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• Introduction: Celestial holography and celestial amplitudes


• Celestial operator product expansions (OPE) 


• Infinite-dimensional soft algebra in flat space:  Algebra


•  Algebra with a Cosmological Constant

w1+∞

w1+∞



• Celestial Holography: S-matrix in 4D asymptotically flat spacetime is described by a putative 
celestial CFT living on the celestial sphere

3

4D Lorentz symmetry 
SO(3,1) 2D conformal symmetry  
on the celestial sphere


SL(2,C)

• Bottom-up approach: From 4D scattering amplitudes to celestial amplitudes (CCFT correlators)

Celestial Holography

Virasoro symmetry on the celestial 
sphere


Subgroup of extended BMS 
symmetry


• Strategy: use known properties of scattering amplitudes to deduce universal properties of 
the putative celestial CFT



The connection between light-like four-momenta  of massless particles and points  
relies on the following  parametrization:

pμ z ∈ 𝒞𝒮2

pμ = ωqμ, qμ =
1
2

(1 + |z |2 , z + z̄, − i(z − z̄),1 − |z |2 ) ,

where  is the light-cone energy, and  are null vectors. 

In Lorentzian spacetime with (1,3) signature, complex variables  parameterize Euclidean .

ω qμ

z 𝒞𝒮2

⟨ij⟩ = ωiωj zij, [ij] = − ωiωj z̄ij .

From plane waves with momentum  to the conformal primary wave functions with dimension :

Mellin transform: 


 

pμ Δ

ϕ±
Δ(x, z, z̄) = ∫

∞

0
dω ωΔ−1 exp [±iωqμxμ − ϵω] ∼ (xμqμ(z, z̄) ∓ iϵ)

−Δ

scalar:  J=0 h = h̄ =
Δ
2

Δ = 1 + iλ, λ ∈ R

Pasterski, Shao (2017)

Conformal primary wavefunctions for fermion, gauge boson, gravitino, and graviton can be 
calculated in a similar way. 

Conformal primary wavefunctions

4

Principle series:



Celestial Amplitudes
• Celestial amplitudes are obtained from scattering amplitudes by performing Mellin 

transforms with respect to light-cone energies.

⟨
N

∏
n=1

Oan
Δn,Jn

(zn, z̄n)⟩ = (
N

∏
n=1

∫
∞

0
dωnω

Δn−1
n )δ(4)(ω1q1 +

N

∑
i=2

ϵiωiqi)ℳ(ωn, zn, z̄n, Jn, an),

global conformal symmetries on  . Under   : 𝒞𝒮2 zi →
azi + b
czi + d

⟨O1( az1 + b
cz1 + d

,
āz̄1 + b̄
c̄z̄1 + d̄ )…ON( azN + b

czN + d
,

āz̄N + b̄
c̄z̄N + d̄ )⟩ =

N

∏
n

(czn + d)2hn(c̄z̄n + d)2h̄n⟨O1(z1, z̄1)…ON(zN, z̄N)⟩
 are conformal weights of . Dimension  helicity . hn, h̄n On Δ = h + h̄, J = h − h̄

Lorentz symmetries in four dimensions Minkowski:  are mapped to SO(1,3) ≃ SL(2,C)

Pasterski, Shao,  
Strominger (2017) 
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• OPEs of CCFT from the collinear limit of scattering amplitudes

Oa
Δi,ℓi=1(zi, z̄i)Ob

Δj,ℓj=1(zj, z̄j) ∼ B(Δi − 1,Δj − 1)
f abc

zij
Oc

Δi+Δj−1,ℓ=1(zj, z̄j) + …

Two momenta  and  collinear in 4Dpi pj

Fan, Fotopoulos,  Taylor (2019)
Pate, Raclariu, Strominger,  Yuan (2019) 

Operator product expansion (OPE)
• In CFTs, when the positions of two operators are close, the OPE can be represented as

Oi(x)Oj(y) ∼ ∑
k

Cijk (x − y)hi+hj−hk Ok(y) ,

where  are the OPE coefficients.Cijk

zi → zj , z̄i → z̄j on the celestial sphere 

OPE of primary operators associated with positive helicity gluons:

