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1er plat : higher symmetry in holomorphic twists

10d super-Yang–Mills

𝑆 = ∫
ℝ1,9

tr(𝐹𝐴 ∧ ∗𝐹𝐴 + Ψ/𝐷𝐴Ψ)

enjoys 10d 𝒩 = (1, 0) super-Poincaré

𝔭 =
Lorentz
𝔬(𝑉) ⋊ (𝑉

transl.
⊕
supertr.
Π𝑆)

(𝑉 ≅ ℝ1,9
vector

, 𝑆 ≅ ℝ16
Majorana–Weyl

)
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Twisting

Pick out subsector given by the cohomology of 𝑄 such that 𝑄-closed
observables depend topologically or holomorphically in some
directions and 𝑄-exact observables’ correlators vanish.

Twisting à la [Costello, Li, Williams, Safronov, Elliot, Saberi…] (simplified):

1. Take symmetry, which is Lie superalgebra 𝔭 = 𝔭+ ⊕ 𝔭−.
2. Lift ℤ/2 grading to ℤ so that 𝔭 = ⨁𝑖 𝔭𝑖 with 𝔭+ = ⨁𝑖 𝔭2𝑖 and

𝔭− = ⨁𝑖 𝔭2𝑖+1.
3. Pick 𝑄 ∈ 𝔭1 ⊗ ℂ so that 𝑄2 = 0.
4. Define a differential on 𝔭 ⊗ ℂ by

d𝑥 ≔ [𝑄, 𝑥]

to get a differential graded Lie algebra 𝔭𝑄 ≔ (𝔭 ⊗ ℂ,d).
5. Take its cohomology H(𝔭𝑄). This is a Lie algebra of remaining
nontrivial symmetries (e.g. holomorphic transformations).
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Twisting 10d super-Poincaré

Pick 10d Weyl spinor 𝑄 ∈ 𝑆 ⊗ ℂ such that Γ𝜇𝛼𝛽𝑄
𝛼𝑄𝛽 = 0. It defines a

complex structure on 10d spacetime 𝑉:

𝑉 ⊗ ℂ = 𝐿 ⊕ 𝐿̄
𝐿 = Span{𝑄𝛼Γ𝜇𝛼𝛽} ⊂ 𝑉 ⊗ ℂ

This picks out SL(𝐿) ⊂ O(𝑉). Then

𝔭𝑄 = (𝔰𝔬(𝐿 ⊕ 𝐿̄) 𝑆 ⊗ ℂ 𝐿 ⊕ 𝐿̄)

=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜

⎝

ℂ 𝐿∧5

(𝐿∗)∧2 𝐿∧3

𝐿 𝐿

𝔰𝔩(𝐿) ⋉ 𝐿∧2 𝐿∗

⊕ ⊕

⊕
⊕

⊕

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟

⎠
4



Twisting 10d super-Poincaré

𝔭𝑄 = (𝔰𝔬(𝐿 ⊕ 𝐿̄) 𝑆 ⊗ ℂ 𝐿 ⊕ 𝐿̄)

=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜

⎝

ℂ 𝐿∧5

(𝐿∗)∧2 𝐿∧3

𝐿 𝐿

𝔰𝔩(𝐿) ⋉ 𝐿∧2 𝐿∗

⊕ ⊕

⊕
⊕

⊕

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟

⎠

H(𝔭𝑄) = 𝔰𝔩(𝐿)
𝑧𝑖𝜕/𝜕𝑧𝑗

⋉ (
‽

𝐿∧2 ⊕ 𝐿∗
𝜕/𝜕𝑧𝑖
)

(𝑧1, … , 𝑧5 = holomorphic coordinates on 𝐿)
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𝐿∞-algebras: Linfty is nifty

An 𝐿∞-algebra is a differential graded Lie algebra in which the Jacobi
identity holds up to homotopy.

