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COMPLEX CHERN–SIMONS THEORY 
AND THE A-POLYNOMIAL



Chern–Simons (CS) theory with complex gauge group       is a  topological quantum field 
theory — correlation functions are independent of the Riemannian metric of the underlying 
closed 3-manifold  — whose classical action is
[Witten, 1989] 

where  is the complex gauge field and  is its complex conjugate.

The classical phase space is 

where                 and     denotes conjugation by elements of      .

Quantizing the classical phase space gives an infinite-dimensional Hilbert space       . Every 
closed 3-manifold  with  is associated with a state                   .

The classical solutions on  are the gauge equivalence classes of flat      -connections on  
and identify a Lagrangian submanifold of                        .
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Let                       be a hyperbolic knot complement in the 3-sphere and                          .

The boundary              gives the classical phase space 

                  

where       is the maximal torus subgroup of        and
 is the Weyl group.

Let ,  be the complex variables parametrizing the two 
copies of      . The Lagrangian submanifold identified by the 
classical solutions on  is described by

                                

where                          is the classical A-polynomial of the knot.
[Cooper et al., 1994] 

In the quantum theory, ,  are promoted to operators ,  acting on        and satisfying
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<latexit sha1_base64="QzOS/+HWnHmmtcmUu/LM5vTDaZg=">AAACCHicdVDLSsNAFJ3UV62vqEsXDhahQglJsbUboeJGcFPBPqAJYTKdtEMnD2YmQglduvFX3LhQxK2f4M6/cdJW8HngwuGce7n3Hi9mVEjTfNdyC4tLyyv51cLa+sbmlr690xZRwjFp4YhFvOshQRgNSUtSyUg35gQFHiMdb3Se+Z0bwgWNwms5jokToEFIfYqRVJKr75+5qR0gOcSIpZeTCSw1y7B7BE+hCe0yLLt60TQqZr1arcLfxDLMKYpgjqarv9n9CCcBCSVmSIieZcbSSRGXFDMyKdiJIDHCIzQgPUVDFBDhpNNHJvBQKX3oR1xVKOFU/TqRokCIceCpzuxm8dPLxL+8XiL9upPSME4kCfFskZ8wKCOYpQL7lBMs2VgRhDlVt0I8RBxhqbIrqBA+P4X/k3bFsGpG7eq42KjP48iDPXAASsACJ6ABLkATtAAGt+AePIIn7U570J61l1lrTpvP7IJv0F4/ANWXl0Q=</latexit>

AK(P,X) = 0 ,

<latexit sha1_base64="YE35+pJxHLZTo64ma0W1M59YU2c=">AAAB6XicdVBNSwMxEJ3Ur1q/qh69BIvgadkttvZY8OKxiq2FdinZNNuGZrNLkhXK0n/gxYMiXv1H3vw3ZtsKfj4YeLw3w8y8IBFcG9d9R4WV1bX1jeJmaWt7Z3evvH/Q0XGqKGvTWMSqGxDNBJesbbgRrJsoRqJAsNtgcpH7t3dMaR7LGzNNmB+RkeQhp8RY6bpVGpQrrlN1G7VaDf8mnuPOUYElWoPyW38Y0zRi0lBBtO55bmL8jCjDqWCzUj/VLCF0QkasZ6kkEdN+Nr90hk+sMsRhrGxJg+fq14mMRFpPo8B2RsSM9U8vF//yeqkJG37GZZIaJuliUZgKbGKcv42HXDFqxNQSQhW3t2I6JopQY8PJQ/j8FP9POlXHqzv1q7NKs7GMowhHcAyn4ME5NOESWtAGCiHcwyM8oQl6QM/oZdFaQMuZQ/gG9PoBSveNNA==</latexit>

P
<latexit sha1_base64="Vwp8g24ZmTujrjdPSHQ9WgHDQ9w=">AAAB6XicdVBNSwMxEJ3Ur1q/qh69BIvgadkttvZY8OKxiq2FdinZNNuGZrNLkhXK0n/gxYMiXv1H3vw3ZtsKfj4YeLw3w8y8IBFcG9d9R4WV1bX1jeJmaWt7Z3evvH/Q0XGqKGvTWMSqGxDNBJesbbgRrJsoRqJAsNtgcpH7t3dMaR7LGzNNmB+RkeQhp8RY6bpbGpQrrlN1G7VaDf8mnuPOUYElWoPyW38Y0zRi0lBBtO55bmL8jCjDqWCzUj/VLCF0QkasZ6kkEdN+Nr90hk+sMsRhrGxJg+fq14mMRFpPo8B2RsSM9U8vF//yeqkJG37GZZIaJuliUZgKbGKcv42HXDFqxNQSQhW3t2I6JopQY8PJQ/j8FP9POlXHqzv1q7NKs7GMowhHcAyn4ME5NOESWtAGCiHcwyM8oQl6QM/oZdFaQMuZQ/gG9PoBVx+NPA==</latexit>

X
<latexit sha1_base64="bVLm4d82F42vQxJFiheMlXMck9Y=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4GibBxBwDXjxGMAskQ+jp9CRNenqG7hohDPkILx4U8er3ePNv7CyC64OCx3tVVNULEikMet67k1tb39jcym8Xdnb39g+Kh0dtE6ea8RaLZay7ATVcCsVbKFDybqI5jQLJO8Hkau537rg2Ila3OE24H9GREqFgFK3U6Y8pZs3ZoFjy3IpXr1ar5Dcpu94CJVihOSi+9YcxSyOukElqTK/sJehnVKNgks8K/dTwhLIJHfGepYpG3PjZ4twZObPKkISxtqWQLNSvExmNjJlGge2MKI7NT28u/uX1UgzrfiZUkiJXbLkoTCXBmMx/J0OhOUM5tYQyLeythI2ppgxtQgUbwuen5H/Srrjlmlu7uSg16qs48nACp3AOZbiEBlxDE1rAYAL38AhPTuI8OM/Oy7I156xmjuEbnNcP4GeP7Q==</latexit>

P̂
<latexit sha1_base64="AMWw/O7cDt1j5WIS9l7tAROETc0=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4GibBxBwDXjxGMAskQ+jp9CRNenqG7hohDPkILx4U8er3ePNv7CyC64OCx3tVVNULEikMet67k1tb39jcym8Xdnb39g+Kh0dtE6ea8RaLZay7ATVcCsVbKFDybqI5jQLJO8Hkau537rg2Ila3OE24H9GREqFgFK3U6Y8pZt3ZoFjy3IpXr1ar5Dcpu94CJVihOSi+9YcxSyOukElqTK/sJehnVKNgks8K/dTwhLIJHfGepYpG3PjZ4twZObPKkISxtqWQLNSvExmNjJlGge2MKI7NT28u/uX1UgzrfiZUkiJXbLkoTCXBmMx/J0OhOUM5tYQyLeythI2ppgxtQgUbwuen5H/Srrjlmlu7uSg16qs48nACp3AOZbiEBlxDE1rAYAL38AhPTuI8OM/Oy7I156xmjuEbnNcP7I+P9Q==</latexit>

X̂

<latexit sha1_base64="SjB5xHuobpxJjAL1bDq+UetyloU="></latexit>

P̂ X̂ = qX̂P̂ , q = e2⇡ib
2

, b2 = t0/t .

Classical and quantum A-polynomials — I

<latexit sha1_base64="V7IAWvQ6h8c5mFWJBEZkwOMXdIM=">AAACDXicdVDLSsNAFJ3UV62vqEs3g1VwFZJqazdCwY0gQkXbCk0sk+mkHTqZhJmJUEJ+wI2/4saFIm7du/NvTNIKPg9cOJxzL/fe44aMSmWa71phZnZufqG4WFpaXlld09c32jKIBCYtHLBAXLlIEkY5aSmqGLkKBUG+y0jHHR1nfueGCEkDfqnGIXF8NODUoxipVOrpO2dHto/U0HXji+R635ZE+ZRHEuYqRiw+TUo9vWwaFbNerVbhb2IZZo4ymKLZ09/sfoAjn3CFGZKya5mhcmIkFMWMJCU7kiREeIQGpJtSjnwinTj/JoG7qdKHXiDS4grm6teJGPlSjn037cxulD+9TPzL60bKqzsx5WGkCMeTRV7EoApgFg3sU0GwYuOUICxoeivEQyQQVmmAWQifn8L/SbtiWDWjdn5QbtSncRTBFtgGe8ACh6ABTkATtAAGt+AePIIn7U570J61l0lrQZvObIJv0F4/AMornAY=</latexit>

M = S3 \ K
<latexit sha1_base64="P28E/+YCGQZg6J/eu0Gfy5Yx3Ck=">AAACFXicdVDLSgMxFM3UV62vUZdugkWoUIaZYms3QqELXbioaB/QKSWTZtrQzIMkI5RhfsKNv+LGhSJuBXf+jem0is9DAodz7uXee5yQUSFN803LLCwuLa9kV3Nr6xubW/r2TksEEcekiQMW8I6DBGHUJ01JJSOdkBPkOYy0nXF96revCRc08K/kJCQ9Dw196lKMpJL6evG0H9sekiPHietJcpJy4caX50mhVIS2ep/uYV/Pm0bJrJbLZfibWIaZIg/maPT1V3sQ4MgjvsQMCdG1zFD2YsQlxYwkOTsSJER4jIakq6iPPCJ6cXpVAg+UMoBuwNX3JUzVrx0x8oSYeI6qTJf+6U3Fv7xuJN1qL6Z+GEni49kgN2JQBnAaERxQTrBkE0UQ5lTtCvEIcYSlCjKnQvi4FP5PWiXDqhiVi6N8rTqPIwv2wD4oAAscgxo4Aw3QBBjcgDvwAB61W+1ee9KeZ6UZbd6zC75Be3kHsB6egQ==</latexit>

GC = SL(2, C)

