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Background - Exotic Spheres

® They were discovered/invented by Milnor as total spaces of
S3-bundles over 5%
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® They were discovered/invented by Milnor as total spaces of
S3-bundles over 5%

® They are homeomorphic, but not diffeomorphic to the
ordinary 7—sphere.
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Background - Exotic Spheres

® They were discovered/invented by Milnor as total spaces of
S3-bundles over 5%

® They are homeomorphic, but not diffeomorphic to the
ordinary 7—sphere.

® They were the first examples of exotic manifolds.
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Background - lllustration

DIFFERENTIABLE

SET TOPOLOGY STRUCTURE GEOMETRY

YOU ARE HERE
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Motivation - Exotic Spheres

® Milnor’s exotic spheres are compact seven-dimensional
manifolds with a unique spin structure .
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Motivation - Exotic Spheres

® Milnor’s exotic spheres are compact seven-dimensional
manifolds with a unique spin structure .

= suitable for M-theory compactifications.
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Motivation - Exotic Spheres

® Milnor’s exotic spheres are compact seven-dimensional
manifolds with a unique spin structure .

= suitable for M-theory compactifications.

® They have been shown to support numerous families of
Einstein metrics (non-constructive!).
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Motivation - Exotic Spheres

® Milnor’s exotic spheres are compact seven-dimensional
manifolds with a unique spin structure .

= suitable for M-theory compactifications.

® They have been shown to support numerous families of
Einstein metrics (non-constructive!).

= even more suitable for M-theory compactifications.
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The Construction - Introduction

Exotic spheres are not

® (Coset spaces.
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The Construction - Introduction

Exotic spheres are not
® (Coset spaces.
® Naturally embedded in R8.

Tancredi Schettini Gherardini Queen Mary University of London

Exotic Spheres and Kaluza-Klein Formalism



The Construction
[e] lele}

The Construction - Introduction

Exotic spheres are not
® (Coset spaces.
® Naturally embedded in R8.

® Principal bundles.
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The Construction - Introduction

Exotic spheres are not
o (Coset spaces.
® Naturally embedded in R8.

® Principal bundles.

However, they can be described as non-principal S bundles over
5S4, which is Milnor's original construction. [1]

[1] J. Milnor, On manifolds homeomorphic to the 7-sphere, Ann. Math.
64 (1956) 399.
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The Construction - The Details

® The base space is S*, with the usual stereographic projection
atlas, given by the coordinates
Uy : Uy = (S*— North Pole) — R* ~ H (quaternions)
and similarly for the south pole.
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The Construction - The Details

® The base space is S*, with the usual stereographic projection
atlas, given by the coordinates
Uy : Uy = (S*— North Pole) — R* ~ H (quaternions)
and similarly for the south pole.

® The fibre is F = S3 ~ H* (quaternions with unit norm).
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The Construction - The Details

® The base space is S*, with the usual stereographic projection
atlas, given by the coordinates
Uy : Uy = (S*— North Pole) — R* ~ H (quaternions)
and similarly for the south pole.

® The fibre is F = S3 ~ H* (quaternions with unit norm).

® The transition function, in coordinates, is:

hol
H3z, yeH)—~ (H> 1, ffm—yfﬂeH*).
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The Construction - The Details

® The base space is S*, with the usual stereographic projection
atlas, given by the coordinates
Uy : Uy = (S*— North Pole) — R* ~ H (quaternions)
and similarly for the south pole.

® The fibre is F = S3 ~ H* (quaternions with unit norm).
® The transition function, in coordinates, is:
H H*) s (H3 1, &) g
(H>z, ye )= H> 3, g € HY).

® — structure group is G = SO(4).
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The Construction - The Details

® The base space is S*, with the usual stereographic projection
atlas, given by the coordinates
Uy : Uy = (S*— North Pole) — R* ~ H (quaternions)
and similarly for the south pole.

The fibre is F = $3 ~ H* (quaternions with unit norm).

The transition function, in coordinates, is:
1 (2My2h)
H>z, yeH*)— H> 3, H,zH—h‘HEH*)'

® — structure group is G = SO(4).

Hence, we have that F' = G/H, for H = SO(3),
since S% = SO(4)/SO(3).
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The Construction - Classification

® Milnor was able to prove that if h+ [ = 1, then the total space
of the bundle is homeomorphic to the topological 7-sphere.
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The Construction - Classification

® Milnor was able to prove that if h+ [ = 1, then the total space
of the bundle is homeomorphic to the topological 7-sphere.