[[𝑥, 𝑦], 𝑧] + [[𝑦, 𝑧], 𝑥] + [[𝑧, 𝑥], 𝑦] =
d(𝜇3(𝑥, 𝑦, 𝑧)) + 𝜇3(d𝑥, 𝑦, 𝑧) + 𝜇3(𝑥,d𝑦, 𝑧) + 𝜇3(𝑥, 𝑦,d𝑧)

An 𝐿∞-algebra (𝔤, 𝜇1, 𝜇2, … ) comes with totally graded-antisymmetric
brackets:

• 𝜇1( ) = d( )
• 𝜇2( , ) = [ , ]
• 𝜇3( , , ) = Jacobiator (controls failure of Jacobi for [ , ])
• 𝜇4( , , , ) = 2nd-order Jacobiator (controls failure of coherence
relations for 𝜇3)

• …

Theorem: the cohomology of a dg-Lie algebra is an 𝐿∞-algebra.
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Punchline (U.S.) = squash queue (U.K.)

Twisting 10d super-Poincaré yields

̃𝔦𝔰𝔩(𝐿) = H(𝔭𝑄) = 𝔰𝔩(𝐿) ⋉ (𝐿∧2 ⊕ 𝐿∗)

with
𝜇4 ∶ 𝐿∧2

‽
× 𝐿∧2

‽
× 𝐿∧2

‽
× 𝐿
𝜕/𝜕𝑧𝑖

∗ → 𝔰𝔩(𝐿)
𝑧𝑖𝜕𝑧𝑗

Twisted 10d super-Yang–Mills, i.e. 5d holomorphic Chern–Simons
[Baulieu, Elliott–Safronov–Williams]

𝑆 = ∫Ω ∧ tr (𝑐 ∧ 𝜕̄𝐵+ + 𝐴 ∧ 𝜕̄𝐵+ + 𝐵 ∧ 𝜕̄𝐵

+ 𝐴2 ∧ 𝐵+ + 𝐵2 ∧ 𝐴 + 𝑐𝐵 ∧ 𝐵+ + 𝑐𝐴 ∧ 𝐴+ + 𝑐2𝑐+)

𝑐 + 𝐴 + 𝐵 + 𝐵+ + 𝐴+ + 𝑐 ∈ Ω0,•(𝐿; 𝔤)

carries a nontrivial ̃𝔦𝔰𝔩(𝐿) symmetry where the action of 𝐿∧2 is only
visible in a higher sense.
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2ème plat : gauge = gravity

Ye have heard that it hath been said:

• GR𝑑 can be formulated as a Poincaré-valued gauge theory with
constraints

• Gravity on AdS𝑑+1 is holographically dual to gauge theory CFT𝑑
• GR𝑑 amplitudes are double copies of YM𝑑 amplitudes
• Some classical GR𝑑 solutions are obtained by double-copying
some YM𝑑 solutions

Ye have not heard (?):
GR3 with a source is literally YM3 with gauge group SL(2, ℝ)

(perturbatively, classically, etc.)
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The proof was in the pudding (sorry about smudges)

Chern–Simons with gauge group T∗ SL(2, ℝ):

𝑆 = ∫ trT∗ SL(2,ℝ) (𝔸 ∧ d𝔸 +
2
3
𝔸3)

Decompose 𝔰𝔩(2, ℝ) ⋉ 𝔰𝔩(2, ℝ)∗-valued connection 𝔸 = (𝐴𝑎, 𝐴̃𝑎)
(𝑎 ∈ {0, 1, 2})

= ∫ 𝐴̃𝑎 ∧ (d𝐴 + 𝐴2)𝑎

3d gravity (1st-order formulation):

𝑆[
dreibein
𝑒𝑎𝜇, 𝜔𝑎𝑏

𝜇
spin conn.

] = ∫𝜖𝑎𝑏𝑐𝑒𝑎 ∧ (d𝜔𝑏𝑐 + 𝜔𝑏𝑑 ∧ 𝜔𝑑𝑐)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
Riemann tensor as 2-form

𝐴̃𝑎𝜇 ↦ 𝑒𝑎𝜇 𝐴𝑐𝜇 ↦
1
2
𝜖𝑎𝑏𝑐𝜔𝑏𝑐𝜇

[Achúcarro–Townsend, Witten]
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The proof was in the pudding (sorry about smudges)

Chern–Simons with gauge group T∗ SL(2, ℝ) and a masslike term
using background metric 𝑔̂𝜇𝜈:

