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Introduction and Motivation

▶ In ’98 the AdS/CFT correspondence was extended to a non-conformal
setting, by studying the correspondence between maximally super-
symmetric Yang-Mills (MSYM) theories in d dimensions on a flat
space and their gravity duals that are realized by the backreaction of
Dp-branes.

Itzhaki, Maldacena, Sonnenschein, Yankielowicz ’98
Boonstra, Skenderis, Townsend ’98
Kanitscheider, Skenderis, Taylor ’08

▶ This idea was extended to the case of a curved space-time, specifically
by placing the MSYM theory on Sd , whose holographic dual is the
backreacted geometry around a stack of spherical Dp-branes in type II
supergravity.

Bobev, Bomans, Gautason ’18



Introduction and Motivation

▶ By placing the theory on a sphere:
→ Introduces an IR cutoff in the non-conformal theory.

→ Supersymmetric localisation can be utilized for the computation of
observables on the field theory side.

▶ The study of non-conformal holography in this curved spacetime was
initiated by matching the 1

2−BPS Wilson loop in the strong coupling
limit with its holographic counterpart.

Bobev, Bomans, Gautason, Minahan, Nedelin ’19

▶ The goal of this work is to match the next-to-leading order contribution
of the Wilson loop vev and so enhance our understanding of non-
conformal holography.



MSYM on Sd - The matrix model
Supersymmetric localization reduces the infinite dimensional integral to an
integral over a finite N × N Hermitian matrix σ

Z =

ˆ
[dσ] exp

(
− 4π

d+1
2 N

λΓ( d−3
2 )

Tr σ2

)
Z1−loopZinstantons,

Minahan, Zabzine ’15
in turn, the partition function can be rewritten in terms of an effective
action Seff as

Z =
1
N!

ˆ
[dσ] e−Seff (σ) .

At large N, this expression is dominated by saddle points of Seff, obeying

8π
d+1
2

λΓ
(

d−3
2

)σ =

 bd

−bd

dσ′ ρd(σ
′)Gd(σ − σ′) ,

where ±bd are the endpoints of the eigenvalue distribution and Gd(σ) is
the Kernel corresponding to a specific dimension d .



The matrix model

At large N, this expression is dominated by saddle points of Seff, obeying

8π
d+1
2

λΓ
(

d−3
2

)σ =

 bd

−bd

dσ′ ρd(σ
′)Gd(σ − σ′) ,

where ±bd are the endpoints of the eigenvalue distribution and the Kernel
is given by
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5 2π coth(πσ)

6 − ϵ −6σ log σ +O
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coth(πσ)

Minahan ’15



Supersymmetric Wilson loops

The vacuum expectation value of a 1
2 -BPS Wilson loop W , wrapping the

equator of the d-sphere, is defined as

⟨W ⟩ = ⟨TrPe i
¸
dxµAµ+i

¸
dsnaϕa

⟩ ,

Maldacena ’98
with nan

a = 1 and na is fixed by the choice of the localizing supercharge.
For n0 = 1 the Wilson loop vev in the large N limit can be evaluated
through supersymmetric localization and reads,

⟨W ⟩ = N

ˆ b

−b

dσρ(σ) e2πσ +O
(
N0
)
.

Pestun ’07



Wilson loops at large N and strong coupling
Bobev, Bomans, Gautason, Minahan, Nedelin ’19

In the large N limit and at leading order in the strong coupling expansion
the WL vev reads

⟨W ⟩LO
d = N

ˆ bd

−bd

dσ ρLO
d (σ) e2πσ = N 0F1

(
4 − d

2
, bd

2π2
)

,

▶ For d = 3 and d = 4 this expression gives the exact answer in the
planar limit! Where the d = 4 case reproduces the known result by

Erickson, Semenoff, Zarembo ’00
▶ In all other dimensions it only provides the leading order result

⟨W ⟩LO
d = e2πbd .

