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The double copy?

Double copy: gravity =
(

gauge theory
)2

hard easy

Origin in string theory [KLT ’86]

One-loop string double copy recent development

[Tourkine, Vanhove ’16; Tourkine, Vanhove, Ochirov ’17; Hohenegger, Stieberger ’17; Casali,

Mizera, Tourkine ’19; S. Stieberger ’22 + ’23; Bhardwaj, AP, Ren, Rodriguez ’23; Mazloumi,

Stieberger ’24 ]

Field theory double copy: many diff theories and high loops

[reviews 1909.01358, 2203.13013, 2203.13017, 2204.06547, 2210.14241]
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Outline

(1): Review genus-0 double copy from twisted (co)homology

(2): Genus-1 double copy from twisted (co)homology

(3): Outlook and discussion
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Genus-0 double copy from twisted cohomology

∝ ×

Aclosed(s, t) ∝
∫

C
|z|2s|1− z|2t dz∧dz̄

|z|2|1−z|2

Aopen(s, t) ∝
∫ 1
0 dz zs−1(1− z)t−1

(

1
tan(πs)

+ 1
tan(πt)

)

−1

Surprise: squaring integrand carries is “same” as squaring integral
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Anatomy of open string integrals @ genus-0

Aopen
n [ α |β ] =

∫
γn[α]

un ϕopen
n [β] un =

n∏
ij=1,j>i

(zi − zj)
sij

n-pt Koba-Nielsen

m.v. fn. called twist (multiplicative monodromies)

Mandelstams:

sij = α
′
ki · kj

s.v. Parke-Taylor form:

∼
1

(zβ(1) − zβ(2)) · · · (zβ(n) − zβ(1))
dVol

SL(2,C)

Topological cycle: γn[α] = {zα(1) < · · · < zα(n)}
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What is twisted (co)homology?

Aopen
n [α|β] :=

[
γn[α]⊗ un

∣∣∣ ϕopen
n [β]

〉
Twisted cycle = (topo-cycle) ⊗ (eval of twist) ∈ Hn

(
Confn, Ľ(sij) = Cun

)

∂u allows (topo cycle) to have bds at zeros of twist: zij = zi−zj

tw cycles: ∂u-closed and not ∂u-exact

Twisted cocycle = (holo-top-form) ∈ Hn (Confn,∇ = d + d log u∧)

can have poles at zeros of twist: zij = zi − zj

tw cocycles: ∇-closed and not ∇-exact

5



Pairings

Hn(M,∇)

Hn(M, Ľ)

Ȟn

Ȟn

Intersection

[γ ⊗ u|γ̌ ⊗ ǔ] =
∑

int pts z
∗ [γ|γ̌]top (uǔ|z∗)

︸ ︷︷ ︸

∈C∗

〈ϕ̌|ϕ〉 =
∫

M
[ϕ̌]c ∧ ϕ

〈ϕ̌|γ̌ ⊗ u−1] =
∫

γ̌
u−1

ϕ̌

∫

γ
u ϕ = [γ ⊗ u|ϕ〉

Dual spaces: u → ǔ = u
−1

(α′
→ −α

′)

Period

prod s.v.
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Twisted Riemann bilinear relations

For bases of cohomology {|ϕa〉}, {〈ϕ̌a|} and homology {[γa ⊗ ua|},
{|γ̌a ⊗ u−1

a ]}, we have the quadratic identity

C =
(
P̌ ·H−1 · P

)>
Cab = 〈ϕ̌a|ϕb〉 ∼

∫
M

[ϕ̌a]c ∧ ϕb = rational fn. of Mandelstams and α′

P̌ab = 〈ϕ̌a|γ̌b ⊗ u−1
b ] =

∫
γ̌b

u−1
b ϕ̌a = Aopen(−α′sij)

Hab = [γa ⊗ ua|γ̌b ⊗ u−1
b ] ∼ [γa|γ̌b]topuau−1

b = lin. comb. of phases

Pab = [γa ⊗ ua|ϕb〉 =

∫
γa

ua ϕb = Aopen(α′sij)
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Genus-0 double copy from twisted (co)homology

