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Motivation

Systematic setup for non-equilibrium QFT [Kamenev]

I Illuminates fundamental symmetry principles

I Action principle for hydrodynamics on SK closed time path contour
[Crossley,Glorioso,Liu; Haehl,Loganayagam,Rangamani]

Understand gravitational dual

I Explicit computations in strongly coupled models

I Complex saddles in quantum gravity/holography [Witten]

https://www.cambridge.org/core/books/field-theory-of-nonequilibrium-systems/CEA995D5C5C7E043E9BAAE6DCA282354
https://arxiv.org/abs/1511.03646
https://arxiv.org/abs/1803.11155
https://arxiv.org/abs/2111.06514


Motivation: Schwinger-Keldysh QFT

I Time evolution of density matrices [Liu,Glorioso]

ρ(t) = U(t)ρ0U
†(t)

=⇒ Complex time contours

In - in

β

σ

Thermal

I General n-point PO correlators from

eWC [s] =

∫
Dφe i

∫
C L[s] '

∫
Dφ1Dφ2e

iSEFT [φ1,s1,φ2,s2] ≡ eW [s1,s2]

=⇒ Direct access to GR,A,S , . . .

I Various initial states/correlators: Vacuum-vacuum, in-in, thermal,...

https://arxiv.org/abs/1805.09331


Motivation: Schwinger-Keldysh QFT

Features of SK path integrals:

I Doubling of the fields ⇒ physical φr = 1
2

(φ1 + φ2), stochastic φa = φ1 − φ2

I φ1, φ2 are coupled

I SEFT complex ⇔ dissipation

I Unitarity constraints

For thermal states, periodicity in imaginary time ⇒ KMS condition

W [s1(t), s2(t)] = W [Θs1(t − iθ),Θs2(t + i(β − θ))]

I Schwinger-Keldysh path integrals from holography?



Glorioso-Crossley-Liu (GCL) prescription



GCL prescription

I Schwarzschild-AdSd+1

ds2 = −r2f (r)dv2 + 2drdv + r2dΣ2 , f (r) = 1−
rdh
rd

GCL prescription for SK contour: [Glorioso,Crossley,Liu]

I Complexify radial coordinate r and analytically continue around the horizon

rh

∞2
<(ζ) = 0

<(ζ) = 1
∞1

I Mock tortoise coordinate with branch cut at rh

dζ

dr
=

2

iβ r2f (r)

https://arxiv.org/abs/1812.08785


GCL prescription

For a probe scalar:

I General solution on GCL contour [Jana,Loganayagam,Rangamani; Chakrabarty et al.]

Φ(ζ, ω) = cR(ω)GR(ζ, ω) + cA(ω)GA(ζ, ω)e−βωζ

with boundary sources
Φ|ζ=0,1 = s2,1(ω)

I Find

Φ(ζ, ω) = −sF GR(ζ, ω) + sP GA(ζ, ω)eβω(1−ζ)

where

sF = − [(1 + n)s1 − n s2]

sP = −n (s1 − s2) , n =
(
eβω − 1

)−1

I Obtain generating functional by putting bulk action on-shell

https://arxiv.org/abs/2004.02888
https://arxiv.org/abs/1906.07762


Skenderis - van Rees (SvR) prescription



SvR prescription

(i) “Fill in” QFT contour with complexified/mixed-signature bulk [Skenderis,van Rees]

I Real time segments ⇐⇒ Lorentzian pieces

I Imaginary time segments ⇐⇒ Euclidean pieces

E EL L

ELE

(ii) Impose matching conditions at corners

I Continuity of fields and conjugate momenta

https://arxiv.org/abs/0812.2909


SvR construction

I For thermal state patch together [de Boer,Heller,Pinzani-Fokeeva]

t2 t1

T

T

L1

L2

σ

β-σ

ds2
L = −f (r)dt2 + f −1(r)dr2 + r2dΣ2 , ds2

E = ds2
L(t → −iτ)

I Bulk geometry:

https://arxiv.org/abs/1812.06093


SvR construction

General form of probe scalar

φm =

∫
dω

2π
e−iωt

(
cRmGR(ω, r) + cAmG

A(ω, r)
)

m = 1, σ, 2, β

Matching conditions

φ1(t = T ) = φσ(t = T )

φσ(t = T − iσ) = φ2(t = T − iσ)

φ2(t = −iσ) = φβ(t = −iσ)

φβ(t = −iβ) = φ1(t = 0)

Sources on Lorentzian boundaries

cRm(ω) + cAm(ω) = sm(ω) m = 1, 2

cRm(ω) + cAm(ω) = 0 m = σ, β



SvR construction

Matching at t = T for s1 ∼ δ(ts):∫
dω

2π
e−iωT

[
cR1 GR +

(
e iωts − cR1

)
GA
]

=

∫
dω

2π
e−iωT cRσ

(
GR − GA

)

Closing the contour integral in the LHP, inhomogeneous term drops out ⇒

cR1 = cRσ

I Similarly,

cR1 = cRσ = cR2

cA2 = cAβ = eβωcA1



SvR construction

Full solution

φ1 = −sF GR + sP GA

φ2 = e−σω
[
−sF GR + sP GAeβω

]
φσ = −sF

[
GR − GA

]
φβ = −eβωsP

[
GR − GA

]

I For σ = 0 reproduces GCL on Lorentzian sheets

I For s1 = s2 recover ingoing boundary conditions at horizon [Skenderis,van Rees; van

Rees] proposed in [Son,Starinets; Herzog,Son]

I For σ 6= 0 get Son-Teaney analytic continuation proposal [Son,Teaney]

Interpretation: Structure of 2-pt correlators is fixed by thermal/KMS conditions, but

I In SvR, QFT contour is periodic by construction

I In GCL, KMS is implemented by a bulk condition!

https://arxiv.org/abs/0812.2909
https://arxiv.org/abs/0902.4010
https://arxiv.org/abs/0902.4010
https://arxiv.org/hep-th/0205051
https://arxiv.org/abs/hep-th/0212072
https://arxiv.org/abs/0901.2338


Outlook: Beyond global equilibrium



Outlook: Beyond global equilibrium

GCL is a bulk condition - extend to any dynamical horizon! [Glorioso,Crossley,Liu]

ds2 = −f (r , x)dv2 + 2drdv + λij (r , x)dx idx j

But different notions of horizons,...

Does GCL define:

I “Local equilibrium” holographic state?

I “Local dynamical KMS’’ with β → β(x)?

I “Quantum hydrodynamic” EFTs w/ β∂ ∼ 1? [Blake,Lee,Liu]

https://arxiv.org/abs/1812.08785
https://arxiv.org/abs/1801.00010


Outlook: Beyond global equilibrium

In-in SvR is well defined at boundary - excited states by euclidean evolution
[Christodoulou,Skenderis; Pantelidou,Withers]

E L L                 E

I How are they related to the GCL states?

Further applications:

I Bulk gauge field and metric perturbations

I Analytic results in AdS2/Fluid gravity

https://arxiv.org/abs/1602.02039
https://arxiv.org/abs/2309.05734


Thank You!