▶ Interestingly the scaling with N and λ, of the next-to-leading order
contribution of the WL vev comes out correctly, i.e.

⟨W ⟩NLO
d ∼ Nb

d−7
2

d e2πbd , where bd ∼ λ
1

6−d .



MSYM in S7

By solving the matrix model for d = 7 at large N through numerical
methods one obtains the following next to leading order correction

⟨W ⟩NLO
d=7 = 12Ne−4π4/λ ,

Furthermore, the free energy F = − logZ is equal with

F

N2 =
16π10

3λ3 +
2π4

λ
+ c ,

at large N and evaluating the free energy numerically indicates that the
integration constant is given by c = 0.14...

▶ Additionally, the free energy is perturbatively exact in the coupling
constant λ.

Astesiano, Bomans, Gautason, Giangreco M. Puletti, AN ’24



Holographic Wilson loops
The string theory dual of the vev of the Wilson loop is given by

⟨W ⟩ = Zstring ≈ e−SclZ1-loop ,

with

logZ1-loop = −SFT − ΓK ,

Drukker, Gross, Tseytlin ’00
and

SFT =
1
4π

ˆ
Φ0R

(2)vol2 +
1
2π

ˆ
∂

Φ0K ds & ΓK =
1
2
log

∏
bosons

detK∏
fermions

detD
,

Fradkin, Tseytlin ’85

where we have the Fradkin-Tseytlin action and the effective action that
depends on the quadratic fermionic and bosonic operators that are acting
on the fluctuations around the classical configuration.



Spherical Dp-branes

Bobev, Bomans, Gautason ’18



Spherical Dp-branes - The classical solution

We can express the induced world-sheet metric in conformal coordinates,
such that

ds2 = e2ρ(σ)
(
dσ2 + dτ2

)
,

where ρ(σ) depends on the classical string solution of each case.

Using the fact that the classical string action is given by

Scl = A+ B , A =
1

2πℓ2s

ˆ
e2ρ dσ ∧ dτ , B =

i

2πℓ2s

ˆ
B2 ,

one can verify that
e−Scl = e2πbd = ⟨W ⟩LO

d ,

and the B-field does not contribute in any case at leading order.

Bobev, Bomans, Gautason, Minahan, Nedelin ’19



Getting the 1-loop correction from the string theory side
Expanding the string action around the classical configuration up to
quadratic order, yields the following quadratic action

SK =
1

4πℓ2s

ˆ
δab

(
ζaK̃a,qζ

b + θ̄aD̃qθ
b
)

dσ dτ ,

where the flat quadratic operators obey

K̃a,q = −D2 + Ea(σ) , D̃q = i /D + a(σ)σ3 + v(σ) ,

with /D = σ1Dσ − σ2Dτ and Di = ∂i − iqAi .

The bosonic operators satisfy:

Ex = ∂2
σρ+ (∂σρ)

2 − 1 , d − 1 times ,

Ey = − ∂2
σρ+ (∂σρ)

2 − 1 , 7 − d times ,

Ez =Ey + ∂2
σ

[
(4 − d)ρ+Φ0

]
, 2 times .

The fermionic operators obey:

a2 − v2 = (∂σρ)
2 − 1 .

Astesiano, Bomans, Gautason, Giangreco M. Puletti, AN ’24



Consequences of having a singular dilaton
The Fradkin-Tseytlin action & the effective action, suffer from divergences
that differ from the general lore of the studied cases with a constant dilaton.

→ Singular dilaton alters the dependence of both terms on the UV and
IR divergences. The second Seeley-deWitt coefficient, which controls the
divergences of the effective action, reads

a2(1|K̃) = lim
σ→∞

∂σ(ρ− Φ0) ,

and the Fradkin-Tseytlin action contributes as

S̃FT = lim
σ→∞

Φ0 .

→ Usual tricks, such as evaluating the ratio of two different WLs with the
same topology, fail to get rid of the divergences in these cases.

