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Introduction

In string theory the spectrum consists of infinite tower of massive
higher spin states. String amplitudes exhibit certain unique
features like dual resonance, exponential fall-off at fixed angle
scattering etc which are different from other QFT amplitudes.
In literature there have been several attempts to understand the
uniqueness of string amplitudes using S-matrix bootstrap. Some of
the underlying assumptions are
e Massless states are gluons (gravitons) and their superpartners.
There exist mass gaps between the massless state and the
next massive exchange.
e Amplitude is analytic except at physical singularities, crossing
symmetric, local and unitary.
e At a given mass-level, spins of the exchanged states are
bounded from above.
e Regge boundedness, Froissart bounds, superpolynomial
softness etc. are also imposed in different contexts.
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Consider 4-point tree-level open-string amplitude of massless states
M(=s)I(=1)

Nl1-—s-—t)

It has poles at positive integer values of s and t. Residues
expanded in terms of Gegenbauer polynomials give the spectrum of

exchanged states: n = 0 (massless pole), n =1 (scalar), n =2
(spin-1), n = 3 (scalar and spin-1) ...

A(s,t) =

To obtain the full amplitude we require the tensor structure also.
For example, in case four-gluon amplitude it is trg F4.

e Regge behavior: In the high energy regime keeping the scattering
angle small, j.e. s — oo, t is fixed,

i t
A(s, )~ 51T (opy ST (ST 8))
sin (7s)
e Hard scattering: In the high energy limit with fixed scattering
angle (s — oo, t — —o0) string amplitudes have exponential
fall-off. In contrast, field theory amplitudes fall off with power-law

behavior.
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Fixed t dispersion relation

In this case we hold fixed t variable and find the dispersion relation
from the discontinuities (A) of the amplitude in s-channel.

A
™ 0 S S

1 [ ds ,
M(s, t) == A (s, t) + Boundary term
I

Boundary term vanishes if lims_,oo M (s, t) ~ |s|~€ for € > 0.

Dual resonance model: String amplitudes can be represented as
sum over poles in one particular channel.

1 N~ RessmnA(s,
M (S,t) — ;E + EE: 4j§i;:4f1£figzz’ t<0

S—n
n=1

Asymptotic fall-off changes if only finite number of higher spin
exchanges are considered.

Single-channel expansion is not convergent for all values of s and t.
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Overview

Single-channel expansion of the amplitude is not manifestly
crossing symmetric. QFT amplitudes do not admit single channel
expansion. Higher-subtracted fixed-t dispersion relation is required
for QFT amplitudes.

Dolen, Horn, Schmid (1967) used finite energy sum rule to explain
high energy pion scattering. They observed single channel
expansion (interference model) requires modification of the form
M = MRegge + MRes - <MRes>-

Goal of this talk is to address the following issues:

e Obtain a QFT-like representation of string amplitude which is
manifestly crossing symmetric and local.

e Use this representation for bootstrap analysis. We would like
to reverse engineer amplitudes which have close resemblance
with string amplitudes.

e The main motivation is to find effective field theory
description which has features of string theory.
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Open string amplitude
Using a crossing symmetric dispersion relation we can obtain a

series representation for open string amplitude, %

=1 1 1 1 A A
Zf + + 1_)\+M
nt\ss—n s—-—n AX+n A+n ne1

n=0

A is a free parameter and for convergence of the above series, it
has to be greater than —1 (n~2~* for large n). X can be attributed
to field redefinition ambiguity and it provides one-parameter family
of representations of the four-point open string amplitude.

This representation is crossing symmetric in s; and s, channels. It
is analytic for all values of s; and s, except at the locations of the
poles.

Residues are independent of A. We can find the contact terms at
each mass-level by subtracting the % terms. Contact terms
depend on A. We can check that sum of the contact terms is
convergent.
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Field theory expansion
Although we could find a manifestly crossing symmetric and local
representation for open string amplitude yet having infinite terms
in the series is antithetical to QFT expansion.
However, for a range of kinematic variables, say |s;| < R, if the
infinite series representation is truncated retaining finite number of
terms, N ~ R, then the truncated series yields good approximation
to the actual representation.
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Absolute value of truncated amplitude with s, = —0.2 M7 (s1, sp) with N = 20 plotted against X for s; = 7.5,
for different values of N plotted as function of s; + 0.1/. s = —2.2.

Truncated amplitude depends on field redefinition ambiguity. But
plateau indicates that 0y Mt =~ 0. This demonstrates approximate
QFT representation.
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Local 2-channel symmetric dispersion relation

To obtain the series representation we have used crossing
symmetric dispersion relation.

We keep s3 fixed. In terms s; and s, the dispersion relation is

M(Slasz):M(0,0)+1/ dUA(sl)<a ao )[ s, = }

T o "og—a)|lo—s o—%

A is the s;-channel discontinuity.

Define: x = s; + s and y = s15,. This implies a = y/x.

The above dispersion relation, when expanded in a, contains
negative powers of x and hence have non local terms. Spurious
singularities cancel after adding all the terms.

e Local dispersion relation for M (s1, s):

M(O,O)+1/{da{ 1 —1}A(51)<a,5152>—dg./4(51)(0,0)}
T/, o

g — 51 g — S o o

This representation has larger domain of convergence.
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Bootstrap

We assume poles of the amplitude are at positive integer values.
Residues at any channel can be expanded in terms of Gegenbauer
polynomials in the other channel,

A (51, 55) ——ﬂz Z cg”)g§ =’) <1+2';2>(5(51—n).
n=1 (=0

fespectrum

(n)

Unitarity implies ¢,/ > 0. Spectrum is given as an input.
Massless pole, which corresponds to n = 0, is kept unfixed.