® He also showed that if (h — [)? # 1(mod7), then the total
space cannot be diffeomorphic to the standard 7-sphere.

Queen Mary University of London
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The Construction - Classification

® Milnor was able to prove that if h+ [ = 1, then the total space
of the bundle is homeomorphic to the topological 7-sphere.

® He also showed that if (h — [)? # 1(mod7), then the total
space cannot be diffeomorphic to the standard 7-sphere.

® The simplest example of a pair (h, ) which defines an exotic
sphere is (2,—1), i.e. the Gromoll-Meyer sphere.
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Kaluza-Klein - Abelian Case

K-K Ansatz and Bundle Interpretation

g dztda” + ¢*( A, dat + da®)? = gy oM dz™
~—~ ~—~ ~~

Base metric Connection Total space metric
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Kaluza-Klein - Abelian Case

K-K Ansatz and Bundle Interpretation

G dtdz” 4+ ¢* (A, di" + do®)? = gay da™M da
— — <~

Base metric Connection Total space metric

The (Riemannian) Kaluza-Klein metric on the total space obtained
this way is well-defined, and it makes the horizontal and vertical
subspaces orthogonal to each other.
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Kaluza-Klein - Principal Bundle Ansatz

Ingredients

® Base = M; metric on the base = g, (z).
® Fibre = F' = G; metric on the fibre = h;(y) - it is written in
non-coordinate basis: h(y) = h(e;, €;).

® Structure Group = (; connection on the bundle =
Az(x) “ e Lie(G) x QY(U,)”
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Kaluza-Klein - Principal Bundle Ansatz

Ingredients

® Base = M; metric on the base = g, (z).

® Fibre = F' = G; metric on the fibre = h;(y) - it is written in
non-coordinate basis: h;(y) = h(e;, €;).

® Structure Group = (; connection on the bundle =
Al (z) “ € Lie(G) x Q'(Ua)”

v

Kaluza-Klein metric on the total space [2]

_{( 9uw(@) + hy(y) Al (@) Al (z) AL (2)hs(y)
o = * () AL (@) ) )

[2] Y.M. Cho, Higher-dimensional unifcations of gravitation and gauge
theories, J. Math. Phys. 16 (1975) 2029.
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Kaluza-Klein - Principal Bundle Ansatz

Ingredients
® Base = M; metric on the base = g, (z). = %
® Fibre = F' = G; metric on the fibre = h;;(y) - it is written in
non-coordinate basis: h;(y) = h(e;, €). = 0y

® Structure Group = (; connection on the bundle =
Al(z) * € Lie(G) x Q(Ua)” = (k) 20500

4

Kaluza-Klein metric on the total space [2]

- 9#1/( )+hzj( )AZ( )Agl(l‘) Al (QJ)h%J(Z/) _ Q7
JMN = ( b () AL (2) e ) - Tround

[2] Y.M. Cho, Higher-dimensional unifcations of gravitation and gauge
theories, J. Math. Phys. 16 (1975) 2029.
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Kaluza-Klein - Associated Bundle Ansaz

Ingredients

® Base = M; metric on the base = g,,,(z).

® Fibre = F' = G//H; metric on the fibre = hapg(y).

® Structure Group = G; connection on the principal bundle =
Az(x) “ e Lie(G) x QY(U,)".

® K;*(y), which intertwines fibre and gauge field (it is related
to the vector fields that generate the action of G on G/H).
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Kaluza-Klein - Associated Bundle Ansaz

Ingredients
® Base = M; metric on the base = g,,(z).
® Fibre = F' = G//H; metric on the fibre = hapg(y).
® Structure Group = (; connection on the principal bundle =
Al (z) “ € Lie(G) x Q'(Ua)".
® K;*(y), which intertwines fibre and gauge field (it is related
to the vector fields that generate the action of G on G/H).

Kaluza-Klein metric on the total space [3]
. Guv + hap KO KPAL AL ALK ®hap
gMN = )

hag AL K" hag

| .