𝑆 = ∫ trT∗ SL(2,ℝ) (𝔸 ∧ d𝔸 +
2
3
𝔸3) + 𝔸𝑎 ∧ ∗𝔸𝑎

= ∫ 𝐴̃𝑎 ∧ (d𝐴 + 𝐴2)𝑎 +
1
2
d3𝑥√|det 𝑔̂|(𝑔̂−1)𝜇𝜈𝐴̃𝑎𝜇𝐴̃𝑎𝜈

integrate out 𝐴̃
−−−−−−−−−−−−−−−−−−→∫ 1

2
(d𝐴 + 𝐴2) ∧ ∗(d𝐴 + 𝐴2)

3d gravity (1st-order formulation):

𝑆[
dreibein
𝑒𝑎𝜇, 𝜔𝑎𝑏

𝜇
spin conn.

] = ∫𝜖𝑎𝑏𝑐𝑒𝑎 ∧ (d𝜔𝑏𝑐 + 𝜔𝑏𝑑 ∧ 𝜔𝑑𝑐)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
Riemann tensor as 2-form

+
stress–energy density

1
2
𝑇𝜇𝜈𝑒𝑎𝜇𝑒𝑎𝜈

𝐴̃𝑎𝜇 ↦ 𝑒𝑎𝜇 𝐴̃𝑐𝜇 ↦
1
2
𝜖𝑎𝑏𝑐𝑒𝑏𝑐𝜇 √|det 𝑔̂|(𝑔̂−1)𝜇𝜈 ↦ 𝑇𝜇𝜈
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Let’s over-egg the pudding

An AKSZ theory is a topological field theory associated to a
symplectic 𝐿∞-algebroid 𝔤

𝑆AKSZ[𝜙] = ∫𝜙𝑎∧d𝜙𝑎+
1
2
𝜙𝑎∧𝜇1(𝜙)𝑎+

1
3!
𝜙𝑎∧𝜇2(𝜙, 𝜙)𝑎+

1
4!
𝜙𝑎∧𝜇3(𝜙, 𝜙, 𝜙)𝑎+⋯

where 𝜙 are 𝔤-valued 𝑝-forms.

Add masslike terms (subject to some conditions) that depend on a
background metric 𝑔̂:

𝑆Manin[𝜙] = 𝑆AKSZ +∫𝜙𝑎 ∧ ∗𝜙𝑎
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Let’s over-egg the pudding

𝑑 Manin pair gauge gravity

(T∗𝔬(1, 2), 𝔬(1, 2)) YM3 GR3 + 𝑇𝜇𝜈𝑔𝜇𝜈

3 (T∗𝔬(1, 2), 𝔬(1, 2))
(𝔬(1, 2)⊕2, 𝔬(1, 2)diag)

O(1,2) NLΣM3
3rd way (←abjm)

Einst.–Cart.3 + 𝑇𝜇𝜈𝜔𝑎𝑏
𝜇 𝜔𝑎𝑏𝜈

GR3 + (Λ > 0) + 𝑇𝜇𝜈𝑔𝜇𝜈
(𝔬(1, 2; ℂ), 𝔬(1, 2)) imag. 3rd GR3 + (Λ < 0) + 𝑇𝜇𝜈𝑔𝜇𝜈

2 (T[1]∗𝔬(1, 2), 𝔬(1, 2)) AdS2 NLΣM2
YM2

JT + 𝑇𝜇𝜈𝑔𝜇𝜈
torsionful JT + 𝑇Φ2

4 T∗[1](𝔬(4) ⋉ 20[−1]) YM4 + scalars ≈ GR4 + 𝑇𝜇𝜈𝜌𝜎𝑔𝜇𝜈𝑔𝜌𝜎

[Freedman–Townsend] [Αρβανιτάκις–Sevrin–Townsend] [Αρβανιτάκις–Κανακάρις]

[Borsten–Κανακάρις–Kim] [Αρβανιτάκις–Borsten–Κανακάρις–Kim]

9



Fin.
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Diapositives de sauvegarde
(ne regardez pas svp)
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Action of the higher symmetry on SYM