<latexit sha1_base64="5qTZPdyvs8kJOjJRqoG3sRho5kk=">AAACAHicdVDJSgNBEK1xjXEb9eDBS2MQPA0zwcQcA7l4jJANkmHo6XSSJj0L3T1CGObir3jxoIhXP8Obf2NPFnB9UPB4r4qqen7MmVS2/WGsrW9sbm0Xdoq7e/sHh+bRcUdGiSC0TSIeiZ6PJeUspG3FFKe9WFAc+Jx2/Wkj97t3VEgWhS01i6kb4HHIRoxgpSXPPB0EWE18P21lXrrijSzzzJJtle1apVJBv4lj2XOUYImmZ74PhhFJAhoqwrGUfceOlZtioRjhNCsOEkljTKZ4TPuahjig0k3nD2ToQitDNIqErlChufp1IsWBlLPA1535ifKnl4t/ef1EjWpuysI4UTQki0WjhCMVoTwNNGSCEsVnmmAimL4VkQkWmCidWVGHsPoU/U86ZcupWtXbq1K9toyjAGdwDpfgwDXU4Qaa0AYCGTzAEzwb98aj8WK8LlrXjOXMCXyD8fYJ/AqXTw==</latexit>TC

<latexit sha1_base64="5qTZPdyvs8kJOjJRqoG3sRho5kk=">AAACAHicdVDJSgNBEK1xjXEb9eDBS2MQPA0zwcQcA7l4jJANkmHo6XSSJj0L3T1CGObir3jxoIhXP8Obf2NPFnB9UPB4r4qqen7MmVS2/WGsrW9sbm0Xdoq7e/sHh+bRcUdGiSC0TSIeiZ6PJeUspG3FFKe9WFAc+Jx2/Wkj97t3VEgWhS01i6kb4HHIRoxgpSXPPB0EWE18P21lXrrijSzzzJJtle1apVJBv4lj2XOUYImmZ74PhhFJAhoqwrGUfceOlZtioRjhNCsOEkljTKZ4TPuahjig0k3nD2ToQitDNIqErlChufp1IsWBlLPA1535ifKnl4t/ef1EjWpuysI4UTQki0WjhCMVoTwNNGSCEsVnmmAimL4VkQkWmCidWVGHsPoU/U86ZcupWtXbq1K9toyjAGdwDpfgwDXU4Qaa0AYCGTzAEzwb98aj8WK8LlrXjOXMCXyD8fYJ/AqXTw==</latexit>TC

<latexit sha1_base64="SRgmOff0SFbQ6QrjEYUa1uKn/AE=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgKiTF1i4LbrqsaB/QhDCZTtqhM0mYmQgh1F9x40IRt36IO//GSVvB54GBwzn3cs+cIGFUKtt+N0pr6xubW+Xtys7u3v6BeXjUl3EqMOnhmMViGCBJGI1IT1HFyDARBPGAkUEwuyz8wS0RksbRjcoS4nE0iWhIMVJa8s2qy5GaYsTyztx3r+mEo4pv1myrbrcajQb8TRzLXqAGVuj65ps7jnHKSaQwQ1KOHDtRXo6EopiRecVNJUkQnqEJGWkaIU6kly/Cz+GpVsYwjIV+kYIL9etGjriUGQ/0ZBFV/vQK8S9vlKqw5eU0SlJFIrw8FKYMqhgWTcAxFQQrlmmCsKA6K8RTJBBWuq+ihM+fwv9Jv245Tat5dV5rt1Z1lMExOAFnwAEXoA06oAt6AIMM3INH8GTcGQ/Gs/GyHC0Zq50q+Abj9QPSY5Th</latexit>

H⌃

<latexit sha1_base64="m7WK7fzsThzeQqCf5VFlckAmQkE=">AAACD3icdVDLSsNAFJ34rPUVdelmsCguJKTF1i4rbgQ3FewD01Am00k7dDIJMxOhhPyBG3/FjQtF3Lp15984SSv4PHDhcM693HuPFzEqlW2/G3PzC4tLy4WV4ura+samubXdlmEsMGnhkIWi6yFJGOWkpahipBsJggKPkY43Psv8zg0Rkob8Sk0i4gZoyKlPMVJa6psHp/2kFyA1woglF2kKe5TDXPC85DqFTvMIdl3YN0u2VbHr1WoV/iZly85RAjM0++ZbbxDiOCBcYYakdMp2pNwECUUxI2mxF0sSITxGQ+JoylFApJvk/6RwXysD6IdCF1cwV79OJCiQchJ4ujO7VP70MvEvz4mVX3cTyqNYEY6ni/yYQRXCLBw4oIJgxSaaICyovhXiERIIKx1hUYfw+Sn8n7QrVrlm1S6PS436LI4C2AV74BCUwQlogHPQBC2AwS24B4/gybgzHoxn42XaOmfMZnbANxivHwZ2m/8=</latexit>

AK 2 Z[P,X]

<latexit sha1_base64="4D2ZtmkfP8y9ZsFOmNxXByM2aUg=">AAAB8nicdVDLSgMxFM3UV62vqks3wSK4GmaKrV0W3AhuKthaaIeSSTNtaCYZkjtCGfoZblwo4tavceffmGkr+DwQOJxzLzn3hIngBjzv3SmsrK6tbxQ3S1vbO7t75f2DjlGppqxNlVC6GxLDBJesDRwE6yaakTgU7DacXOT+7R3Thit5A9OEBTEZSR5xSsBKvX5MYEyJyK5mg3LFc6teo1ar4d/Ed705KmiJ1qD81h8qmsZMAhXEmJ7vJRBkRAOngs1K/dSwhNAJGbGepZLEzATZPPIMn1hliCOl7ZOA5+rXjYzExkzj0E7mEc1PLxf/8nopRI0g4zJJgUm6+ChKBQaF8/vxkGtGQUwtIVRzmxXTMdGEgm2pZEv4vBT/TzpV16+79euzSrOxrKOIjtAxOkU+OkdNdIlaqI0oUugePaInB5wH59l5WYwWnOXOIfoG5/UD7HORrQ==</latexit>

K

<latexit sha1_base64="S1DpmffmJeCZiAq4WpNlnmrroZs=">AAAB83icdVDLSsNAFL3xWeur6tLNYBFchaTa2mXBjcuK9gFNLJPppB06mYSZiVBCf8ONC0Xc+jPu/BsnbQWfBwYO59zLPXOChDOlHefdWlpeWV1bL2wUN7e2d3ZLe/ttFaeS0BaJeSy7AVaUM0FbmmlOu4mkOAo47QTji9zv3FGpWCxu9CShfoSHgoWMYG0kz4uwHgVBdj29Pe2Xyo5dcerVahX9Jq7tzFCGBZr90ps3iEkaUaEJx0r1XCfRfoalZoTTadFLFU0wGeMh7RkqcESVn80yT9GxUQYojKV5QqOZ+nUjw5FSkygwk3lG9dPLxb+8XqrDup8xkaSaCjI/FKYc6RjlBaABk5RoPjEEE8lMVkRGWGKiTU1FU8LnT9H/pF2x3ZpduzorN+qLOgpwCEdwAi6cQwMuoQktIJDAPTzCk5VaD9az9TIfXbIWOwfwDdbrB1ovkeQ=</latexit>

S3

<latexit sha1_base64="ZAT/GXdLl+kruVND6SJ7DyG6s+Q=">AAAB/nicdVDLSgMxFM3UV62vUXHlJlgEV8NMsbUboeDGZcW+oDOWTJq2oUlmSDJCGQr+ihsXirj1O9z5N2baCj4PBA7n3Ms9OWHMqNKu+27llpZXVtfy64WNza3tHXt3r6WiRGLSxBGLZCdEijAqSFNTzUgnlgTxkJF2OL7I/PYtkYpGoqEnMQk4Ggo6oBhpI/XsA/+aDjmC59DnSI/CMG1Mb0o9u+g6JbdaLpfhb+I57gxFsEC9Z7/5/QgnnAiNGVKq67mxDlIkNcWMTAt+okiM8BgNSddQgThRQTqLP4XHRunDQSTNExrO1K8bKeJKTXhoJrOM6qeXiX953UQPqkFKRZxoIvD80CBhUEcw6wL2qSRYs4khCEtqskI8QhJhbRormBI+fwr/J62S41WcytVpsVZd1JEHh+AInAAPnIEauAR10AQYpOAePIIn6856sJ6tl/lozlrs7INvsF4/AIiflTk=</latexit>

⌃ = T2

<latexit sha1_base64="hHF40lxGwKa+/uThiQmU447MS24=">AAAB83icdVDLSsNAFL2pr1pfVZduBovgKiTF1i4LXeiygn1AE8pkOmmHTiZhZiKU0N9w40IRt/6MO//GSVvB54GBwzn3cs+cIOFMacd5twpr6xubW8Xt0s7u3v5B+fCoq+JUEtohMY9lP8CKciZoRzPNaT+RFEcBp71g2sr93h2VisXiVs8S6kd4LFjICNZG8q6GXoT1JAiy1nxYrjh21WnUajX0m7i2s0AFVmgPy2/eKCZpRIUmHCs1cJ1E+xmWmhFO5yUvVTTBZIrHdGCowBFVfrbIPEdnRhmhMJbmCY0W6teNDEdKzaLATOYJ1U8vF//yBqkOG37GRJJqKsjyUJhypGOUF4BGTFKi+cwQTCQzWRGZYImJNjWVTAmfP0X/k27Vdut2/eai0mys6ijCCZzCObhwCU24hjZ0gEAC9/AIT1ZqPVjP1stytGCtdo7hG6zXD1/ukek=</latexit>

GC



A non-trivial quantization of the classical A-polynomial of the knot gives the quantum 
operator                       acting on the Hilbert space       . 

The classical polynomial constraint becomes the Schrödinger-like operator equation

where  and  is the continuous complex variable defined by .
[Garoufalidis, 2003 - Gukov 2003 - Beem et al., 2012 - Dimofte, 2014 - Andersen, Malusà, 2017] 

The exact partition function                 is regarded as a wave function in -space and can be 
constructed via a state-integral model from an ideal triangulation of . It is a holomorphic 
function of                              and .
[Hikami, 2006 - Dimofte et al., 2009 - Andersen, Kashaev, 2011] 

S-duality exchanges  with , which yields

while the variable  and the wave function                remain invariant.