V

[3] R. Percacci and S. Randjbar-Daemi, Kaluza-Klein theories on bundles
with homogeneous fibers. 1, J. Math. Phys. 24 (1983) 807.
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Kaluza-Klein - The Exotic Sphere

Ingredients

ol _ Adatdz®
® Base = 5%; gu,,(x) = (+zFah)? -

® Fibre = SO(4)/50(3) = $% = SU(2); hap(y) = dup.
® Structure Group = SO(4); we use so(4) ~ su(2) @ su(2) :
] AL =~ 2T
Ay, — i (z—a)?(z—b)? WEW p*(z—a), 2(z—b),
g A = T A e | et T e
® K,* =143 using $*={(X,Y,Z,W) st X>+Y>+2°+ W? =1}

1-2(W2+ X% —2(WzZ+XY) 2WY-2XZ
K* = 2AWZ - XY) 1-2(W?*+Y?) -2(WX+ YZ)
—2AWY +XZ) 2WX-2YZ 2(X’+Y?)-1

A
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Properties - Dynamics

® By construction, the ansatz solves the four-dimensional
Kaluza-Klein reduction of the action.
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Properties - Dynamics

® By construction, the ansatz solves the four-dimensional
Kaluza-Klein reduction of the action.

® This consists of plugging the ansatz into the Einstein-Hilbert
action and integrating over the fibre.
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Properties - Dynamics

® By construction, the ansatz solves the four-dimensional
Kaluza-Klein reduction of the action.

® This consists of plugging the ansatz into the Einstein-Hilbert
action and integrating over the fibre.

® Finding an explicit solution to the 7-dimensional Einstein
equations with the ansatz just presented is an open problem.
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Properties - Open Questions

® Can the k = 2 instanton be brought into a “nicer" form?
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Properties - Open Questions

® Can the k = 2 instanton be brought into a “nicer" form?

® What are the properties of the metric and its curvature, i.e.
isometry and positivity, compared to the standard round
metric on S77?
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Properties - Open Questions

® Can the k = 2 instanton be brought into a “nicer" form?

® What are the properties of the metric and its curvature, i.e.
isometry and positivity, compared to the standard round
metric on S7?

® Can the solution above be uplifted to a solution of
supergravity with appropriate fluxes?
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Are exotic spheres allowed by GR?
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Are exotic spheres allowed by GR?
Assume a static spacetime manifold of the type
7 x R. Does it obey the strong energy condition?
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Are exotic spheres allowed by GR?

Assume a static spacetime manifold of the type

7 x R. Does it obey the strong energy condition?
In other words, is the Ricci curvature of X7
non-negative?
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® Quaternions

Tancredi Schettini Gherardini iversity of London

Exotic Spheres and Kaluza-Klein Formalism 22 /33



Quaternions
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Quaternions - Metric

Metric with Tensor Components
G + hasKPKPAL AL ALK hog
has AL K" Pag

JMN =
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Quaternions - Metric

How Ugly K was

1-2(W?+X?) -—2(WzZ+XY) 2WY-2XZ
K*=| 2(WzZ-XY) 1-2(W?+Y?) -2(WX+YZ)
—2(WY +XZ) 2WX-2YZ 2(X’+Y?%-1
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Quaternions - Metric

How Ugly K was

1-2(W?+X?) -—2(WzZ+XY) 2WY-2XZ
e T 2AzWZ - XY) 1-2(W?+7Y?) -2(WX+ YZ)
—2(WY +XZ) 2WX-2YZ 2(X*+7Y?-1

Vielbein with Quaternions
Let ds’? = E°® E* + &' @ ¢'. Treat S as a quaternion y with
|y| = 1, and denote the two su(2) gauge fields as A, B, then:
E*=ds™E,*, e=dyy+A— yBy

m vy yby

|

S4 S3 “K%aA:IL:L77
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Quaternions - Metric

How Ugly K was

1-2(W2+ X% —2(WZ+XY) 2WY-2XZ
GG =0, 1R = 2AzWZ - XY) 1-2(W?+7Y?) -2(WX+ YZ)
—2(WY +XZ) 2WX-2YZ 2(X*+7Y?)-1

Vielbein with Quaternions

Let ds? = E°® E® + ' @ ¢'. Treat S2 as a quaternion y with
|y| = 1, and denote the two su(2) gauge fields as A, B, then:

E*=da™E,%, e=dyy+A— yBy
z™ Ep, Yy yBy

|

4 3 ¢ i
g 5 K> A,

Questions: what is the Ricci and what are its properties?
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Quaternions - Metric