Space of linearised solutions to 5d holomorphic CS is holomorphic
functions on 𝐿 = ℂ5 = Span{𝑧1, … , 𝑧5}. On this, ̃𝔦𝔰𝔩(𝐿) acts as

𝜌(1)(r𝑖𝑗) = 𝑧𝑖
𝜕
𝜕𝑧𝑗

− 1
5
𝛿𝑗𝑖𝑧𝑘

𝜕
𝜕𝑧𝑘

𝜌(1)(e𝑖) = 𝜕
𝜕𝑧𝑖

𝜌(3)(r𝑖𝑗,r𝑘𝑙,r𝑚𝑛) =
1
2
(𝑧[𝑖𝜀𝑗]𝑘𝑙𝑝[𝑚𝑧𝑛] − 𝑧[𝑖𝜀𝑗]𝑚𝑛𝑝[𝑘𝑧𝑙]

+ 𝑧[𝑘𝜀𝑙]𝑚𝑛𝑝[𝑖𝑧𝑗] − 𝑧[𝑘𝜀𝑙]𝑖𝑗𝑝[𝑚𝑧𝑛]

+ 𝑧[𝑚𝜀𝑛]𝑖𝑗𝑝[𝑘𝑧𝑙] − 𝑧[𝑚𝜀𝑛]𝑘𝑙𝑝[𝑖𝑧𝑗])
𝜕
𝜕𝑧𝑝

where r𝑖𝑗 ∈ 𝔰𝔩(𝐿) (holomorphic rotation) and e𝑖 ∈ 𝐿∗ (holomorphic
translation) and r𝑖𝑗 ∈ 𝐿∧2 (‽).

We can also work out its actions on off-shell fields, but this is more
complicated.
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Answered questions & questioned answers

What happened to diffeomorphism symmetry vs YM gauge
symmetry?

YM gauge symmetry = rotation of dreibein indices in GR. The
GR diffeo is broken by presence of a background 𝑇𝜇𝜈.

Is it fine to break diffeomorphism symmetry?
For Maxwell, from 𝑆 = ∫ −14𝐹

2 + 𝐴 ⋅ 𝐽, the EOM implies 𝜕 ⋅ 𝐽 =
0, which then implies that gauge symmetry holds even with
a background source 𝐽. In GR, from 𝑆 = ∫𝑅 + 1

2
𝑇𝜇𝜈𝑔𝜇𝜈, the

EOM implies ∇𝜇𝑇𝜇𝜈 = 0, which doesn’t save diffeo; similar
situation for YM.

What happened to the degree of freedom count?
Lack of GR diffeo changes the degree of freedom count.

For GR, one should ensure that the metric is nondegenerate, and
also sum over topologies/smooth structures, and …

Yes. But that wasn’t a question, was it.
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Answered questions & questioned answers

What happened to spin 1 vs spin 2?
In YM, ‘spin’ refers to that defined by the background metric
𝑔̂𝜇𝜈, perturbing about 𝑔𝜇𝜈 ∼ 0. In GR, ‘spin’ would refer to
perturbations about 𝑔𝜇𝜈 ∼ 𝜂𝜇𝜈 (which is not always a solution
due to the presence of background 𝑇𝜇𝜈).

What if I want unitarity?
Work with 𝔬(3) gauge group (but with backgroundmetric 𝑔̂𝜇𝜈
still Lorentzian). This yields (unitary Lorentzian) YM3 = (Euc-
lidean) GR3 with Lorentzian 𝑇𝜇𝜈.

Is there a holographic boundary theory for YM on AdS?
Dunno, but that’d be wild.

Why are your slides in French?
Tout ce qui est écrit en français est plus profond.