<latexit sha1_base64="ZVP98hmrDDQm6a/qEHiO6yNgqSs="></latexit>

ÂK(P̂ , X̂, q)�K(u; ~) = 0 ,

<latexit sha1_base64="mKPU5GqLiWIjMBAm6EweKareu68=">AAACA3icdVDJSgNBEK1xjXEb9aaXxiB4GmYGE3MRAl48RjALZMbQ0+lJmvQsdPcIYQh48Ve8eFDEqz/hzb+xswiuDwoe71VRVS9IOZPKtt+NhcWl5ZXVwlpxfWNza9vc2W3KJBOENkjCE9EOsKScxbShmOK0nQqKo4DTVjA8n/itGyokS+IrNUqpH+F+zEJGsNJS19z3BgEW6Ay5yEsZ8iKsBjLMg/G12zVLtuXa1XK5jH4Tx7KnKMEc9a755vUSkkU0VoRjKTuOnSo/x0Ixwum46GWSppgMcZ92NI1xRKWfT38YoyOt9FCYCF2xQlP160SOIylHUaA7pzf+9CbiX14nU2HVz1mcZorGZLYozDhSCZoEgnpMUKL4SBNMBNO3IjLAAhOlYyvqED4/Rf+Tpms5FatyeVKqVedxFOAADuEYHDiFGlxAHRpA4Bbu4RGejDvjwXg2XmatC8Z8Zg++wXj9AJn1luE=</latexit>

~ = 2⇡b2 <latexit sha1_base64="gOjfrmY7KL1d7N9kIrLgcY3YPz8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaCiTkGvHhMwCyQDKGnU5O06Vno7hHCkC/w4kERr36SN//GziK4Pih4vFdFVT0/EVxpx3m3cmvrG5tb+e3Czu7e/kHx8Kit4lQybLFYxLLrU4WCR9jSXAvsJhJp6Avs+JOrud+5Q6l4HN3oaYJeSEcRDzij2kjNdFAsOXbZqVUqFfKbuLazQAlWaAyKb/1hzNIQI80EVarnOon2Mio1ZwJnhX6qMKFsQkfYMzSiISovWxw6I2dGGZIglqYiTRbq14mMhkpNQ990hlSP1U9vLv7l9VId1LyMR0mqMWLLRUEqiI7J/Gsy5BKZFlNDKJPc3ErYmErKtMmmYEL4/JT8T9pl263a1eZFqV5bxZGHEziFc3DhEupwDQ1oAQOEe3iEJ+vWerCerZdla85azRzDN1ivH06vjUU=</latexit>u
<latexit sha1_base64="32cgJ3VQBZ1rIQhnWo36FzEW8m4=">AAACDXicdVDLSsNAFJ3UV62vqEs3g7XgKiTF1m6EghuXFewDmlgm00k7dDIJMxOhhPyAG3/FjQtF3Lp35984TSv4PDBwOGcu99zjx4xKZdvvRmFpeWV1rbhe2tjc2t4xd/c6MkoEJm0csUj0fCQJo5y0FVWM9GJBUOgz0vUn5zO/e0OEpBG/UtOYeCEacRpQjJSWBuZRD55BN0RqLMKUZNdpFboxnSsySP0MJhkcmGXbqtqNWq0GfxPHsnOUwQKtgfnmDiOchIQrzJCUfceOlZcioShmJCu5iSQxwhM0In1NOQqJ9NL8mgxWtDKEQST04wrm6teJFIVSTkMdrZKn/OnNxL+8fqKChpdSHieKcDxfFCQMqgjOqoFDKghWbKoJwoLqrBCPkUBY6QJLuoTPS+H/pFO1nLpVvzwpNxuLOorgAByCY+CAU9AEF6AF2gCDW3APHsGTcWc8GM/Gy/xrwVjM7INvMF4/AL2Jm2E=</latexit>

X = e2⇡bu

<latexit sha1_base64="2bkg5CQhu73y2XM++pQj2wkhvV8=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgaZlN3BhvAS8eEzAPSJYwO5lNxsw+mJkVQsgXePGgiFc/yZt/42wSQUULGoqqbrq7/ERwpTH+sHJr6xubW/ntws7u3v5B8fCoreJUUtaisYhl1yeKCR6xluZasG4iGQl9wTr+5DrzO/dMKh5Ht3qaMC8ko4gHnBJtpGY6KJawjatu5cpF2HaxUytnpOw6GFeQY+MFSrBCY1B87w9jmoYs0lQQpXoOTrQ3I1JzKti80E8VSwidkBHrGRqRkClvtjh0js6MMkRBLE1FGi3U7xMzEio1DX3TGRI9Vr+9TPzL66U6qHkzHiWpZhFdLgpSgXSMsq/RkEtGtZgaQqjk5lZEx0QSqk02BRPC16fof9Iu207VrjYvSvXaKo48nMApnIMDl1CHG2hACygweIAneLburEfrxXpdtuas1cwx/ID19gk5qo02</latexit>u
<latexit sha1_base64="3UFxOwjdzAhKy3zL3RlYjziNQ7s=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaCiTkGvHgREjAxkAyhp1OTtOlZ6O4RwpAv8OJBEa9+kjf/xs4iuD4oeLxXRVU9PxFcacd5t3Irq2vrG/nNwtb2zu5ecf+greJUMmyxWMSy41OFgkfY0lwL7CQSaegLvPHHFzP/5g6l4nF0rScJeiEdRjzgjGojNa/6xZJjl51apVIhv4lrO3OUYIlGv/jWG8QsDTHSTFCluq6TaC+jUnMmcFropQoTysZ0iF1DIxqi8rL5oVNyYpQBCWJpKtJkrn6dyGio1CT0TWdI9Uj99GbiX1431UHNy3iUpBojtlgUpILomMy+JgMukWkxMYQyyc2thI2opEybbAomhM9Pyf+kXbbdql1tnpXqtWUceTiCYzgFF86hDpfQgBYwQLiHR3iybq0H69l6WbTmrOXMIXyD9foBEg+NHQ==</latexit>

M
<latexit sha1_base64="BQz1SWeuK7A86BfAv5YtRSmA2kU=">AAAB+XicdVDLSsNAFL2pr1pfUZduBovgKiTF1i4L3bisYB/QhjKZTtqhk0mYmRRK6J+4caGIW//EnX/jpK3g88DA4Zx7uWdOkHCmtOu+W4WNza3tneJuaW//4PDIPj7pqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTeYNnO/O6NSsVjc6XlC/QiPBQsZwdpIQ9tO0YAJNIiwngRB1lwM7bLrVNx6tVpFv4nnuEuUYY3W0H4bjGKSRlRowrFSfc9NtJ9hqRnhdFEapIommEzxmPYNFTiiys+WyRfowigjFMbSPKHRUv26keFIqXkUmMk8ofrp5eJfXj/VYd3PmEhSTQVZHQpTjnSM8hrQiElKNJ8bgolkJisiEywx0aaskinh86fof9KpOF7Nqd1elRv1dR1FOINzuAQPrqEBN9CCNhCYwT08wpOVWQ/Ws/WyGi1Y651T+Abr9QNlVZOE</latexit>

u 2 C

<latexit sha1_base64="zy2qjVIRafGe0P6VVy0xP7TFV9k=">AAAB8XicdVDLSgMxFL3xWeur6tJNsAiuhplia5cFNy4r2Ae2Q8mkmTY0kxmSjFCG/oUbF4q49W/c+Tem0wo+DwQO59xLzj1BIrg2rvuOVlbX1jc2C1vF7Z3dvf3SwWFbx6mirEVjEatuQDQTXLKW4UawbqIYiQLBOsHkcu537pjSPJY3ZpowPyIjyUNOibHSbT8iZqzDLJgNSmXXqbj1arWKfxPPcXOUYYnmoPTWH8Y0jZg0VBCte56bGD8jynAq2KzYTzVLCJ2QEetZKknEtJ/liWf41CpDHMbKPmlwrn7dyEik9TQK7GSe8Kc3F//yeqkJ637GZZIaJuniozAV2MR4fj4ecsWoEVNLCFXcZsV0TBShxpZUtCV8Xor/J+2K49Wc2vV5uVFf1lGAYziBM/DgAhpwBU1oAQUJ9/AIT0ijB/SMXhajK2i5cwTfgF4/AGLVkWM=</latexit>

b
<latexit sha1_base64="IABsnWtE8d/5M8U3KD/9KvSnQ3s=">AAAB+HicdVDLSsNAFL2pr1ofjbp0M1gEN4ak2NplwY3LCvYBbSyT6aQdOnkwMxFqyJe4caGIWz/FnX/jNK3g88DA4Zx7uWeOF3MmlW2/G4WV1bX1jeJmaWt7Z7ds7u13ZJQIQtsk4pHoeVhSzkLaVkxx2osFxYHHadebXsz97i0VkkXhtZrF1A3wOGQ+I1hpaWiWBwFWE+mnXnaTnjrZ0KzYVtVu1Go19Js4lp2jAku0hubbYBSRJKChIhxL2XfsWLkpFooRTrPSIJE0xmSKx7SvaYgDKt00D56hY62MkB8J/UKFcvXrRooDKWeBpyfzmD+9ufiX10+U33BTFsaJoiFZHPITjlSE5i2gEROUKD7TBBPBdFZEJlhgonRXJV3C50/R/6RTtZy6Vb86qzQbyzqKcAhHcAIOnEMTLqEFbSCQwD08wpNxZzwYz8bLYrRgLHcO4BuM1w9BCZN6</latexit>

b�1

<latexit sha1_base64="/mfVHHuAU8zFGOlUX+gulp46RME="></latexit>

~ 7! ~D =
4⇡2

~ , q 7! qD = e
4⇡2i
~ , X 7! XD = X

2⇡
~ ,

<latexit sha1_base64="gOjfrmY7KL1d7N9kIrLgcY3YPz8=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaCiTkGvHhMwCyQDKGnU5O06Vno7hHCkC/w4kERr36SN//GziK4Pih4vFdFVT0/EVxpx3m3cmvrG5tb+e3Czu7e/kHx8Kit4lQybLFYxLLrU4WCR9jSXAvsJhJp6Avs+JOrud+5Q6l4HN3oaYJeSEcRDzij2kjNdFAsOXbZqVUqFfKbuLazQAlWaAyKb/1hzNIQI80EVarnOon2Mio1ZwJnhX6qMKFsQkfYMzSiISovWxw6I2dGGZIglqYiTRbq14mMhkpNQ990hlSP1U9vLv7l9VId1LyMR0mqMWLLRUEqiI7J/Gsy5BKZFlNDKJPc3ErYmErKtMmmYEL4/JT8T9pl263a1eZFqV5bxZGHEziFc3DhEupwDQ1oAQOEe3iEJ+vWerCerZdla85azRzDN1ivH06vjUU=</latexit>u