→ In order to circumvent these difficulties we introduce a novel regularisa-
tion scheme for extracting the one-loop partition function:

logZ1-loop = −(ΓK)reg + lim
σ→∞

(
ρ− Φ0 − σ∂σ(ρ− Φ0) + log

π

ℓs

)
.

Astesiano, Bomans, Gautason, Giangreco M. Puletti, AN ’24



The one-loop results
In fact, the scaling of the one-loop WL vev from the field theory side exactly
matches the scaling of the string partition function through the previous
equation, i.e.

lim
σ→∞

(
ρ− Φ0 − σ∂σ(ρ− Φ0) + log

π

ℓs

)
∼ log

(
Nb

d−7
2

d

)
.

The only remaining ingredient is the constant prefactor that is given by the
exponential of −(ΓK)reg and can be determined by the phase-shift method.
Then the one-loop partition function is given by

D6: Z1-loop =
N

2π2 , D2: Z1-loop =
3π2N

(6π2λ)2/3
.

However, these results deviate from the field theory predictions

⟨W ⟩d=7
1-loop = 12N , ⟨W ⟩d=3

1-loop =
3N

2(6π2λ)2/3
.

Astesiano, Bomans, Gautason, Giangreco M. Puletti, AN ’24



Summary & Outlook
▶ The 1-loop correction of the vev of the Wilson loop has been verified

numerically from the field theory side up to 10 digits and reads

⟨W ⟩1-loop ≈ 12N .

What about the one-loop WL vev in the cases where d = 2, 6?

▶ We propose a novel universal regularization scheme, needed due to
singular dilaton.

▶ We match the scaling of the one-loop string partition function in all
studied cases, but the phase shift method does not yield the correct
numerical factor in d = 3, 7. How can this be resolved?

▶ We preformed the quantum M2-brane computation for the d = 7 case
and extracted Z1−loop. Without taking special care of the orbifolding
we did not obtain a match with the field theory prediction nor with
the N-scaling. Goal is to further investigate this.

▶ Although Φ0 does not diverge in the IR for d = 2, the Schrödinger
equation in this case shows interesting features and cannot be solved
with the usual phase-shift method.



Thank you!



Back-up



Wilson loops at large N and strong coupling
Bobev, Bomans, Gautason, Minahan, Nedelin ’19

Solving the saddle point equations in each dimension at leading order in
the strong coupling yields

ρLO
d (σ) =

2π
d+1
2

πλΓ(6 − d)Γ( d−1
2 )

(
b2
d − σ2

) 5−d
2

,

which using
´ bd
−bd

ρLO
d (σ) dσ = 1, gives

bd = (4π)
d+1

2(d−6)

(
32λΓ

(8 − d

2

)
Γ
(6 − d

2

)
Γ
(d − 1

2

)) 1
6−d

.

Then the WL vev at leading order is equal to

⟨W ⟩LO
d = N

ˆ bd

−bd

dσ ρLO
d (σ) e2πσ = N 0F1

(
4 − d

2
, bd

2π2
)

,

where 0F1(a, z) is the confluent hypergeometric function and can be ex-
pressed in terms of modified Bessel functions.



Holographic WL results

Summarizing our results for the string partition function in each case leads
to

D6: Zstring = N
2π2 e

4π4
|λ| ,

D5: Zstring ∼ N e 4π3
3λ e4π e−

8π3
3λ ,

D2: Zstring = 3Nπ2

(6π2λ)2/3 e(6π
2λ)1/3

,

D1: Zstring = −i 4
√

5π3N
(8π3λ)5/8 e−(ΓK)reg e2(8π3λ)1/4

.

Astesiano, Bomans, Gautason, Giangreco M. Puletti, AN ’24



Spherical D6 branes

The metric of the 10d background is given by

ds2 =
8π4l2s
|λ|

sinh(2σ)
(

dσ2 + dΩ2
7 +

1
16

sinh2(2σ)dΩ̃
2
dS2

)
.