Collinear limit of two positive helicity gluons:

lim
p1||p2

ℳn(1+,2+, …) =
1

z12

ωP

ω1ω2
ℳn−1(P+, …) + …
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OΔi,ℓi=2(zi, z̄i)OΔj,ℓj=2(zj, z̄j) ∼ B(Δi − 1,Δj − 1)
z̄ij

zij
OΔi+Δj,ℓ=2(zj, z̄j) + …

OPE of primary operators associated with positive helicity gravitons:

Collinear limit of two positive helicity gravitons:

lim
p1||p2

ℳn(1+,2+, …) = −
κ
2

z̄12

z12

ω2
P

ω1ω2
ℳn−1(P+, …) + …

Celestial OPE of two positive helicity gravitons



• Infinite tower of positive helicity conformally soft gravitons   algebra→ w1+∞
 Guevara, Himwich, Pate, Strominger 

(2021)

Infinite-dimensional chiral soft algebra in flat space

Hk(z, z̄) := lim
ε→0

ε𝒪k+ε,+2 k = 2,1,0, − 1,… Hk(z, z̄) =
2 − k

2

∑
n= k − 2

2

Hk
n(z)

z̄n+ k − 2
2

.

𝒪Δ1,+2(z1, z̄1)𝒪Δ2,+2(z2, z̄2) ∼ −
κ
2

1
z12

∞

∑
n=0

B(Δ1 + n − 1,Δ2 − 1)
(z̄12)n+1

n!
∂̄n𝒪Δ1+Δ2,+2(z2, z̄2) .

A discrete family of conformally soft graviton operators is defined as

Mode expansions:

From the celestial OPE of positive helicity graviton operators:

One finds an algebra of [Hk
m, Hl

n]
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[Hk
m, Hl

n] = −
κ
2

[n(2 − k) − m(2 − l)]
( 2 − k

2 − m + 2 − l
2 − n − 1)!( 2 − k

2 + m + 2 − l
2 + n − 1)!

( 2 − k
2 − m)!( 2 − l

2 − n)!( 2 − k
2 + m)!( 2 − l

2 + n)!
Hk+l

m+n

Strominger (2021)
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wp
n =

1
κ

(p − n − 1)!(p + n − 1)!H−2p+4
n ,

[wp
n , wq

n] = [m(q − 1) − n(p − 1)] wp+q−2
m+n .

where p = 1,
3
2

,2,
5
2

, …

The algebra of  gets translated intoHk
n

It can be drastically simplified by defining

This algebra is called the  algebra in the literature, which was first studied in 
the late 80s and 90s in the CFT literature

w1+∞

Adamo, Mason, 
Sharma (2021) 

•  algebra has a natural geometric interpretation on twistor space in terms of 
Poisson diffeomorphisms
w1+∞

Strominger (2021)
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• The observed accelerated expansion of the universe can be accounted for by a positive value 
of the cosmological constant Λ ≈ 10−52m−2

 Algebra with a Cosmological Constant?w1+∞

• The symmetry group of four-dimensional de Sitter spacetime (dS ) is  instead of Poincare4 SO(1,4)

Likewise, for AdS , we have  4 SO(2,3)

• Question: Is there a deformed  that contains a subalgebra generating  or , 
depending on the sign of the cosmological constant?

w1+∞ SO(1,4) SO(2,3)

• Experiments in the late 90s discovered the accelerating expansion of the universe 
through observations of distant supernovae
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Motivation and ideas from AdS/CFT 
• The AdS Virasoro-Shapiro amplitude (VS)

A(1)(s, t, u) = κ2Λ
⟨12⟩6[43]

⟨13⟩⟨14⟩⟨23⟩⟨24⟩⟨34⟩ ( 1
s

+
1
t

+
1
u )

A(1)(s, t, u) ≈ κΛ
ω2

P

ω2
3ω2

4(z3 − z4)2 (κ
⟨12⟩6

⟨1P⟩2⟨2P⟩2 )
G+

Δ3
(z3, z̄3) G+

Δ4
(z4, z̄4) ∼ κΛ

B(Δ3 − 2,Δ4 − 2)
z2
34

G+
Δ3+Δ4−2(z4, z̄4)