Classical and quantum A-polynomials — II

<latexit sha1_base64="j5wsDP52mGKi7lQKsGEiMc2Tjlg=">AAACE3icdZDLSsNAFIYnXmu9RV26GSxCFSlJsbXLihvBTQV7gSaEyXTSDp1cnJkIJeQd3Pgqblwo4taNO9/GSVrB6w8DH/85hznndyNGhTSMd21ufmFxabmwUlxdW9/Y1Le2OyKMOSZtHLKQ91wkCKMBaUsqGelFnCDfZaTrjs+yeveGcEHD4EpOImL7aBhQj2IkleXoh9YIyeQ0dRLLR3KEEUsu0rScu630CObQU3B94Oglo1I1GrVaDf4Gs2LkKoGZWo7+Zg1CHPskkJghIfqmEUk7QVxSzEhatGJBIoTHaEj6CgPkE2En+U0p3FfOAHohVy+QMHe/TiTIF2Liu6ozW1z8rGXmX7V+LL2GndAgiiUJ8PQjL2ZQhjALCA4oJ1iyiQKEOVW7QjxCHGGpYiyqED4vhf9Dp1ox65X65XGp2ZjFUQC7YA+UgQlOQBOcgxZoAwxuwT14BE/anfagPWsv09Y5bTazA75Je/0ARNqeYQ==</latexit>

ÂK(P̂ , X̂, q)
<latexit sha1_base64="SRgmOff0SFbQ6QrjEYUa1uKn/AE=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgKiTF1i4LbrqsaB/QhDCZTtqhM0mYmQgh1F9x40IRt36IO//GSVvB54GBwzn3cs+cIGFUKtt+N0pr6xubW+Xtys7u3v6BeXjUl3EqMOnhmMViGCBJGI1IT1HFyDARBPGAkUEwuyz8wS0RksbRjcoS4nE0iWhIMVJa8s2qy5GaYsTyztx3r+mEo4pv1myrbrcajQb8TRzLXqAGVuj65ps7jnHKSaQwQ1KOHDtRXo6EopiRecVNJUkQnqEJGWkaIU6kly/Cz+GpVsYwjIV+kYIL9etGjriUGQ/0ZBFV/vQK8S9vlKqw5eU0SlJFIrw8FKYMqhgWTcAxFQQrlmmCsKA6K8RTJBBWuq+ihM+fwv9Jv245Tat5dV5rt1Z1lMExOAFnwAEXoA06oAt6AIMM3INH8GTcGQ/Gs/GyHC0Zq50q+Abj9QPSY5Th</latexit>

H⌃

<latexit sha1_base64="QvZPxR2AvNGuAktmtv6juzoW/Vk=">AAACBHicdVDLSsNAFJ34rPUVddnNYBHqJiTF1oKbghvBTQX7gCaEyXTSDJ08mJkIJWThxl9x40IRt36EO//GSVvB54ELh3Pu5d57vIRRIU3zXVtaXlldWy9tlDe3tnd29b39nohTjkkXxyzmAw8JwmhEupJKRgYJJyj0GOl7k/PC798QLmgcXctpQpwQjSPqU4ykkly9YuOAupkdIhlgxLLLPK+lZ3bgIX7s6lXTqJutRqMBfxPLMGeoggU6rv5mj2KchiSSmCEhhpaZSCdDXFLMSF62U0EShCdoTIaKRigkwslmT+TwSCkj6MdcVSThTP06kaFQiGnoqc7iWPHTK8S/vGEq/ZaT0ShJJYnwfJGfMihjWCQCR5QTLNlUEYQ5VbdCHCCOsFS5lVUIn5/C/0mvblhNo3l1Um23FnGUQAUcghqwwClogwvQAV2AwS24B4/gSbvTHrRn7WXeuqQtZg7AN2ivHxUAmF8=</latexit>

�K(u; ~)
<latexit sha1_base64="gzDLmj2JGubAeHCoy6bf8boSEEk=">AAACFHicdVDLSgNBEJyNrxhfUY9eBoMQUMNuMDHHQC4eIxgTyC5hdjKbDJmdXWZ6hbDkI7z4K148KOLVgzf/xslD8FnQUFR1093lx4JrsO13K7O0vLK6ll3PbWxube/kd/eudZQoylo0EpHq+EQzwSVrAQfBOrFiJPQFa/ujxtRv3zCleSSvYBwzLyQDyQNOCRiplz92hz5R2OUSuyGBoe+njYmrGYRcJhoXT40TwPgE29jr5Qt2qWzXKpUK/k2ckj1DAS3Q7OXf3H5Ek5BJoIJo3XXsGLyUKOBUsEnOTTSLCR2RAesaKknItJfOnprgI6P0cRApUxLwTP06kZJQ63Hom87p4fqnNxX/8roJBDUv5TJOgEk6XxQkAkOEpwnhPleMghgbQqji5lZMh0QRCibHnAnh81P8P7kul5xqqXp5VqjXFnFk0QE6REXkoHNURxeoiVqIolt0jx7Rk3VnPVjP1su8NWMtZvbRN1ivH46hnd4=</latexit>

~ 2 C \ (�1, 0]

<latexit sha1_base64="QvZPxR2AvNGuAktmtv6juzoW/Vk=">AAACBHicdVDLSsNAFJ34rPUVddnNYBHqJiTF1oKbghvBTQX7gCaEyXTSDJ08mJkIJWThxl9x40IRt36EO//GSVvB54ELh3Pu5d57vIRRIU3zXVtaXlldWy9tlDe3tnd29b39nohTjkkXxyzmAw8JwmhEupJKRgYJJyj0GOl7k/PC798QLmgcXctpQpwQjSPqU4ykkly9YuOAupkdIhlgxLLLPK+lZ3bgIX7s6lXTqJutRqMBfxPLMGeoggU6rv5mj2KchiSSmCEhhpaZSCdDXFLMSF62U0EShCdoTIaKRigkwslmT+TwSCkj6MdcVSThTP06kaFQiGnoqc7iWPHTK8S/vGEq/ZaT0ShJJYnwfJGfMihjWCQCR5QTLNlUEYQ5VbdCHCCOsFS5lVUIn5/C/0mvblhNo3l1Um23FnGUQAUcghqwwClogwvQAV2AwS24B4/gSbvTHrRn7WXeuqQtZg7AN2ivHxUAmF8=</latexit>

�K(u; ~)



The classical solutions on  — critical points of the path integral — are described by the 
distinct branches  of the classical A-polynomial at fixed .

Applying the stationary phase approximation at the critical point labeled by , the 
perturbative wave function is given by the asymptotic power series

where         is determined by the classical action and         is obtained summing the 
contributions of -loop Feynman diagrams.
[Dimofte et al., 2009] 

The non-perturbative wave function should admit a decomposition into holomorphic and 
anti-holomorphic blocks as

where the sum runs over the gauge equivalence classes of flat                -connections on .
[Beem et al., 2012 - Garoufalidis, Kashaev, 2013 - Dimofte, 2014 - Garoufalidis et al., 2020]

<latexit sha1_base64="3UFxOwjdzAhKy3zL3RlYjziNQ7s=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaCiTkGvHgREjAxkAyhp1OTtOlZ6O4RwpAv8OJBEa9+kjf/xs4iuD4oeLxXRVU9PxFcacd5t3Irq2vrG/nNwtb2zu5ecf+greJUMmyxWMSy41OFgkfY0lwL7CQSaegLvPHHFzP/5g6l4nF0rScJeiEdRjzgjGojNa/6xZJjl51apVIhv4lrO3OUYIlGv/jWG8QsDTHSTFCluq6TaC+jUnMmcFropQoTysZ0iF1DIxqi8rL5oVNyYpQBCWJpKtJkrn6dyGio1CT0TWdI9Uj99GbiX1431UHNy3iUpBojtlgUpILomMy+JgMukWkxMYQyyc2thI2opEybbAomhM9Pyf+kXbbdql1tnpXqtWUceTiCYzgFF86hDpfQgBYwQLiHR3iybq0H69l6WbTmrOXMIXyD9foBEg+NHQ==</latexit>

M
<latexit sha1_base64="ZlivbtKd/8OeZ+6tTTBSD/U7Bac=">AAAB83icdVDJSgNBEO1xjXGLevTSGIR4GWaCiTkGvHiMYBZIxlDT6Uma9PQ03T1CGPIbXjwo4tWf8ebf2FkE1wcFj/eqqKoXSs608bx3Z2V1bX1jM7eV397Z3dsvHBy2dJIqQpsk4YnqhKApZ4I2DTOcdqSiEIectsPx5cxv31GlWSJuzETSIIahYBEjYKzUa9xmpR5wOYKzab9Q9NyyV6tUKvg38V1vjiJaotEvvPUGCUljKgzhoHXX96QJMlCGEU6n+V6qqQQyhiHtWiogpjrI5jdP8alVBjhKlC1h8Fz9OpFBrPUkDm1nDGakf3oz8S+vm5qoFmRMyNRQQRaLopRjk+BZAHjAFCWGTywBopi9FZMRKCDGxpS3IXx+iv8nrbLrV93q9XmxXlvGkUPH6ASVkI8uUB1doQZqIoIkukeP6MlJnQfn2XlZtK44y5kj9A3O6wfiWpGX</latexit>

P (↵) <latexit sha1_base64="kUR4x/1bmU4ans5fl4Xobv5/M1s=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaCiTkGvHhMwCyQDKGnU5O06Vno7hHCkC/w4kERr36SN//GziK4Pih4vFdFVT0/EVxpx3m3cmvrG5tb+e3Czu7e/kHx8Kit4lQybLFYxLLrU4WCR9jSXAvsJhJp6Avs+JOrud+5Q6l4HN3oaYJeSEcRDzij2kjN7qBYcuyyU6tUKuQ3cW1ngRKs0BgU3/rDmKUhRpoJqlTPdRLtZVRqzgTOCv1UYULZhI6wZ2hEQ1Retjh0Rs6MMiRBLE1FmizUrxMZDZWahr7pDKkeq5/eXPzL66U6qHkZj5JUY8SWi4JUEB2T+ddkyCUyLaaGUCa5uZWwMZWUaZNNwYTw+Sn5n7TLtlu1q82LUr22iiMPJ3AK5+DCJdThGhrQAgYI9/AIT9at9WA9Wy/L1py1mjmGb7BePwAiu40o</latexit>