11



3d Manin theory

3d AKSZ is Chern–Simons. Data associated to a Manin pair (𝔡, 𝔤) and
a 𝔤-equivariant map 𝑀∶ 𝔡 → 𝔡 with im𝑀 ⊂ 𝔤 ⊂ ker𝑀.
[Αρβανιτάκις–Κανακάρις]

𝑆 = ∫𝔸 ∧ d𝔸 + 1
3
𝔸3 + 1

2
𝔸 ∧ ∗𝑀𝔸

= ∫𝐴̃𝑎 ∧ d𝐴𝑎 + 𝑓𝑎𝑏𝑐𝐴𝑎 ∧ 𝐴𝑏 ∧ 𝐴̃𝑐 + ̃𝑓𝑎𝑏𝑐𝐴̃𝑎 ∧ 𝐴̃𝑏 ∧ 𝐴𝑐

+ 1
6
ℎ𝑎𝑏𝑐𝐴̃𝑎 ∧ 𝐴̃𝑏 ∧ 𝐴̃𝑐 +

1
2
𝑀𝑎𝑏𝐴̃𝑎 ∧ ∗𝐴̃𝑏
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a 𝔤-equivariant map 𝑀∶ 𝔡 → 𝔡 with im𝑀 ⊂ 𝔤 ⊂ ker𝑀.
[Αρβανιτάκις–Κανακάρις]

𝑆 = ∫𝔸 ∧ d𝔸 + 1
3
𝔸3 + 1

2
𝔸 ∧ ∗𝑀𝔸

= ∫𝐴̃𝑎 ∧ d𝐴𝑎 + 𝑓𝑎𝑏𝑐𝐴𝑎 ∧ 𝐴𝑏 ∧ 𝐴̃𝑐 + ̃𝑓𝑎𝑏𝑐𝐴̃𝑎 ∧ 𝐴̃𝑏 ∧ 𝐴𝑐

+ 1
6
ℎ𝑎𝑏𝑐𝐴̃𝑎 ∧ 𝐴̃𝑏 ∧ 𝐴̃𝑐 +

1
2
𝑀𝑎𝑏𝐴̃𝑎 ∧ ∗𝐴̃𝑏

Manin pair theory

(𝔤 ⋉ 𝔤∗, 𝔤) 3d Yang–Mills
(𝔤 ⋉ 𝔤∗, 𝔤∗) NLΣM [Freedman–Townsend]

(𝔤 ⊕ 𝔤, 𝔤diag) 3rd way (Romans ABJM) [Αρβανιτάκις–Sevrin–Townsend]
(𝔤 ⊗ ℂ, 𝔤) Imaginary 3rd way [Αρβανιτάκις–Κανακάρις]
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3d Manin theory

3d AKSZ is Chern–Simons. Data associated to a Manin pair (𝔡, 𝔤) and
a 𝔤-equivariant map 𝑀∶ 𝔡 → 𝔡 with im𝑀 ⊂ 𝔤 ⊂ ker𝑀.
[Αρβανιτάκις–Κανακάρις]

𝑆 = ∫𝔸 ∧ d𝔸 + 1
3
𝔸3 + 1

2
𝔸 ∧ ∗𝑀𝔸

= ∫𝐴̃𝑎 ∧ d𝐴𝑎 + 𝑓𝑎𝑏𝑐𝐴𝑎 ∧ 𝐴𝑏 ∧ 𝐴̃𝑐 + ̃𝑓𝑎𝑏𝑐𝐴̃𝑎 ∧ 𝐴̃𝑏 ∧ 𝐴𝑐

+ 1
6
ℎ𝑎𝑏𝑐𝐴̃𝑎 ∧ 𝐴̃𝑏 ∧ 𝐴̃𝑐 +

1
2
𝑀𝑎𝑏𝐴̃𝑎 ∧ ∗𝐴̃𝑏

Manin pair gauge gravity

(𝔬(1, 2) ⋉ 𝔬(1, 2)∗, 𝔬(1, 2)) YM3 GR3 + 𝑇𝜇𝜈𝑔𝜇𝜈
(𝔬(1, 2) ⊕ 𝔬(1, 2), 𝔬(1, 2)diag) 3rd way GR3 + (Λ > 0) + 𝑇𝜇𝜈𝑔𝜇𝜈

(𝔬(1, 2; ℂ), 𝔬(1, 2)) imag. 3rd GR3 + (Λ < 0) + 𝑇𝜇𝜈𝑔𝜇𝜈
(𝔬(1, 2) ⋉ 𝔬(1, 2)∗, 𝔬(1, 2)) NLΣM3 Einst.–Cart.3 + 𝑇𝜇𝜈𝜔𝑎𝑏