 Alday, Hansen, Silva (2022)  Alday, Hansen, Silva (2023)

 Alday, Hansen (2023)  Alday, Hansen, Nocchi (2023)
ℳ(S, T) = A0(S, T) +

α′￼

R2
A1(S, T) + …

VS in flat space
Curvature corrections

• Taking the string zero slope limit ( ), extracting the leading termsα′￼ → 0

A(0)(s, t, u) = κ2 ⟨12⟩6[43]
⟨13⟩⟨14⟩⟨23⟩⟨24⟩⟨34⟩

• Correction to the collinear splitting

• Correction to celestial 
graviton-graviton OPE



12

G+
Δ3

(z3, z̄3) G+
Δ4

(z4, z̄4) ∼ κΛ
B(Δ3 − 2,Δ4 − 2)

z2
34

G+
Δ3+Δ4−2(z4, z̄4)

• However, the correction to celestial graviton-graviton OPE

does not lead to a consistent algebra of soft currents associated with the graviton operators.


• It does not satisfy Jacobi identity
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From OPEs to cosmological w1+∞

G+
Δ3

(z3, z̄3)G+
Δ4

(z4, z̄4) = −
κ
2

z̄34

z34
B(Δ3 − 1,Δ4 − 1)G+

Δ3+Δ4
(z4, z̄4) +

κ Λ
2

Δ3 + Δ4

z2
34

B(Δ3 − 2,Δ4 − 2)G+
Δ3+Δ4−2(z4, z̄4)

+
κ Λ
2

Δ3

z34
B(Δ3 − 2,Δ4 − 2)∂G+

Δ3+Δ4−2(z4, z̄4) ,

+
κ Λ
2

Δ3 + Δ4

z2
34

∞

∑
n=0

B(Δ3 − 2 + n, Δ4 − 2)
(z̄34)n

n!
∂̄nG+

Δ3+Δ4−2(z4, z̄4)

G+
Δ3

(z3, z̄3)G+
Δ4

(z4, z̄4) = −
κ
2

1
z34

∞

∑
n=0

B(Δ3 − 1 + n, Δ4 − 1)
(z̄34)n+1

n!
∂̄nG+

Δ3+Δ4
(z4, z̄4)

+
κ Λ
2

Δ3

z34

∞

∑
n=0

B(Δ3 − 2 + n, Δ4 − 2)
(z̄34)n

n!
∂ ∂̄nG+

Δ3+Δ4−2(z4, z̄4) .

• A slight modification of the OPE coefficients of the  corrected terms leads to 
consistent double and single pole singularities 


Λ

• Including all  descendants, the OPE becomes
L̄−1
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From OPEs to cosmological w1+∞

Hk(z, z̄) := lim
ε→0

ε𝒪k+ε,+2 k = 2,1,0, − 1,…

Hk(z, z̄) =
2 − k

2

∑
n= k − 2

2

Hk
n(z)

z̄n+ k − 2
2

.

A discrete family of conformally soft graviton operators is defined as

Mode expansions: Hk
n(z) =

∞

∑
a=−∞

Hk
a,n

za+ k + 2
2

[Hk
a,m, Hl

b,n] = −
κ
2

[n(2 − k) − m(2 − l)]
( 2 − k

2 − m + 2 − l
2 − n − 1)!( 2 − k

2 + m + 2 − l
2 + n − 1)!

( 2 − k
2 − m)!( 2 − l

2 − n)!( 2 − k
2 + m)!( 2 − l

2 + n)!
Hk+l

a+b,m+n

+
κ Λ
2 (l a − k b) ( 2 − k

2 − m + 2 − l
2 − n)!( 2 − k

2 + m + 2 − l
2 + n)!