X

<latexit sha1_base64="tK7FB1FIGB9rE431LzyiqkZRMz8=">AAAB7XicdVDJSgNBEK1xjXGLevTSGARPwySYmGPAi8cIZoFkCDWdnqRNT8/Q3SOEIf/gxYMiXv0fb/6NnUVwfVDweK+KqnpBIrg2nvfurKyurW9s5rby2zu7e/uFg8OWjlNFWZPGIladADUTXLKm4UawTqIYRoFg7WB8OfPbd0xpHssbM0mYH+FQ8pBTNFZq9VAkI+wXip5b9mqVSoX8JiXXm6MISzT6hbfeIKZpxKShArXulrzE+Bkqw6lg03wv1SxBOsYh61oqMWLaz+bXTsmpVQYkjJUtachc/TqRYaT1JApsZ4RmpH96M/Evr5uasOZnXCapYZIuFoWpICYms9fJgCtGjZhYglRxeyuhI1RIjQ0ob0P4/JT8T1plt1R1q9fnxXptGUcOjuEEzqAEF1CHK2hAEyjcwj08wpMTOw/Os/OyaF1xljNH8A3O6wf4dI9k</latexit>↵

<latexit sha1_base64="+z6ryKQJzxjukK7Mx7zi8C15mVQ="></latexit>

�(↵),WKB
K (u; ~) = exp
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<latexit sha1_base64="G/0hkP6Fj+xRncSkM1cSZ0crjKE=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaCiTkGvHhMwCyQDKGnU0na9PQM3T1CCPkCLx4U8eonefNv7CyC64OCx3tVVNULE8G18bx3J7O2vrG5ld3O7ezu7R/kD4+aOk4VwwaLRazaIdUouMSG4UZgO1FIo1BgKxxfzf3WHSrNY3ljJgkGER1KPuCMGivVZS9f8NyiVymVSuQ38V1vgQKsUOvl37r9mKURSsME1brje4kJplQZzgTOct1UY0LZmA6xY6mkEepgujh0Rs6s0ieDWNmShizUrxNTGmk9iULbGVEz0j+9ufiX10nNoBJMuUxSg5ItFw1SQUxM5l+TPlfIjJhYQpni9lbCRlRRZmw2ORvC56fkf9Isun7ZLdcvCtXKKo4snMApnIMPl1CFa6hBAxgg3MMjPDm3zoPz7LwsWzPOauYYvsF5/QBEE40+</latexit>n

<latexit sha1_base64="rE7Qo60yWk0Smq56BSyEZGwu6os="></latexit>

�K(u; ~) =
X

↵

C↵ S(↵)(X; q)S(↵)(XD; qD) ,

<latexit sha1_base64="3UFxOwjdzAhKy3zL3RlYjziNQ7s=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaCiTkGvHgREjAxkAyhp1OTtOlZ6O4RwpAv8OJBEa9+kjf/xs4iuD4oeLxXRVU9PxFcacd5t3Irq2vrG/nNwtb2zu5ecf+greJUMmyxWMSy41OFgkfY0lwL7CQSaegLvPHHFzP/5g6l4nF0rScJeiEdRjzgjGojNa/6xZJjl51apVIhv4lrO3OUYIlGv/jWG8QsDTHSTFCluq6TaC+jUnMmcFropQoTysZ0iF1DIxqi8rL5oVNyYpQBCWJpKtJkrn6dyGio1CT0TWdI9Uj99GbiX1431UHNy3iUpBojtlgUpILomMy+JgMukWkxMYQyyc2thI2opEybbAomhM9Pyf+kXbbdql1tnpXqtWUceTiCYzgFF86hDpfQgBYwQLiHR3iybq0H69l6WbTmrOXMIXyD9foBEg+NHQ==</latexit>

M

Perturbative and non-perturbative wave functions

<latexit sha1_base64="mdN8fBLeD6QgOwc5MbLVQtD6k4Y=">AAAB9XicdVDJSgNBEK2JW4xb1KOXxiDEyzATTMwx4MVjRLNAMgk9nZ6kSU/P0N2jhCH/4cWDIl79F2/+jZ1FcH1Q8Hiviqp6fsyZ0o7zbmVWVtfWN7Kbua3tnd29/P5BU0WJJLRBIh7Jto8V5UzQhmaa03YsKQ59Tlv++GLmt26pVCwSN3oSUy/EQ8ECRrA2Uu+67/TSYhfzeIRPp/18wbFLTrVcLqPfxLWdOQqwRL2ff+sOIpKEVGjCsVId14m1l2KpGeF0musmisaYjPGQdgwVOKTKS+dXT9GJUQYoiKQpodFc/TqR4lCpSeibzhDrkfrpzcS/vE6ig6qXMhEnmgqyWBQkHOkIzSJAAyYp0XxiCCaSmVsRGWGJiTZB5UwIn5+i/0mzZLsVu3J1VqhVl3Fk4QiOoQgunEMNLqEODSAg4R4e4cm6sx6sZ+tl0ZqxljOH8A3W6wcRAZI9</latexit>

S(↵)
0

<latexit sha1_base64="0UV/X2Rye+PKVO8VEyvaVpjYBK8=">AAACBnicdVDLSsNAFJ34rPUVdSnCYBEqSEiKrV0WunHhoqJ9QBPKZDpph04ezEyEErJy46+4caGIW7/BnX/jJK3g8zADh3Pu5d573IhRIU3zXVtYXFpeWS2sFdc3Nre29Z3djghjjkkbhyzkPRcJwmhA2pJKRnoRJ8h3Gem6k2bmd28IFzQMruU0Io6PRgH1KEZSSQP9wPaRHAsvubpIy5UTaKuXKa6bNNPjgV4yjYpZr1ar8DexDDNHCczRGuhv9jDEsU8CiRkSom+ZkXQSxCXFjKRFOxYkQniCRqSvaIB8IpwkPyOFR0oZQi/k6gcS5urXjgT5Qkx9V1XmS//0MvEvrx9Lr+4kNIhiSQI8G+TFDMoQZpnAIeUESzZVBGFO1a4QjxFHWKrkiiqEz0vh/6RTMayaUbs8LTXq8zgKYB8cgjKwwBlogHPQAm2AwS24B4/gSbvTHrRn7WVWuqDNe/bAN2ivH8VRmAs=</latexit>

SL(2, C)

<latexit sha1_base64="AsOa1l7N5KXpTkX+5dNwfjUXgQs=">AAAB+XicdVDLSsNAFL3xWesr6tLNYBHqJiTF1i4LblxWtA9oa5lMJ+3QySTMTAol5E/cuFDErX/izr9x+hB8HrhwOOde7r3HjzlT2nXfrZXVtfWNzdxWfntnd2/fPjhsqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfX8781oRKxSJxq6cx7YV4KFjACNZG6tv2TT8V2V1a7GIej/BZ1rcLrlNyq+VyGf0mnuPOUYAl6n37rTuISBJSoQnHSnU8N9a9FEvNCKdZvpsoGmMyxkPaMVTgkKpeOr88Q6dGGaAgkqaERnP160SKQ6WmoW86Q6xH6qc3E//yOokOqr2UiTjRVJDFoiDhSEdoFgMaMEmJ5lNDMJHM3IrICEtMtAkrb0L4/BT9T5olx6s4levzQq26jCMHx3ACRfDgAmpwBXVoAIEJ3MMjPFmp9WA9Wy+L1hVrOXME32C9fgC445O4</latexit>

S(↵)
n



THE STRUCTURE OF THE WAVE FUNCTION



Let  denote a fixed non-abelian branch of the classical A-polynomial.

The WKB perturbative wave function                           can be resummed at all orders in    and 
order by order in . 

where         are -polynomials in                    and 

The coefficient functions              satisfy

where                           and                         .

<latexit sha1_base64="tK7FB1FIGB9rE431LzyiqkZRMz8=">AAAB7XicdVDJSgNBEK1xjXGLevTSGARPwySYmGPAi8cIZoFkCDWdnqRNT8/Q3SOEIf/gxYMiXv0fb/6NnUVwfVDweK+KqnpBIrg2nvfurKyurW9s5rby2zu7e/uFg8OWjlNFWZPGIladADUTXLKm4UawTqIYRoFg7WB8OfPbd0xpHssbM0mYH+FQ8pBTNFZq9VAkI+wXip5b9mqVSoX8JiXXm6MISzT6hbfeIKZpxKShArXulrzE+Bkqw6lg03wv1SxBOsYh61oqMWLaz+bXTsmpVQYkjJUtachc/TqRYaT1JApsZ4RmpH96M/Evr5uasOZnXCapYZIuFoWpICYms9fJgCtGjZhYglRxeyuhI1RIjQ0ob0P4/JT8T1plt1R1q9fnxXptGUcOjuEEzqAEF1CHK2hAEyjcwj08wpMTOw/Os/OyaF1xljNH8A3O6wf4dI9k</latexit>↵

<latexit sha1_base64="32cgJ3VQBZ1rIQhnWo36FzEW8m4=">AAACDXicdVDLSsNAFJ3UV62vqEs3g7XgKiTF1m6EghuXFewDmlgm00k7dDIJMxOhhPyAG3/FjQtF3Lp35984TSv4PDBwOGcu99zjx4xKZdvvRmFpeWV1rbhe2tjc2t4xd/c6MkoEJm0csUj0fCQJo5y0FVWM9GJBUOgz0vUn5zO/e0OEpBG/UtOYeCEacRpQjJSWBuZRD55BN0RqLMKUZNdpFboxnSsySP0MJhkcmGXbqtqNWq0GfxPHsnOUwQKtgfnmDiOchIQrzJCUfceOlZcioShmJCu5iSQxwhM0In1NOQqJ9NL8mgxWtDKEQST04wrm6teJFIVSTkMdrZKn/OnNxL+8fqKChpdSHieKcDxfFCQMqgjOqoFDKghWbKoJwoLqrBCPkUBY6QJLuoTPS+H/pFO1nLpVvzwpNxuLOorgAByCY+CAU9AEF6AF2gCDW3APHsGTcWc8GM/Gy/xrwVjM7INvMF4/AL2Jm2E=</latexit>

X = e2⇡bu

<latexit sha1_base64="xNfMw3kQ8yZ1qZhNOwRk0fl3TGE="></latexit>

�(↵),WKB
K (u; ~) = exp
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(↵)
0 (x) + s(↵)1 (x) + �(↵),WKB(X; q)

◆
,

<latexit sha1_base64="KilmckOtX98p/g2Re+tZzbSnaC0=">AAAB8XicdVDLSsNAFL2pr1pfVZduBovgKiTF1C4LblxWsQ9sQ5lMJ+3QySTMTIQS+hduXCji1r9x5984aSv4PDBwOOde5twTJJwp7TjvVmFldW19o7hZ2tre2d0r7x+0VZxKQlsk5rHsBlhRzgRtaaY57SaS4ijgtBNMLnK/c0elYrG40dOE+hEeCRYygrWRbvsR1uMgyK5ng3LFsatO3fM89Ju4tjNHBZZoDspv/WFM0ogKTThWquc6ifYzLDUjnM5K/VTRBJMJHtGeoQJHVPnZPPEMnRhliMJYmic0mqtfNzIcKTWNAjOZJ1Q/vVz8y+ulOqz7GRNJqqkgi4/ClCMdo/x8NGSSEs2nhmAimcmKyBhLTLQpqWRK+LwU/U/aVdut2bWrs0qjvqyjCEdwDKfgwjk04BKa0AICAu7hEZ4sZT1Yz9bLYrRgLXcO4Rus1w8qYZE+</latexit>R
<latexit sha1_base64="52f+IWq8aG+bqjSem3Psx/gxKe0="></latexit>

�(↵),WKB(X; q) =
X

n�1

a(↵)n (q)Xn + a(↵)�n(q)X
�n .

