic along t and Lorentz breaking)

Temperature: 7' = = R =

Legitimate holographic dual theory: d-dim nonrelativistic Lifshitz field theory with finite temperature.
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Chaos: Lyapunov Exponent and Butterfly Velocity

Chaos in disordered system: Growing perturbations due to small changes in initial conditions.

Salient measures of chaos : 1. Butterfly velocity, 2. Lyapunov exponent

Butterfly effect: Considerable change in the later state due to small deviation in the initial conditions.

Initial points arbitrarily close together separate over time at an exponential rate.

Quantum butterfly effect: Effect of small change in a Hamiltonian system with given

position and velocity.

Butterfly velocity (vg): Characterizes the propagation of chaos in a local system.

Lyapunov exponent (A;): Rate of separation between the initial points.

Positive A; === Chaotic system

For two-derivative gravity: 2T
AL < — Maldacena, Shenker, Stanford, 2015
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Chaos in systems with Lifshitz scaling AGH

Chaos appears in Lifshitz theories due to dynamical critical exponent.

Probe circular strings in holographic Lifshitz bulk are chaotic. Giataganas, Sfetsos, 2014

Marginally irrelevant operators in Quantum Lifshitz Model show chaotic growth.  Plamadeala, Fradkin, 2018

Scrambling properties are holographically explored in generic asymptotic black holes. sircar, sonnenschein, Tangarife, 2016

We will show the equivalence between three competent methods to derive chaos in
asymptotic Lifshitz black hole:

1. Entanglement Wedge Method

2. Pole-skipping

3. Measurement of Out-of-Time-Ordered correlators
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Quantum chaos by entanglement wedge method:

Entanglement wedge: Slice of the bulk that lies on the boundary and captures all quantum information.
v’ Local perturbation of a boundary state causes scrambling in bulk information after late time evolution.

v Trajectory of an infalling particle in the extremal RT surface changes.

z=1 z=1

v" Constant rate of change: Butterfly velocity (vg)

Extremal RT surface 1s determined from holographic /\
2=0 z=0

Entanglement entropy:  Sgg =27 / d*1y./7,

y 1is the induced metric.

2

Parametrization of RT profile for Lifshitz BH: z2(r) =1—ey(r)”, Figure 1. A particle (red dot) is enclosed in the RT surface (light teal)
y(r) contains Bessel functions of firstkind, y(r) =+ [J,.(ur) + You(pur)] . n= -3 faxe \/(d —1d-1+¢)

. - . A - .

y(r = 0,t) ~ e-%t , for tip of the RT surface touching the boundary.

d—1 - - s A .
vg = \/ >0d _+1)§ . 1n near-horizon limit. For & — 1, it retrieves vp for AdS black hole.
| AC, Baishya, Padhi, 2024
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Quantum chaos from pole-skipping AGH | uhwery
* Pole-skipping: Lines of poles and zeros of retarded Green’s function intersect----A would-be pole gets skipped !

Pole-skipping points of 2-point energy density correlation functions

I Blake, Lee, Liu, Davison, Grozdanov,2018; Ahn, Jahnke, Jeong, Kim, 2019
Holographic dual to perturbation in bulk metric
. . . . - E:AL .
* At pole-skipping points, chaos is measured by frequency w. =iA., and momentum * =77 of the 2-point correlators.

* 2+1D Lifshitz BH in Eddington-Finkelstein coordinates, perturbation of the metric: g, — g, + dg, (r)e 5"
* Retarded energy density Green'’s function is governed by only  dg...,dg.. . due to the dg,, =0 and g ogu, =10
* Perturbed Einstein’s equation in near horizon limit is vanishing only for 8T

* This is obtained for pole skipping points

1/
i 2 . 1 ¢ = (221_7_") /€
o Wy = §'rh(1+§), k= —5(31‘,,,—27‘,1)(1-}-{). : L+& :
* For 2+1D Lifshitz black hole,
- 1+ &
Ar =2nL v = - 3 .
2 AC, Baishya, Padhi, 2024
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Quantum chaos from out-of-time-ordered correlators AGH