How Ugly K was

1-2(W24+X%) —2(WzZ+XY) 2WY-2XZ
K =69, K= 2AzWZ - XY) 1-2(W?*+7Y?) —2(WX+ YZ)
—2(WY +XZ) 2WX-2YZ 2(X*+7Y?-1

Vielbein with Quaternions
Let ds’? = E°® E* + ' @ ¢'. Treat S as a quaternion y with
|y| = 1, and denote the two su(2) gauge fields as A, B, then:
E*=dz™FE,*, e=dyy+A— yBy

m vy yby

4 3 1% i»
S g KAl

A

Questions: what is the Ricci and what are its properties?
What is the isometry of the Kaluza-Klein metric?
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Quaternions - Instantons

k=1 (regular)

_ In((@—€)dz)
B=termem

G — MdzAdz
— (AP+[z—¢%)? -
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Quaternions - Instantons

k=1 (regular)
_ Im((z—§)d=)
B = tarmam -

G — MdzAdz
— (AP+[z—¢%)? -

Quaternions
ooe

A

k =2 (singular)

let x,=x—aand ;= —b.

_ 1 (A§ Im(Z,da) n A2 Im(z,dz)
+—A¢%7+ﬁ2; |zal* |2 |*
|2al? " |ap|2

)

A
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Quaternions
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Quaternions - Instantons

k=1 (regular)
B— Im((z—&)dx)

(W H[z—¢[?)

G = A2dzAdz
(A2 +[z—¢€[?)?

A

k =2 (singular)

letxy,=xc—aand zy, = — b.

A= 1 (Ag Im(Z,dx) n A2 Im(i:bdar:))

IS |a | ENR

A
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Quaternions - Instantons

k=1 (regular)

| (E=8)dx)
B =

_ A2dzAdz
G = iaepy

k = 2 (singular)

let x,=x—aand ;= —b.

A— 1 (Ag Im(z,dx) X A2 Im(:l'bdm)) .

|a|* | |*

2
byt "

Question: What is the field strength and how can it be regularised?
Is there some symmetry enhancement for some choices of moduli?
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Metric - Curvature

Ricci Tensor

1 . ) 1 . .
Rap = (RS4)ab - 5%@&?[)62 s Rz] = 251] + Z‘gzabzgab] ,

where

F =F—yGyand F=dA+ANA, G=dB+ BAB.
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Metric
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Metric - Curvature

Ricci Tensor

1 . ) 1 . .
Rap = (RS4)ab - 5%@&?[)62 s Rz] = 251] + Z‘gzabzgab] ,

where

F =F—yGyand F=dA+ANA, G=dB+ BAB.

Ricci Scalar
R =Rgs+ Rgs — Z_llyabig-abi .

\.
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Metric - Isometries

Isometries of the Full Metric

Mathematicians say that the maximum isometry of an exotic
sphere is SO(3) x O(2). Hence, the aim is finding it.
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Metric - Isometries

Isometries of the Full Metric
Mathematicians say that the maximum isometry of an exotic
sphere is SO(3) x O(2). Hence, the aim is finding it.

.

Isometries of the Fibre
z-dependent isometries of the fibre, in metrics of the Kaluza-Klein
type, coincide with gauge transformations.

.

Tancredi Schettini Gherardini Queen Mary University of London

Exotic Spheres and Kaluza-Klein Formalism



Metric
[e]e] ]

Metric - Isometries

Isometries of the Full Metric

Mathematicians say that the maximum isometry of an exotic
sphere is SO(3) x O(2). Hence, the aim is finding it.

.

Isometries of the Fibre
z-dependent isometries of the fibre, in metrics of the Kaluza-Klein
type, coincide with gauge transformations.

A

Isometries of the Base

The SO(5) isometries of the base act non-trivially on the gauge
field and field strength.
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@ Instantons
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Instantons
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Field Strength - Moduli

Instanton moduli vs Kaluza-Klein Moduli

The instanton moduli are not moduli of the Kaluza-Klein metric.
One should quotient out the isometries of the base.
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Instantons
oeo

Field Strength - Moduli

Instanton moduli vs Kaluza-Klein Moduli

The instanton moduli are not moduli of the Kaluza-Klein metric.
One should quotient out the isometries of the base.

(a—€) = (b—ed)+ 2224

.

_ 2
5 — 5/ — >\2|c\2 |CL fc\ 1
1+
l[a—&c|?
!/ A
AP A= e -

& =0,\=1is a fixed point.