<latexit sha1_base64="QpSfADM7apgZH89XbPgpUZoCbp8="></latexit>

a(↵)±n(q) =
â(↵)±n(q)

n(qn � 1)q�↵,±n
,

General conjectures — I

<latexit sha1_base64="IAyKu3CuAMoV2xnVpHf9bHY4KSI="></latexit>

�(↵),WKB
K (u; ~)

<latexit sha1_base64="KTBsQdDscUNxlcVjBroyDwBIGwQ=">AAAB8XicdVDJSgNBEK1xjXGLevTSGARPw0wwMRch4MVjBLNgMoSeTk/SpKd76O4Rw5C/8OJBEa/+jTf/xs4iuD4oeLxXRVW9MOFMG897d5aWV1bX1nMb+c2t7Z3dwt5+U8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSscXUz91i1VmklxbcYJDWI8ECxiBBsr3dyhc9TlcoDavULRc0tetVwuo9/Ed70ZirBAvVd46/YlSWMqDOFY647vJSbIsDKMcDrJd1NNE0xGeEA7lgocUx1ks4sn6NgqfRRJZUsYNFO/TmQ41noch7Yzxmaof3pT8S+vk5qoGmRMJKmhgswXRSlHRqLp+6jPFCWGjy3BRDF7KyJDrDAxNqS8DeHzU/Q/aZZcv+JWrk6LteoijhwcwhGcgA9nUINLqEMDCAi4h0d4crTz4Dw7L/PWJWcxcwDf4Lx+AJP4kDU=</latexit>

x = logX

<latexit sha1_base64="OkPFHtez9LvEmrDoXiIzMc4X9Ws=">AAACAHicdVDJSgNBEO1xjXGLevDgpTEIyWWYBBNzDHjxGMEskIyhptOTNOnpGbt7hDDMxV/x4kERr36GN//GziK4Pih4vFdFVT0v4kxpx3m3lpZXVtfWMxvZza3tnd3c3n5LhbEktElCHsqOB4pyJmhTM81pJ5IUAo/Ttjc+n/rtWyoVC8WVnkTUDWAomM8IaCP1c4dwnRR6wKMRFNN+0osCLNLCTbGfyzt22alVKhX8m5RsZ4Y8WqDRz731BiGJAyo04aBUt+RE2k1AakY4TbO9WNEIyBiGtGuogIAqN5k9kOITowywH0pTQuOZ+nUigUCpSeCZzgD0SP30puJfXjfWfs1NmIhiTQWZL/JjjnWIp2ngAZOUaD4xBIhk5lZMRiCBaJNZ1oTw+Sn+n7TKdqlqVy9P8/XaIo4MOkLHqIBK6AzV0QVqoCYiKEX36BE9WXfWg/Vsvcxbl6zFzAH6Buv1AzJelic=</latexit>

a(↵)±n(q)

<latexit sha1_base64="hykKKjIcj85sueNZs+VCRCEN1wc=">AAAB+3icdVDJSgNBEK2JW4zbGI9eGoMQQcJMMDHHgBePEcwCyTj0dHqSJj0L3T1iGOZXvHhQxKs/4s2/sbMIrg8KHu9VUVXPizmTyrLejdzK6tr6Rn6zsLW9s7tn7hc7MkoEoW0S8Uj0PCwpZyFtK6Y47cWC4sDjtOtNLmZ+95YKyaLwWk1j6gR4FDKfEay05JpFeZOWB5jHY3ySual1ameuWbIqVatRq9XQb2JXrDlKsETLNd8Gw4gkAQ0V4VjKvm3FykmxUIxwmhUGiaQxJhM8on1NQxxQ6aTz2zN0rJUh8iOhK1Rorn6dSHEg5TTwdGeA1Vj+9GbiX14/UX7DSVkYJ4qGZLHITzhSEZoFgYZMUKL4VBNMBNO3IjLGAhOl4yroED4/Rf+TTrVi1yv1q7NSs7GMIw+HcARlsOEcmnAJLWgDgTu4h0d4MjLjwXg2XhatOWM5cwDfYLx+AGyWlAs=</latexit>

s(↵)0,1

<latexit sha1_base64="xI7IGdMJvJJLNaiqWtIYalF41vk="></latexit>

â(↵)±n(q) 2 Z[q]
<latexit sha1_base64="d6npMRdkMrpekJYONhrrWYaj05I=">AAACH3icdVDLSgMxFM3UV62vUZdugkVwVabF1i4LblxJBduKnTLcSdM2NJMZkoxQhvkTN/6KGxeKiLv+jZm2is8DgcM5997ce/yIM6UdZ2rllpZXVtfy64WNza3tHXt3r63CWBLaIiEP5bUPinImaEszzel1JCkEPqcdf3yW+Z1bKhULxZWeRLQXwFCwASOgjeTZNVexYQCeCzwaAXaziQK7AeiR7yc3qZe4gmInxa4OP+WL1LOLTqni1KvVKv5NyiVnhiJaoOnZb24/JHFAhSYclOqWnUj3EpCaEU7TghsrGgEZw5B2DRUQUNVLZvel+MgofTwIpXlC45n6tSOBQKlJ4JvKbEP108vEv7xurAf1XsJEFGsqyPyjQcyxuTULC/eZpETziSFAJDO7YjICCUSbSAsmhI9L8f+kXSmVa6Xa5UmxUV/EkUcH6BAdozI6RQ10jpqohQi6Qw/oCT1b99aj9WK9zktz1qJnH32DNX0H1JujeQ==</latexit>

�↵ : Z 6=0 ! N

<latexit sha1_base64="hqc7zh+GMawjv6/YDvlABdX+bu0=">AAAB7HicdVDLSgNBEOyJrxhfUY9eBoPgadkNJuYY8OIxgpsEkiXMTmaTIbOzy8ysEJZ8gxcPinj1g7z5N04egs+ChqKqm+6uMBVcG9d9R4W19Y3NreJ2aWd3b/+gfHjU1kmmKPNpIhLVDYlmgkvmG24E66aKkTgUrBNOruZ+544pzRN5a6YpC2IykjzilBgr+f1xSNSgXHGdqtuo1Wr4N/Ecd4EKrNAalN/6w4RmMZOGCqJ1z3NTE+REGU4Fm5X6mWYpoRMyYj1LJYmZDvLFsTN8ZpUhjhJlSxq8UL9O5CTWehqHtjMmZqx/enPxL6+XmagR5FymmWGSLhdFmcAmwfPP8ZArRo2YWkKo4vZWTMdEEWpsPiUbwuen+H/Srjpe3anfXFSajVUcRTiBUzgHDy6hCdfQAh8ocLiHR3hCEj2gZ/SybC2g1cwxfAN6/QAyVY7x</latexit>

~



Additional structure is expected to occur after resummation.

The resummed perturbative wave function                            has the integrality property of an 
admissible series in the sense of Kontsevich–Soibelman.

where                          . 

The holomorphic block                    in the decomposition of the exact wave function           
must reproduce its WKB perturbative expansion around the classical solution labeled by .

Thus, it can be identified with the resummed perturbative wave function

Our conjectural statements simplify in the case of the geometric branch.

<latexit sha1_base64="g258/icl5RwgYDV1EMw+IPMXXeM="></latexit>

a(↵)±n(q) =
X

k|n

D(↵)
±n

k
(qk)

k(qk � 1)q
k�↵,±n

k

, n 2 Z>0 ,

<latexit sha1_base64="tK7FB1FIGB9rE431LzyiqkZRMz8=">AAAB7XicdVDJSgNBEK1xjXGLevTSGARPwySYmGPAi8cIZoFkCDWdnqRNT8/Q3SOEIf/gxYMiXv0fb/6NnUVwfVDweK+KqnpBIrg2nvfurKyurW9s5rby2zu7e/uFg8OWjlNFWZPGIladADUTXLKm4UawTqIYRoFg7WB8OfPbd0xpHssbM0mYH+FQ8pBTNFZq9VAkI+wXip5b9mqVSoX8JiXXm6MISzT6hbfeIKZpxKShArXulrzE+Bkqw6lg03wv1SxBOsYh61oqMWLaz+bXTsmpVQYkjJUtachc/TqRYaT1JApsZ4RmpH96M/Evr5uasOZnXCapYZIuFoWpICYms9fJgCtGjZhYglRxeyuhI1RIjQ0ob0P4/JT8T1plt1R1q9fnxXptGUcOjuEEzqAEF1CHK2hAEyjcwj08wpMTOw/Os/OyaF1xljNH8A3O6wf4dI9k</latexit>↵

<latexit sha1_base64="hNRu2jBEhJgz4Qwa/pXINHPsC2k="></latexit>

S(↵)(X; q) = exp
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General conjectures — II

<latexit sha1_base64="IAyKu3CuAMoV2xnVpHf9bHY4KSI="></latexit>

�(↵),WKB
K (u; ~)

