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What? Why? How?

• What are frustrated magnets?
• Why are they interesting? What is the controversy / open

question?
• How can the numerical conformal bootstrap resolve the

controversy?
• (What does this teach us about High Energy Physics?)
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Frustrated (or non-collinear) magnets

• These magnets have an obstruction to collinearity.
Example: anti-ferromagnet on triangular lattice:

• Realized in many materials, e.g. CsMnBr3, RbFe(MoO4)2
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Frustrated Magnets: A spin model.

• Spin Model (STA):

H = −J∥
∑
⟨i ,j⟩∥

Si ·Sj−J⊥
∑
⟨i ,j⟩⊥

Si ·Sj

• LGW effective action in terms of
ϕ(x) = e iQx S⃗(x) and
ϕ∗(x) = e−iQx S⃗(x) .

• Order parameter transforms as
bi-fundamental of O(N)× O(2).
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Frustrated Magnets: Field Theory describing critical modes.

• The critical modes are described by

H = ∂µφ · ∂µφ∗ +m2φ ·φ∗ + u(φ ·φ∗)2 + v(φ ·φ)(φ∗ ·φ∗),

(Kawamura,1988)

where ϕ is an N-component complex field.
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Many approaches to critical phenomena

Phase Transitions
and Critical Phenomena

Experiment Renormalization Group

Monte Carlo Conformal Bootstrap

• For e.g. Ising Model all methods agree.
• For frustrated magnets there are disagreements.
• Conformal bootstrap can resolve these disagreements.
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Controversy

• Some experiments conclude the transition is second-order,
others first-order.

• Different experiments that claim a second-order phase
transition takes place show little agreement on critical
exponents.

• Moreover, the critical exponents do not obey RG scaling
relations.

• Different perturbative methods make different predictions.
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O(N)× O(2) fixed points in the ϵ−expansion

For N > Nc(d):

For N < Nc(d):
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Different theoretical predictions

Fixed-dimensional RG predicts something else.

(B. Delamotte, Y. Holovatch, D. Ivaneyko et al; 2006)
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How does Conformal Bootstrap resolve this?

• Second-order phase transition ⇒ ∃ a stable CFT with the
appropriate symmetry (i.e. O(2)× O(2) or O(3)× O(2)
depending on the system)

• Do these CFTs exist?
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Conformal bootstrap

• Operator product expansion

• Can express all correlators in terms of Cijk ’s and spectrum.
• Moreover, applying the OPE to different operator pairings in

correlation functions gives consistency conditions on these
numbers (“crossing equations”).

• We can numerically test the existence of a CFT with certain
desired properties.
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Bootstrap questions

• Can we identify an isolated allowed island corresponding to the
stable fixed point for some N > Nc (e.g. in (∆ϕ,∆S)?

Yes

• Can we follow this island lowering N and see it disappear at
some critical value of N?

Yes
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Bootstrap questions

• Can we identify an isolated allowed island corresponding to the
stable fixed point for some N > Nc (e.g. in (∆ϕ,∆S)? Yes

• Can we follow this island lowering N and see it disappear at
some critical value of N? Yes
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Results - Islands for N > Nc

• O(N)× O(2) symmetric
CFTs are in separate
island from O(2N) CFT!

• This means we can follow
the O(N)× O(2)
symmetric islands as we
lower N.

• Important because the
O(2N) CFT exist for all
N>0.

d = 3.8

d = 3
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Results - Lower bound Nc

Under conservative assumptions we find a lower bound on Nc

• No turnaround!
• N=2,3 excluded!
• No second order phase transition!*

*Some loopholes remain
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Why does the CFT stop existing?
• As we lower N the CFT stops existing. How does the stable

fixed point disappear?
• The stable and unstable fixed point merge and move to the

complex plane.
• CFT data behaves as

√
N − Nc :
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N
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ΔSS
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N

1.978

1.979

1.980

1.981

ΔST

∆SS,∆ST in the stable O(N) × O(2) CFT, as a function of N, for d = 3.8. The leftmost points
corresponds to N = NCB

c (3.8) = 17.1585 which is the critical N value at which the C+ island disappears
for d = 3.8. Red curves: the ϵ-expansion prediction for the same quantities.
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Why does the CFT stop existing?
• D=3 (same idea but the data is much messier)
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+ (ϵ-expansion)

- (ϵ-expansion)

O(2N) (large N)

navigator minimum (search starting near C-)

navigator minimum (search starting near C+)

Positions of the stable and unstable O(N) × O(2) CFTs for d = 3, as a function of N. The leftmost
points corresponds to N = NCB

c (3) = 3.78 where the C+ island disappears. Red, green, blue curves: the
ϵ- and 1/N-expansion predictions.
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Separate islands for O(2N) and O(N)× O(2) FP’s
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Separate islands for O(2N) and O(N)× O(2) FP’s
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Loophole

• We can exclude the turnaround and a continuous family of
CFTs existing from large N and the ϵ-expansion.

• But we can’t exclude a CFT existing for other
non-perturbative reasons.

• Or the turnaround happening at d < 3.
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∆ST gap assumption

• Key assumption to split allowed space into separate isolated
islands.

• We do not need to exclude the O(2N) theory.
• Assumption that holds for all fixed points is enough to create

separate islands!
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Traditional search methods

Find an initial allowed point using a grid:

Find shape using Delauney Triangulation:
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Conformal Bootstrap Program

• Costly and difficult. Islands can be tiny.
• Scales badly with the dimension of the search space!
• How to do better?
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Navigator bootstrap [MR, Rychkov, Simmons-Duffin, Sirois, Su, Van Rees; 2021]

• Replace "allowed"/"disallowed" answer with a differentiable
function measuring "success".

• Finding an island and its boundaries becomes an optimization
problem.

• Can handle high dimensional searches much better.
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