Out-of-Time-Ordered Correlators: Two-particle gravitational scattering between particles moving along the two horizons

of Kruskal geometry. Maldacena, Shenker, Stanford, Roberts, Susskind
C(t) = (VIOYWT ()W (#)V(0) + VIO)WT ()W (£)V (0) Holographically, C(t,z) ~ exp{,\L (, e ﬂ) }
— WTVTHO)W (£)V(0) — VIO)WT()V(0)W (1)) 5 . s
out-of til;lre-ordered
v Decrease in OTOC == Increase in C(t), Significant butterfly effect
« Perturbation in the metric by a shock wave along one horizon in the Kruskal form of 2+1D Lifshitz BH.
R k : 0 f - . (pmatter , rpshock : _ 1 p%iz(t'"t*"g;;—:tr)
Back-reacted Einstein’s equation : £, = k (I i 4= i ) . gives C(t, x) = \/2(1 e
: : . . . 1+

* M(u,v)|p=0 = 1;—5 in near-horizon limit. Thisyields AL = 27T, vg = Té

AC, Baishya, Padhi, 2024
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All the above methods are equivalent and
equally competent to study chaos In
asymptotically Lifshitz black hole
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Eikonal phase and Lyapunov exponent from classical approach AGH | wvessim

* Eikonal phase: 4§ = p;(At) — p.(Ax) *Lyapunov exponent : N _V"_fzf
2t
* Probes the amplitude of gravitational high energy

. Cardoso, Miranda, Berti, Witek, Zachin, 2009
scattering. Parnachev, Sen, Ng, Kulaxizi, 2019, 2021

* In near-boundary zone: Vers — Effective potential for radial motion

c 1 1 26— 38 : .

()~ l:~()2F1( 2% 323 ) . — Inelastic
* In near-horizon zone: *For circular motion, Vers(z0) = 0 and V] ((29) =0

£
0 ~ Fi (1, + 15 2 .
§(§+ 1) 1 (1,658 ) for p, < p; == elastic " fo (25 £8 — 2fo (262 — 56 + 3))
. . L= -
5~ H(W=—-1-i)p forp, =p, = inelastic 2,;(2)5
vE+1 AC, Baishya, Padhi, 2024

* 2o — Turning point of null geodesic For any unstable orbit, Lyapunov exponent is real.

* vy — Impact parameter
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Limitations on choice of turning point of null geodesic

* Null geodesic equation: 2o L5 4% =0,

Valid roots of this polynomial are real, lie within the singularity and the boundary.

* (Conditions on the turning point:

L+
~h
-1 For ~v>1 and 2z=1 —— Not possible for any arbitrary positive real z,

¥ =

For, y<1,zy, # 1. Also, zy # 1 for z, =1 for any arbitraryy.
zy # 0 for any arbitraryy.
Turning point should not be in the vicinity of horizon and boundary:.

Lyapunov exponent is also inconsistent around horizon and boundary.

SR SR N R NN

Suitable polynomial distribution may help to find z,. AC, Baishya, Pachi, 2024
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Summary : AGH
* Butterfly effects in asymptotically 2+1D Lifshitz BH using three different methods---EW, PS, OTOC

» All of these give exactly similar results for vz and A, hence equivalent for studying chaos.
* Classical chaos is studied by deriving eikonal phase and Lyapunov exponent.

* All these quantities are nontrivial functions of anisotropy index.

* Different scattering scenarios in the vicinity of boundary and horizon.

* Potential limitations on the choices of turning point of the null geodesic.

Future scope:

* Phase factor is exponential in quantum chaos, hypergeometric in classical chaos. To find their connection
and see possible classical/quantum correspondence.

* Construction of OTOC:s for dual thermofield double states of finite temperature LFTs.
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