<latexit sha1_base64="lgbM9y7eQ2kysF5J/GebIsjXJMI=">AAACBnicdVDJSgNBEO2JW4xb1KMIjUFILsMkmBjwEvDiMaJZIDOGmk4nadKz2N0jhGFOXvwVLx4U8eo3ePNv7CyC64OCx3tVVNVzQ86ksqx3I7WwuLS8kl7NrK1vbG5lt3eaMogEoQ0S8EC0XZCUM582FFOctkNBwXM5bbmj04nfuqFCssC/VOOQOh4MfNZnBJSWutl92wM1JMDji+QqztvAwyEUEpxvn+DrQjebs8ySVS2Xy/g3KZrWFDk0R72bfbN7AYk86ivCQcpO0QqVE4NQjHCaZOxI0hDICAa0o6kPHpVOPH0jwYda6eF+IHT5Ck/VrxMxeFKOPVd3To6WP72J+JfXiVS/6sTMDyNFfTJb1I84VgGeZIJ7TFCi+FgTIILpWzEZggCidHIZHcLnp/h/0iyZxYpZOT/K1arzONJoDx2gPCqiY1RDZ6iOGoigW3SPHtGTcWc8GM/Gy6w1ZcxndtE3GK8fFoKYOA==</latexit>

S(↵)(X; q)
<latexit sha1_base64="PtH9AWHP6mNLQChDYLFYf0DsFaY=">AAACA3icdVDLSsNAFJ34rPUVdaebwSLUTUiLrQU3BTeCmwr2AU0Ik+mkGTqZhJmJUELBjb/ixoUibv0Jd/6Nk7aCzwMXDufcy733+AmjUtn2u7GwuLS8slpYK65vbG5tmzu7HRmnApM2jlksej6ShFFO2ooqRnqJICjyGen6o/Pc794QIWnMr9U4IW6EhpwGFCOlJc/cd3BIPSdCKsSIZZeTcnoGndBH4tgzS7ZVtRu1Wg3+JhXLnqIE5mh55psziHEaEa4wQ1L2K3ai3AwJRTEjk6KTSpIgPEJD0teUo4hIN5v+MIFHWhnAIBa6uIJT9etEhiIpx5GvO/Nj5U8vF//y+qkKGm5GeZIqwvFsUZAyqGKYBwIHVBCs2FgThAXVt0IcIoGw0rEVdQifn8L/SadqVepW/eqk1GzM4yiAA3AIyqACTkETXIAWaAMMbsE9eARPxp3xYDwbL7PWBWM+swe+wXj9AJl6l30=</latexit>

�K(u; ~)

<latexit sha1_base64="DNxd9hZng+lh1qOvPf4jiYZ3JQY=">AAACE3icdVDLSsNAFJ34rPUVdelmsAiti5AWW7ss6MJlBfvAJpbJdNIOnUzSmYlQQv7Bjb/ixoUibt2482+cPgSfBy4czrmXe+/xIkalsu13Y2FxaXllNbOWXd/Y3No2d3abMowFJg0cslC0PSQJo5w0FFWMtCNBUOAx0vKGpxO/dUOEpCG/VOOIuAHqc+pTjJSWuubR2XWSdxCLBqiQdhMnCiBPYX5UgA7l0AmQGnhecpV2Rm7XzNlWya6Wy2X4mxQte4ocmKPeNd+cXojjgHCFGZKyU7Qj5SZIKIoZSbNOLEmE8BD1SUdTjgIi3WT6UwoPtdKDfih0cQWn6teJBAVSjgNPd06OlD+9ifiX14mVX3UTyqNYEY5ni/yYQRXCSUCwRwXBio01QVhQfSvEAyQQVjrGrA7h81P4P2mWrGLFqlwc52rVeRwZsA8OQB4UwQmogXNQBw2AwS24B4/gybgzHoxn42XWumDMZ/bANxivH/pGnaA=</latexit>

D(↵)
±n(q) 2 Z[q]



The exact wave function                is well-defined for                            . Yet, the resummed 
perturbative series                            is singular at the rational points 

A cancellation mechanism takes place in the sum

leading to a finite answer for the full non-perturbative wave function.

Non-trivial constraints on the coefficient functions              follow from the conjectured 
integrality structure and guarantee the cancellation of apparent singularities. 

A similar mechanism occurs in the ABJM matrix model and the TS/ST correspondence.
[Hatsuda et al., 2012 - Kallen, Mariño, 2013 - Grassi et al., 2014 - Wang et al., 2015]

<latexit sha1_base64="8a5KZhcdmLO8DLuvQX6qRIw8k34="></latexit>

q = ei~ = e2⇡i
P
Q , P,Q 2 Z>0 coprime .

<latexit sha1_base64="EY0dYNbplmqT4HnW6j3DSJsL7CU="></latexit>

�(↵),WKB(X; q) + �(↵),WKB(XD; qD) ,

<latexit sha1_base64="nTyJ8jPaJmsWzfoTgZOPmUuVPhg="></latexit>

öa(! )
± sQ (q)q! " ! , ± sQ =

!

k |s

k2D± k (1) = c(! )
± s ! Z , s ! Z> 0 .

Cancellation of singularities

<latexit sha1_base64="PtH9AWHP6mNLQChDYLFYf0DsFaY=">AAACA3icdVDLSsNAFJ34rPUVdaebwSLUTUiLrQU3BTeCmwr2AU0Ik+mkGTqZhJmJUELBjb/ixoUibv0Jd/6Nk7aCzwMXDufcy733+AmjUtn2u7GwuLS8slpYK65vbG5tmzu7HRmnApM2jlksej6ShFFO2ooqRnqJICjyGen6o/Pc794QIWnMr9U4IW6EhpwGFCOlJc/cd3BIPSdCKsSIZZeTcnoGndBH4tgzS7ZVtRu1Wg3+JhXLnqIE5mh55psziHEaEa4wQ1L2K3ai3AwJRTEjk6KTSpIgPEJD0teUo4hIN5v+MIFHWhnAIBa6uIJT9etEhiIpx5GvO/Nj5U8vF//y+qkKGm5GeZIqwvFsUZAyqGKYBwIHVBCs2FgThAXVt0IcIoGw0rEVdQifn8L/SadqVepW/eqk1GzM4yiAA3AIyqACTkETXIAWaAMMbsE9eARPxp3xYDwbL7PWBWM+swe+wXj9AJl6l30=</latexit>

�K(u; ~)
<latexit sha1_base64="gzDLmj2JGubAeHCoy6bf8boSEEk=">AAACFHicdVDLSgNBEJyNrxhfUY9eBoMQUMNuMDHHQC4eIxgTyC5hdjKbDJmdXWZ6hbDkI7z4K148KOLVgzf/xslD8FnQUFR1093lx4JrsO13K7O0vLK6ll3PbWxube/kd/eudZQoylo0EpHq+EQzwSVrAQfBOrFiJPQFa/ujxtRv3zCleSSvYBwzLyQDyQNOCRiplz92hz5R2OUSuyGBoe+njYmrGYRcJhoXT40TwPgE29jr5Qt2qWzXKpUK/k2ckj1DAS3Q7OXf3H5Ek5BJoIJo3XXsGLyUKOBUsEnOTTSLCR2RAesaKknItJfOnprgI6P0cRApUxLwTP06kZJQ63Hom87p4fqnNxX/8roJBDUv5TJOgEk6XxQkAkOEpwnhPleMghgbQqji5lZMh0QRCibHnAnh81P8P7kul5xqqXp5VqjXFnFk0QE6REXkoHNURxeoiVqIolt0jx7Rk3VnPVjP1su8NWMtZvbRN1ivH46hnd4=</latexit>

~ 2 C \ (�1, 0]
<latexit sha1_base64="Wd6xWz8fZSGTDZpQQIRwkTN/YS8=">AAACC3icdVDLSsNAFJ3UV62vqks3Q4vQgoSk2FpwU3QjuKlgH9DEMplOmqGThzMToYTs3fgrblwo4tYfcOffOH0IPg9cOJxzL/fe40SMCmkY71pmYXFpeSW7mltb39jcym/vtEUYc0xaOGQh7zpIEEYD0pJUMtKNOEG+w0jHGZ1O/M4N4YKGwaUcR8T20TCgLsVIKqmfL1iRR6+SkoVY5KHyAbR8JD3uJ53zkzQtdY+vy/180dArRr1arcLfxNSNKYpgjmY//2YNQhz7JJCYISF6phFJO0FcUsxImrNiQSKER2hIeooGyCfCTqa/pHBfKQPohlxVIOFU/TqRIF+Ise+ozsml4qc3Ef/yerF063ZCgyiWJMCzRW7MoAzhJBg4oJxgycaKIMypuhViD3GEpYovp0L4/BT+T9oV3azptYvDYqM+jyML9kABlIAJjkADnIEmaAEMbsE9eARP2p32oD1rL7PWjDaf2QXfoL1+AOY/mlM=</latexit>

! ( ! ) ,WKB (X ; q)

<latexit sha1_base64="G4NEYEX/A1SXNzkltIYf5kTBDlg=">AAACB3icdVDJSgNBEO2JW4xb1KMgjUFILmESTMwx4MVjBLNAJg41nU7SpKdn7O4RwjA3L/6KFw+KePUXvPk3dhbB9UHB470qqup5IWdK2/a7lVpaXlldS69nNja3tneyu3stFUSS0CYJeCA7HijKmaBNzTSnnVBS8D1O2974bOq3b6hULBCXehLSng9DwQaMgDaSmz10RqBjSK7ivAM8HEEhcWMn9LFIcP664GZzdrFs1yqVCv5NSkV7hhxaoOFm35x+QCKfCk04KNUt2aHuxSA1I5wmGSdSNAQyhiHtGirAp6oXz/5I8LFR+ngQSFNC45n6dSIGX6mJ75lOH/RI/fSm4l9eN9KDWi9mIow0FWS+aBBxrAM8DQX3maRE84khQCQzt2IyAglEm+gyJoTPT/H/pFUulqrF6sVJrl5bxJFGB+gI5VEJnaI6OkcN1EQE3aJ79IierDvrwXq2XuatKWsxs4++wXr9AJa2mR4=</latexit>

öa( ! )
± n (q)



After the cancellation takes place, the exact wave function at rational points is expressed in 
closed form in terms of the new integer invariants       ,               .

Recall that  shifts  into       and  acts by multiplication.

Specialized to the rational case                , the   -difference equation encoded in the quantum 
A-polynomial, that is,  

produces a quasi-periodic structure that can be solved recursively in matrix formalism.

Independent tests are performed for the non-abelian branches of the knots  and  using: 

(a) the explicit decomposition of                 into holomorphic/anti-holomorphic blocks; 
[Beem et al., 2012 - Dimofte, 2014 - Garoufalidis et al., 2020] 

(c) the corresponding second- and third-order   -difference equations. 