A is substituted in the two-channel symmetric dispersion
relation. Motivated by the parametric representation of open string
amplitude, we implicitly assume there exists a shift symmetry and
introduce a free parameter to obtain a generic representation of
amplitudes.
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A general representation of amplitudes:

D-3
M(s1,%) = Massless pole + Wpo (M) + Z cé"){ n i nglg ) (1 - 2,7)\)

nt
SRR IE
1+ —
+51—n+52—n+)\+n]gé {jLnf}}

Here £ = %ﬁfﬂ) — A. For example, if M = (

+ So— 1)
then Wy (N\) = —)\—H and c( ) =1 In general Woo (A) can be
determined by fixing Wilson coefﬁuents.

s1—1

It can be verified that the one-parameter family of representations
holds for amplitudes
1. which have any number of only scalar exchanges,

2. if exchanges of spinning states are allowed then there should
be infinite of higher spin states.

This representation is valid for open string amplitude, Veneziano
amplitude (Euler-Beta function) and its hypergeometric

deformations. cf. Cheung, Remmen, 2302.12263; Harring, Zhiboedov, 2311.13631
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Objective of the bootstrap method is to solve for {cé")} subjected
to set of constraints %M (s1,5) =0.

For numerical analysis we truncate the series to a chosen value of
Niax- We also specify the massless pole term ~ ﬁ

Open string amplitude satisfies a constraint

o0 1 i %
WOO:*ZZ;CAE )gtg )(1)
n=1 ¢

We use this as an input. This constraint follows from demanding
that [*° %"A(sl) (0,0) is bounded. By implementing this condition
we obtain a class of S-matrix which admits single-channel
expansion in the forward limit.
Numerical analysis includes following steps:

e Maximize Wyo with respect to cé").
e Specify few Wilson coefficients. Here we fix Wig and Woy;.

e Impose ;—;M (s1,52) = 0 for higher values of k.
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“Is duality an approximation or principle?”

s2=-0.1 s;=-11

4743
4131
3519
2907
2295

1683
1071
0459

 Open superstring % Duali

= Theory with only a massless

Numerics have been performed truncating the sum to Ny, = 30.
Contour plot denotes average deviation of the dual resonance model from
the actual amplitude.

To satisfy dual resonance exactly we require for A = 0

. m) 1:(57) 4 2, 1 (%) 2 _
;ZZ:CZ g 1)+ ( ntagn)o “xen) 70
Is string theory the only example?
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Summary
e We used an apparently ad hoc principle of maximizing Wy in
the bootstrap analysis. However, it is actually to minimization of
linear entropy, defined by £ [Q] =1 —tra [p3]. Here pag is the
density matrix which is constructed from the state
1) = >, Qaplp1,a)a @ |p2, byg. If |Q2) is a product state, then
difference in linear entropy between initial and final states in a
scattering is proportional to S-matrix in the forward limit,

AE [med} = 4N|m/\/l3g (p1,p2 = p1,p2)-

We have used crossing symmetric dispersion relation to find a
parametric representation of amplitudes which has several
important features:

e It provides a field theoretic description of string amplitudes.
e |t provides a suitable framework for bootstrap analysis.

e It leads to non-trivial series representations of 7 and ((k).
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CSDR Set up

Dispersion relation is used to obtain any amplitude from its
discontinuities. Here we use crossing symmetric dispersion relation
(CSDR) developed by Auberson, Khuri, PRD (1973); Sinha, Zahed,
PRL (2021); Raman, Sinha, JHEP (2022); Song, PRL (2023).

Mandelstam variables are shifted (s + ¢t + v = )

H H
sS1=5S—= So=t—= S3=u——.
1 3, 2 37 3 3
Here s3 is held fixed so that we can ignore u-channel cut.

s1 and sp are mapped to the complex plane:

4aze'™k
Sk =5 k=1,2, a = constant.
(Z+ elwk)

This satisfies (s1 (z) — a) (52 (z) — a) = a°. On this hyper-surface
amplitude is analytic except at the physical cuts.

__ _S1%2
It follows that a = .



Parametrization

Singularities in s; are mapped to arcs on unit circle in
plane

_ (s1 —2a) + 2iy/a(s1 — a)

S1

, a<s <

This implies z = e’® with
— cac—1 (s1—2a e
¢ = cos (1?) -

At z — €™k, s is fixed and s; — 0.

Fall-off condition:

./f\/lv(z,a):(’)<1,>, z— ek s

(z— el7rk)2

the complex

Q.

* s;-poles
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M (z, a) has the following properties:
o M(z,a) = M*(1/z*,a) Real analyticity

e M (z,a) is function of z? Crossing symmetry

Evaluate the following integral

1 dzl 2?2-1~
oni | 2 —z 22 M(z,a).

Discontinuity of the amplitude across unit disc is

A(z,a) = lim Ql {/{/lv (14 e)e® a) — M((1—e) e"‘b,a)} )

e—0 21

In the complex plane dispersion relation is

ml— 22

—~ — 1 z2 dz 72 -1 ~
M (z,a) = M(0,a) + / — ———A(Z,a
(2:2) (0.2) Disc |2/|=1 7 7% - 22 ( )



Review of LCSDR:
The goal is to remove negative powers of x from CSDR.

e Perform Taylor series expansion of A4 around a = 0.

2
. — 5 S2 oy _ H _
o Kernel: H= - 4 2 = x0Ty 1. Since y = ax,
o0 nyk—n__k
o 1 y'x" "o

2 _ = k+1
o X0 +Yy o (02 + y)

e Spurious singularities come from k < n. We remove those
terms.

gy
o2+4y”

e ain the argument of A is replaced by
a

e With the above substitution A (a, :%) becomes A (a, %)

This procedure is equivalent to imposing null constraints. This
implies M (x,y) = >_, .50 WpgxPy9.