.
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Instantons
oeo

Field Strength - Moduli

Instanton moduli vs Kaluza-Klein Moduli

The instanton moduli are not moduli of the Kaluza-Klein metric.
One should quotient out the isometries of the base.

.

(a—€) = (b—ed)+ 2224

_ 2
§ — fl — )\2‘0‘2 |CL 56\ 1
1+
l[a—&c|?
!/ A
AP A= e -

& =0,\=1is a fixed point.

There is no fixed point. However, there is a natural choice:
Ao =Ap =Aand b= —a, Im(a) = 0.
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Instantons
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Instantons - Regularisation

k = 2 Field Strength (singular)

Llet x+a=2, and x — a=z_. Then:

N z_dz A dZz_
F= 2 )\2 2
(o Pl P+ X P 5 0 P2 <'“' e
z,dz A dz
+ PO + |x,|2)% — X2(z,dz A dFo_ + 7 dz A dm)) .
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Instantons
[e]e] ]

Instantons - Regularisation

k = 2 Field Strength (regular)

4/3
= X dz A dz
((1+\x|2)2+%|1mx|2)2 (Qo T T+
Im z .
d dz —d dz d dz———
+Q1(| 7 2 Adz —dz A x|I |) Q2|I 2 z A I|Imx|>

Where @1, Q2, @3 are functions of |z| and |Imz|.
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Instantons
[e]e] ]

Instantons - Regularisation

k = 2 Field Strength (regular)

4/3
(L + [oP) + A Tmap)? (Q"
+ QT 4y A dE — do A dF ) 4+ QBT g A d7 0O |
1 2 x N\Ndx——
IEE] e Yy IEE|

Where @1, @2, Q3 are functions of |z| and [Imz|.

Symmetry Enhancement!
SO(3) symmetry: rotations in Im(z).
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Instantons
[e]e] ]

Instantons - Regularisation

k = 2 Field Strength (regular)
4/3

(1 + |2]2)2 + 3| Im z[2)? (

I I I '
+Q1(| Y 4z Adz - dzAdzE mx)+Q2 EzdxAdzm>

x| | Im z|
Where @1, Q2, Q3 are functions of |z| and |Imz|.

Symmetry Enhancement!

SO(3) symmetry: rotations in Im(z).

Moreover, there is a SO(2) subgroup of the SO(5) isometries of
the base, whose action is equivalent to a gauge transformation.

Tancredi Schettini Gherardini
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Results - Summary

e What is the Ricci? v~
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Results - Summary

® What is the Ricci? v~
e What is the field strength for k = 27
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Results - Summary

® What is the Ricci? v~
e What is the field strength for k = 27
e Can it be regularised? v~
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Results

What is the Ricci? v
What is the field strength for k = 27 v
Can it be regularised? v

Can we achieve the maximal isometry - SO(3) x O(2) - for
the Kaluza-Klein metric? v
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Results

What is the Ricci? v
What is the field strength for k = 27 v
Can it be regularised? v

Can we achieve the maximal isometry - SO(3) x O(2) - for
the Kaluza-Klein metric? v

Is the Ricci tensor non-negative?
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Results
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Results - Summary

What is the Ricci? v
What is the field strength for k = 27 v
Can it be regularised? v

Can we achieve the maximal isometry - SO(3) x O(2) - for
the Kaluza-Klein metric? v

Is the Ricci tensor non-negative?

Tancredi Schettini Gherardini Queen Mary University of London

Yes! — Satisfies strong energy condition.
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Summary and Outlook

e Kaluza-Klein metrics on exotic spheres have a natural and
elegant description in terms of quaternions.

® We found an easy analytic expression for a metric which has:
no singularities, maximal isometry and positive Ricci tensor.

® This is a key step for the study of these manifolds in

supergravity. All sorts of questions remain open in that
context.

® Some questions on the properties of these metrics are still to
be answered (sectional curvature, bounds on the curvature,
etc.).
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Summary and Outlook

e Kaluza-Klein metrics on exotic spheres have a natural and
elegant description in terms of quaternions.

® We found an easy analytic expression for a metric which has:
no singularities, maximal isometry and positive Ricci tensor.

® This is a key step for the study of these manifolds in
supergravity. All sorts of questions remain open in that
context.

® Some questions on the properties of these metrics are still to
be answered (sectional curvature, bounds on the curvature,

etc.).
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