𝜇 𝜔𝑎𝑏𝜈
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2d Manin: JT = J/ψ

AKSZ with dg-Lie algebra

𝔬(1, 2)
1-form 𝐴𝑖

⋉ 𝔬(1, 2)[1]∗
0-form 𝜙𝑖

(corresponds to linear Poisson manifold 𝔬(1, 2)∗) is
Jackiw–Teitelboim gravity (2d dilaton gravity with linear dilaton
potential)

𝑆 = ∫𝜙𝑖(d𝐴 + 𝐴2)𝑖

= ∫Φ𝑅[𝜔] +
cosmo. const.
Φ𝑒0 ∧ 𝑒1 + 𝜆𝑎(d𝑒𝑎 + 𝜔𝑎

𝑏 ∧ 𝑒𝑏)
constraint for metricity of 𝜔

under the replacement

(𝜙0, 𝜙1) ↦ 𝜆𝑎
Lagr. mult.

𝜙2 ↦ Φ
dilaton

(𝐴0𝜇, 𝐴1𝜇) ↦ 𝑒𝑎
zweibein

𝐴2 ↦ 𝜔01
𝜇

spin conn.

(more general Poisson manifolds ⇒ more general 2d dilaton gravity)
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2d Manin: JT = J/ψ

Add masslike term to Jackiw–Teitelboim gravity using a background
metric 𝑔̂𝜇𝜈:

𝑆 = ∫𝜙𝑖(d𝐴 + 𝐴2)𝑖 + 𝐴𝑎 ∧ ∗𝐴𝑎
𝐴=𝛾−1d𝛾
−−−−−−−−−→∫ tr(𝑃(𝔲(1)⟂)𝛾−1d𝛾)2

= ∫Φ𝑅[𝜔] +
cosmo. const.
Φ𝑒0 ∧ 𝑒1 + 𝜆𝑎(d𝑒𝑎 + 𝜔𝑎

𝑏 ∧ 𝑒𝑏)
constraint for metricity of 𝜔

+ 𝑇𝜇𝜈𝑔𝜇𝜈

under the replacement

(𝜙0, 𝜙1) ↦ 𝜆𝑎
Lagr. mult.

𝜙2 ↦ Φ
dilaton

(𝐴0𝜇, 𝐴1𝜇) ↦ 𝑒𝑎
zweibein

𝐴2 ↦ 𝜔01
𝜇

spin conn.
√|det 𝑔̂|(𝑔̂−1)𝜇𝜈 ↦ 𝑇𝜇𝜈

JT + string-frame stress–energy density = SL(2, ℝ)/U(1) NLΣM2
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2d Manin: JT = J/ψ

Add masslike term to Jackiw–Teitelboim gravity using a background
metric 𝑔̂𝜇𝜈:

𝑆 = ∫𝜙𝑖(d𝐴 + 𝐴2)𝑖 + 𝜙𝑖 ∧ ∗𝜙𝑖

= ∫Φ𝑅[𝜔] + Φ𝑒0 ∧ 𝑒1 + 𝑇Φ2⏟⏟⏟⏟⏟⏟⏟
dilaton potential

+ 𝜆𝑎(d𝑒𝑎 + 𝜔𝑎
𝑏 ∧ 𝑒𝑏) + 𝑇𝜆𝑎𝜆𝑎⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

constraint for near-metricity of 𝜔

under the replacement

(𝜙0, 𝜙1) ↦ 𝜆𝑎
Lagr. mult.