Bobev, Bomans, Gautason ’18
where dΩ2

7 is the metric of S7 and dΩ̃
2
dS2

is the metric on dS2 with unit
radius.
The following fluxes are turned on

H3 = dB2 =
3iπ4 sinh3(2σ)l3s

|λ|
dσ ∧ vol2

F2 = dC 1 =
Nl2s
2

vol2,

where vol2 is the volume form on dΩ̃
2
dS2

, g is the supergravity gauge
coupling, gs is the string coupling and R is the arbitrary radius of the
7-sphere S7 and σ ∈ [0,∞).



String theory / M-theory dual Bobev, Bomans, Gautason ’18

▶ The spherical D6-brane solution is given by the 10d background

ds2 =
8π4l2s
|λ|

sinh(2σ)
(

dσ2 + dΩ2
7 +

1
16

sinh2(2σ)dΩ̃
2
dS2

)
.

Additionally, the H3 and F2 fluxes are turned on and the dilaton is given by

e2Φ =
2π4

|λ|N2 sinh3(2σ).

▶ 11d background is given by the analytic continuation of AdS4/ZN×S7

to Euclidean, namely

ds2
11 = L2

(
dσ2 +

1
16

sinh2(2σ)
(
dθ2 + sin2 θ dϕ2 + (dω + cos θ dϕ)2

)
+ dΩ2

7

)
,

with L3 =
π4N

4|λ|
l3s , the four-form is given by G4 = 3iL3vol4 and ω ∈

(0, 4π/N).



The classical solution Bobev, Bomans, Gautason, Minahan, Nedelin ’19

▶ String theory
In conformal coordinates, the worldsheet metric reads

ds2 = e2ρ
(
dσ2 + dτ2

)
, with e2ρ =

8π4l2s
|λ|

sinh(2σ)

and indeed yields
⟨W ⟩ ∝ e−4π4/λ

▶ M-theory
The worldvolume metric on the M2-brane reads

ds2
3 = L2

(
4 dσ2 +

1
4
sinh2(2σ) dω2 + 4 dτ2

)
, with L3 =

2π4N

|λ|
l3s .

→ Just metric on AdS2/ZN × S1, which also yields

⟨W ⟩ ∝ e−4π4/λ



Getting the 1-loop correction from M-theory
Astesiano, Bomans, Gautason, Giangreco M. Puletti, AN ’24

Recently, great progress has been made towards quantum M2-brane compu-
tations that exactly match the one-loop correction to the vev of the Wilson
loop in various backgrounds, see e.g. Giombi, Tseytlin ’23, Beccaria, Giombi,
Tseytlin ’23

Uplifting the spherical D6 background to eleven dimensions yields the
following bosonic operators

K̃M2,x = K̃x +
4n2N2

sinh2(2σ)
, K̃M2,± = K̃± +

4n2N2 ± 4nN
sinh2(2σ)

and the fermionic operators

D̃M2,± = D̃± − 2nN
sinh(2σ)

σ3 .

We find that Z1−loop is indeed finite and equal to ZM2 = 1
2π e4π4|λ|, but

does not match the field theory prediction and has the wrong scaling with
N.



The running dilaton

Dimension e2ρ ℓ−2
s

∣∣
IR N eΦ0

∣∣
IR

d = 2
(
8π3λ

)1/4 e−2σ −i
(2πλ3)1/4

51/2

d = 3 (6π2λ)1/3 e−2σ λ5/6

(6π2)1/6
eσ

d = 5 8λ
π

e−2σ
√

λ3

8π5

d = 6 21π e− 8π3
3λ e−2σ 4π

√
5
3 e− 8π3

3λ

d = 7 4π4

λ
e2σ π2

2
√
λ

e3σ

Astesiano, Bomans, Gautason, Giangreco M. Puletti, AN ’24



The Kernel