Isomorphism between dual cohomology with ǔ = u−1 and the complex

conjugated cohomology with ū

=⇒ swap •̌ with •̄ =⇒ twisted bilinear relations become double copy

[Mizera ’17]

Aclosed = C =
(
P̄ ·H−1 · P

)>
=
(
Āopen ·H−1 ·Aopen

)>
Cab = 〈ϕ̄a|ϕb〉 ∼

∫
M

ϕ̄a ∧ ϕb = Aclosed

P̄ab = 〈ϕ̄a|γ̄b ⊗ ūb] =

∫
γ̄b

ūb ϕ̄a = Āopen

Hab = [γa ⊗ ua|γ̄b ⊗ ūb] ∼ [γa|γ̄b]topuaūb = lin. comb. of phases

Pab = [γa ⊗ ua|ϕb〉 =

∫
γa

ua ϕb = Aopen
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1-loop string integrals

After chiral splitting [D’Hoker’88]∫
dD`

∫
dτ eπiα

′τ`2
∫

dnz KNτn fstring(`
µ, zj , τ)

KNτn =

(
n∏
i=1

e2πisiAzi

) ∏
1≤j<k≤n

ϑ
sjk
1 (zj − zk)


siA = ` · ki

Quasi-periodic
A-cycle: ϑ1(z+1|τ) = −ϑ1(z|τ),

B-cycle: ϑ1(z+τ |τ) = −e−iπ(τ+2z)ϑ1(z|τ).
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A toy model: Riemann-Witinger

Riemann-Witinger integral [Mano ’08; Mano, Watanabe ’12; Ghazouani, Pirio ’16; Goto

’22; Bhardwaj, AP, Ren, Rodriguez ’23; Mazloumi, Stieberger ’24]∫
γi

u(z1) F (z1 − zj , η|τ) dz1 u(z1) = e2πis1Az1

n∏
i=2

ϑs1i1 (z1 − zi)︸ ︷︷ ︸
z1-part of KNτn

Kronecker-Eisenstein series (generating series for string integrands)

F (z, η|τ) = Rational fn. of ϑ1’s that depend on z and aux param η

F (z, η|τ) ∼ 1

z
for z ∼ 0

Quasi-periodic
A-cycle : F (z+1, η|τ) = F (z|τ)

B-cycle : F (z+τ , η|τ) = F (z, η|τ)e−2πiη
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Multiplicitive mondoromies of full integrand

A-cycle :
u(z1+1) F (z1i+1, η|τ)

u(z1) F (z1i|τ)
= e2πis1A ,

B-cycle :
u(z1+τ) F (z1i+τ , η|τ)

u(z1) F (z1i|τ)
= e2πis1B

s1B = s1Aτ +

n∑
j=2

s1jzj − η = const.

z1 loop around zj :
u(z1)|	1j

u(z1)
= e2πis1j
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Bases

cohomology: ϕa = ϕ̌a = F (z1 − za, η) dz1 for a = 2, · · · , n

homology:

z2

z3

z4

z5

z6

z2+τ

z2+1

γ̌6B

γ̌6A

γ2A

γ
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3-pt example

∫
M

d2z1 e
2πis1A(z1−z̄1)

∣∣∣∣ϑ1(z12|τ)

ϑ1(z13|τ)

∣∣∣∣2s12 F (z1a, η|τ) F (z1b, η|τ)

=
(

[γ2A|ϕb〉 [γ23|ϕb〉
)
·H−1 ·

(
[γ2A|ϕa〉
[γ23|ϕa〉

)

H−1 =
i

2

sinπs12

sinπs1A

(
0 e−iπ(s1A−s12)

−eiπ(s1A−s12) 2i sinπ(s1A − s12)

)

[γ|ϕa〉 =

∫
γ

dz1 e
2πis1Az1

(
ϑ1(z12|τ)

ϑ1(z13|τ)

)s12
F (z1a, η|τ)

−η + s1Aτ − s12z3 = s1B = const
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3-pt example
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3-pt example
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Discussion and outlook

Can we include loop-momentum integration?

Challenging to go beyond integrating one puncture, needs a better

understanding of the local system (how to encode non-commuting

monodromies)

Straightforward generalizations to higher genus

(for analogue of η = 0 limit)
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