( 2 − k
2 − m)!( 2 − l

2 − n)!( 2 − k
2 + m)!( 2 − l

2 + n)!
Hk+l−2

a+b,m+n

• The celestial OPE two positive helicity gravitons translates into the following algebra of soft currents: 
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wp
a,m =

1
κ

(p − n − 1)!(p + n − 1)!H−2p+4
a,m ,

[wp
a,m, wq

b,n] = [m(q − 1) − n(p − 1)]wp+q−2
a+b,m+n − Λ[a(q − 2) − b(p − 2)]wp+q−1

a+b,m+n

FollIowing Strominger’s redefinition, it can be drastically simplified by defining

We find the following deformed  algebra (cosmological  algebra) w1+∞ w1+∞

It satisfies Jacobi identity
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Properties of deformed algebra

[w1
a,0, w2

0,m] = 0 [w1
a,0, w1

b,0] = Λ(a − b)w1
a+b,0

[w2
0,m, w2

0,n] = (m − n)w2
0,m+n

[w1
a,0, w

3
2
k,l] = Λ ( a

2
− k) w

3
2
a+k,l

[w2
0,m, w

3
2
k,l] = ( m

2
− l) w

3
2
k,m+l [w

3
2
i,j, w

3
2
k,l] =

1
2

( j − l)w1
i+k,j+l +

Λ
2

(i − k)w2
i+k,j+l .

w1
a,0 = Λ La , w2

0,m = L̄m , w
3
2
k,l = Pk,l

[L̄m, L̄n] = (m − n)L̄m+n ,

[La, L̄m] = 0 , [La, Lb] = (a − b)La+b ,

[La, Pk,l] = ( a
2

− k) Pa+k,l ,

[L̄m, Pk,l] = ( m
2

− l) Pk,m+l , [Pi,j, Pk,l] = Λ j δj,−l Li+k + Λ i δi,−k L̄j+l

• It contains a closed subalgebra with 10 generators:  with , , and 

with 

w1
a,0 a = − 1,0,1 w

3
2
± 1

2 ,± 1
2

w2
0,m

m = − 1,0,1

We define 


The subalgebra becomes
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• In the limit of , it is the Poincare subalgebra of extended BMS symmetry, 
with four translations , defined by

Λ = 0
Pμ , μ = 0,1,2,3

P− 1
2 ,− 1

2
= P0 + P3 , P− 1

2 , 1
2

= P1 − iP2 ,

P 1
2 ,− 1

2
= P1 + iP2 , P 1

2 , 1
2

= P0 − P3 ,

• Six conformal transformation generators  on the celestial sphere are related to 
the Lorentz generators 

L1,0,1 , L̄−1,0,1
Mμν Stieberger, Taylor (2018)

 

M23 + iM10 = − L−1 + L1 , − M23 + iM10 = − L̄−1 + L̄1 ,

M20 + iM13 = − L−1 − L1 , − M20 + iM13 = − L̄−1 − L̄1 ,

M21 + iM03 = − 2L0 , − M21 + iM03 = − 2L̄0 ,
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• When , we defineΛ ≠ 0 Pμ =
|Λ |

2
Mμ4

The subalgebra of the cosmological  algebra can be written as w1+∞

[Mμν, Mρλ] = i(ημρ Mνλ + ηνλMμρ − ηνρMμλ − ημλMνρ)

with ημν = diag(1, − 1, − 1, − 1, − sign(Λ))

• Depending on the sign of ,  this is the algebra generating  or 
symmetry groups of dS  or AdS , respectively

Λ SO(1,4) SO(2,3)
4 4

The cosmological  algebra provides an infinite-dimensional extension of dS  and 
AdS  symmetries

w1+∞ 4

4

• It can be derived from the twistor approach  Bittleston, Bogna, Heuveline, Kmec, Mason, Skinner(2024)
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Summary and Discussion

• We constructed a cosmological deformation of  algebra, by including commutator terms 
proportional to the cosmological constant. The Poincare subalgebra was replaced by the 
symmetry algebra of dS or AdS, depending on the sign of the cosmological constant

w1+∞

• A precise connection to the construction of Alday, Hansen et al remains to be understood

• How is the cosmological  algebra related to the asymptotic symmetries of dS/
AdS spacetime?

w1+∞