𝜙2 ↦ Φ
dilaton

(𝐴0𝜇, 𝐴1𝜇) ↦ 𝑒𝑎
zweibein

𝐴2 ↦ 𝜔01
𝜇

spin conn.
√|det 𝑔̂| ↦ 𝑇

gravity + quadr.–lin. Φ pot. + relaxed metricity = SL(2, ℝ) YM2
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4d Manin theory: YM for Plebs

AKSZ for graded Lie algebra

3-form 𝜒𝑎𝑏𝑐𝑑
𝑅∗ → 𝔬(1, 3)∗

2-form 𝐵𝑎𝑏
→

1-form 𝐴𝑎𝑏

𝔬(1, 3) → 𝑅
0-form 𝜙𝑎𝑏𝑐𝑑

with appropriate Lie brackets has the action

𝑆 = ∫−1
2
𝐵𝑎𝑏 ∧ (d𝐴 +

1
2
𝐴2)𝑎𝑏 + 1

8
𝜙𝑎𝑏𝑐𝑑(𝐵𝑎𝑏 ∧ 𝐵𝑐𝑑 − d𝜒𝑎𝑏𝑐𝑑) (1)
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4d Manin theory: YM for Plebs

Add Manin-like terms:

𝑆 = ∫−1
2
𝐵𝑎𝑏 ∧ (d𝐴 +

1
2
𝐴2)𝑎𝑏 + 1

8
𝜙𝑎𝑏𝑐𝑑(𝐵𝑎𝑏 ∧ 𝐵𝑐𝑑 − d𝜒𝑎𝑏𝑐𝑑)

− 1
16
𝜒𝑎𝑏𝑐𝑑 ∧ ∗𝜒𝑎𝑏𝑐𝑑 −

1
16
𝑀2𝜙𝑎𝑏𝑐𝑑 ∧ ∗𝜙𝑎𝑏𝑐𝑑 −

1
4
𝐵𝑎𝑏 ∧ ∗𝐵𝑎𝑏

integrate out 𝜒
−−−−−−−−−−−−−−−−−−→∫ 1

2
𝐵𝑎𝑏 ∧ (d𝐴 +

1
2
𝐴2)𝑎𝑏 + 𝜙𝑎𝑏𝑐𝑑𝐵𝑎𝑏 ∧ 𝐵𝑐𝑑

+ d𝜙 ∧ ∗𝜙 + 1
2
𝑀𝜙 ∧ ∗𝜙 + 1

2
𝐵𝑎𝑏 ∧ ∗𝐵𝑎𝑏

When 𝑀 → ∞, then 𝜙 becomes Lagrange multiplier, and

𝐵𝑎𝑏 = 𝑒𝑎 ∧ 𝑒𝑏.

This is Plebański formulation of GR4 with a coupling

𝑇𝜇𝜈𝜌𝜎𝑔𝜇𝜈𝑔𝜌𝜎
where

𝑇𝜇𝜈𝜌𝜎 = √|det 𝑔̂|(𝑔̂−1)𝜇𝜈(𝑔̂−1)𝜌𝜎.
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4d Manin theory: YM for Plebs

Add Manin-like terms:

𝑆 = ∫−1
2
𝐵𝑎𝑏 ∧ (d𝐴 +

1
2
𝐴2)𝑎𝑏 + 1

8
𝜙𝑎𝑏𝑐𝑑(𝐵𝑎𝑏 ∧ 𝐵𝑐𝑑 − d𝜒𝑎𝑏𝑐𝑑)

− 1
16
𝜒𝑎𝑏𝑐𝑑 ∧ ∗𝜒𝑎𝑏𝑐𝑑 −

1
16
𝑀2𝜙𝑎𝑏𝑐𝑑 ∧ ∗𝜙𝑎𝑏𝑐𝑑 −

1
4
𝐵𝑎𝑏 ∧ ∗𝐵𝑎𝑏

integrate out 𝐵, 𝜒
−−−−−−−−−−−−−−−−−−−−→∫−1

4
𝐹𝑎𝑏 ∧ ∗𝐹𝑎𝑏 −

1
4
𝜙𝑎𝑏𝑐𝑑(𝐹𝑎𝑏 ∧ 𝐹𝑐𝑑 +

1
2
∗ 𝐹𝑎𝑏 ∧ ∗𝐹𝑐𝑑)

+ 1
16
𝜙𝑎𝑏𝑐𝑑(d ∗ d − 𝑀2)𝜙𝑎𝑏𝑐𝑑 + ⋯

GR4 + 𝑇𝜇𝜈𝜌𝜎𝑔𝜇𝜈𝑔𝜌𝜎 ≈ YM4 + vigintuplet of scalars
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