The enumerative interpretation of the new integer invariants in terms of BPS counting in the 
dual supersymmetric theory remains to be understood.  
[Dimofte et al., 2011]

<latexit sha1_base64="aNlN0Z2mcbXGKnLXWdHKkun2AGs=">AAAB7nicdVDLSgNBEOyNrxhfUY+CDAbB07IbSMzNgBePCZgHJEuYncwmQ2Znl5lZISw5+gFePCji1U/IyY/w5jf4E04SBZ8FDUVVN13dfsyZ0o7zamWWlldW17LruY3Nre2d/O5eU0WJJLRBIh7Jto8V5UzQhmaa03YsKQ59Tlv+6Hzmt66oVCwSl3ocUy/EA8ECRrA2Uqs7xDqtTXr5gmMXnUqpVEK/iWs7cxTOnqf1t+vDaa2Xf+n2I5KEVGjCsVId14m1l2KpGeF0kusmisaYjPCAdgwVOKTKS+dxJ+jYKH0URNKU0Giufp1IcajUOPRNZ4j1UP30ZuJfXifRQcVLmYgTTQVZLAoSjnSEZrejPpOUaD42BBPJTFZEhlhios2HcuYJn5ei/0mzaLtlu1x3C9UKLJCFAziCE3DhFKpwATVoAIER3MAd3FuxdWs9WI+L1oz1MbMP32A9vQOn/5Q2</latexit>

öP
<latexit sha1_base64="CRPzM8+6yklJI6c7DKtAx1FY9nk=">AAAB6HicdVDLSgNBEJyNrxhfUY+CDAbB07IrJOZmwIvHBMwDkiXMTnqTMbOzy8ysEJYcPXnxoIhXvyInP8Kb3+BPOEkUfBY0FFXddHX7MWdKO86rlVlYXFpeya7m1tY3Nrfy2zsNFSWSQp1GPJItnyjgTEBdM82hFUsgoc+h6Q/Ppn7zCqRikbjQoxi8kPQFCxgl2ki1VjdfcOxjp1wsFvFv4trODIXT50nt7Xp/Uu3mXzq9iCYhCE05UartOrH2UiI1oxzGuU6iICZ0SPrQNlSQEJSXzoKO8aFRejiIpCmh8Uz9OpGSUKlR6JvOkOiB+ulNxb+8dqKDspcyEScaBJ0vChKOdYSnV+Mek0A1HxlCqGQmK6YDIgnV5jc584TPS/H/pHFsuyW7VHMLlTKaI4v20AE6Qi46QRV0jqqojigCdIPu0L11ad1aD9bjvDVjfczsom+wnt4B6kSRcQ==</latexit>

X
<latexit sha1_base64="/tamCa+hJSixjmlD9r79wE7CKBY=">AAAB7nicdVDLSgNBEJyNrxhfUY+CDAbB07IbSMzNgBePCZgHJEuYncwmQ2Znl5leISw5+gFePCji1U/IyY/w5jf4E04SBZ8FDUVVN13dfiy4Bsd5tTJLyyura9n13Mbm1vZOfnevqaNEUdagkYhU2yeaCS5ZAzgI1o4VI6EvWMsfnc/81hVTmkfyEsYx80IykDzglICRWt0hgbQ96eULjl10KqVSCf8mru3MUTh7ntbfrg+ntV7+pduPaBIyCVQQrTuuE4OXEgWcCjbJdRPNYkJHZMA6hkoSMu2l87gTfGyUPg4iZUoCnqtfJ1ISaj0OfdMZEhjqn95M/MvrJBBUvJTLOAEm6WJRkAgMEZ7djvtcMQpibAihipusmA6JIhTMh3LmCZ+X4v9Js2i7ZbtcdwvVClogiw7QETpBLjpFVXSBaqiBKBqhG3SH7q3YurUerMdFa8b6mNlH32A9vQO0J5Q+</latexit>

öX

<latexit sha1_base64="kF1czWHd0r7UKPDgq0FnoEkK4L8="></latexit>

öAK ( öP , öX, q)! ( ! ) ,WKB
K (u; ! ) = 0 ,
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The wave function in the rational case

<latexit sha1_base64="3sp/FlI6T5mlu8GP/bd/NUBMjYE=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEVyEptnYlBTcuK9gHNiFMppN26GQSZiZCCQF/xY0LRdz6He78GydtBZ8HBg7n3Ms9c4KEUals+90oLS2vrK6V1ysbm1vbO+buXlfGqcCkg2MWi36AJGGUk46iipF+IgiKAkZ6weSi8Hu3REga82s1TYgXoRGnIcVIack3DyR0KYduhNQ4CLKb3M/O7dw3q7ZVs5v1eh3+Jo5lz1AFC7R9880dxjiNCFeYISkHjp0oL0NCUcxIXnFTSRKEJ2hEBppyFBHpZbP4OTzWyhCGsdCPKzhTv25kKJJyGgV6sogpf3qF+Jc3SFXY9DLKk1QRjueHwpRBFcOiCzikgmDFppogLKjOCvEYCYSVbqyiS/j8KfyfdGuW07AaV6fVVnNRRxkcgiNwAhxwBlrgErRBB2CQgXvwCJ6MO+PBeDZe5qMlY7GzD77BeP0AD06VkA==</latexit>

s ! Z> 0

<latexit sha1_base64="S4nYUXXHE4U5VfdpxZU2C3lglcQ=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSxC3YSk2NplwY3LCvYBTQyT6aQdOpmEmYlQQ/BX3LhQxK3/4c6/cfoQfB64cDjnXu69J0gYlcq2343C0vLK6lpxvbSxubW9Y+7udWScCkzaOGax6AVIEkY5aSuqGOklgqAoYKQbjM+nfveGCEljfqUmCfEiNOQ0pBgpLfnmAb7OKi5iyQid5H7mJhGUuW+WbatqN2q1GvxNHMueoQwWaPnmmzuIcRoRrjBDUvYdO1FehoSimJG85KaSJAiP0ZD0NeUoItLLZtfn8FgrAxjGQhdXcKZ+nchQJOUkCnRnhNRI/vSm4l9eP1Vhw8soT1JFOJ4vClMGVQynUcABFQQrNtEEYUH1rRCPkEBY6cBKOoTPT+H/pFO1nLpVvzwtNxuLOIrgEByBCnDAGWiCC9ACbYDBLbgHj+DJuDMejGfjZd5aMBYz++AbjNcPkCWVTg==</latexit>

c( ! )
± s

<latexit sha1_base64="4YJrZuudke5K+pfp/qeLblGnhNY=">AAAB6XicdVDLSgNBEOz1GeMrmqOXwRDwtOwGEnMMePEYxTwgWcLsZDYZMju7zswKYcnNoxcPinj1X/wAb/oBfoEf4CRR8FnQUFR109Xtx5wp7TjP1sLi0vLKamYtu76xubWd29ltqiiRhDZIxCPZ9rGinAna0Exz2o4lxaHPacsfHU391gWVikXiTI9j6oV4IFjACNZGOj1v93IFxy451XK5jH4T13ZmKNTyxcu3x9eXei/31O1HJAmp0IRjpTquE2svxVIzwukk200UjTEZ4QHtGCpwSJWXzpJOUNEofRRE0pTQaKZ+nUhxqNQ49E1niPVQ/fSm4l9eJ9FB1UuZiBNNBZkvChKOdISmZ6M+k5RoPjYEE8lMVkSGWGKizXOy5gmfl6L/SbNkuxW7cuIWalWYIwN7sA8H4MIh1OAY6tAAAgFcwQ3cWiPr2rqz7uetC9bHTB6+wXp4B+41khY=</latexit>

qX

<latexit sha1_base64="ANf4qWmgVFua6coK20yz9q9UGGg=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaCiTkGvHhMwCRCMoSeTk3Spmexu0cIQ77AiwdFvPpJ3vwbO4vg+qDg8V4VVfX8RHClHefdyq2srq1v5DcLW9s7u3vF/YO2ilPJsMViEctrnyoUPMKW5lrgdSKRhr7Ajj++mPmdO5SKx9GVniTohXQY8YAzqo3UvO0XS45ddmqVSoX8Jq7tzFGCJRr94ltvELM0xEgzQZXquk6ivYxKzZnAaaGXKkwoG9Mhdg2NaIjKy+aHTsmJUQYkiKWpSJO5+nUio6FSk9A3nSHVI/XTm4l/ed1UBzUv41GSaozYYlGQCqJjMvuaDLhEpsXEEMokN7cSNqKSMm2yKZgQPj8l/5N22XardrV5VqrXlnHk4QiO4RRcOIc6XEIDWsAA4R4e4cm6sR6sZ+tl0ZqzljOH8A3W6wdIn41B</latexit>q

<latexit sha1_base64="+ijVsUJX1+fVjDPsebcauwCR7V4=">AAAB6XicdVDJSgNBEK2JW4xb1KOXxiB4GmaCiTkGvHiMYhZIhtDT6Uma9HSP3T1CGPIHXjwo4tU/8ubf2FkE1wcFj/eqqKoXJpxp43nvTm5ldW19I79Z2Nre2d0r7h+0tEwVoU0iuVSdEGvKmaBNwwynnURRHIectsPxxcxv31GlmRQ3ZpLQIMZDwSJGsLHS9S3qF0ueW/ZqlUoF/Sa+681RgiUa/eJbbyBJGlNhCMdad30vMUG GlWGE02mhl2qaYDLGQ9q1VOCY6iCbXzpFJ1YZoEgqW8Kgufp1IsOx1pM4tJ0xNiP905uJf3nd1ES1IGMiSQ0VZLEoSjkyEs3eRgOmKDF8YgkmitlbERlhhYmx4RRsCJ+fov9Jq+z6Vbd6dVaq15Zx5OEIjuEUfDiHOlxCA5pAIIJ7eIQnZ+w8OM/Oy6I15yxnDuEbnNcPnnSNaw==</latexit>q

<latexit sha1_base64="MxbZLBvjp++jjnlgx7jafNJKfRs=">AAACBHicdVDLSsNAFJ3UV62vqMtuBovgKiTF1i4Lbly2YB/QhDIznbRDJ5MwMxFK6MKNv+LGhSJu/Qh3/o2TtoLPAxcO59zLvffghDOlXffdKqytb2xuFbdLO7t7+wf24VFXxakktENiHss+RopyJmhHM81pP5EURZjTHp5e5n7vhkrFYnGtZwkNIjQWLGQEaSMN7bI/wUhCnwlYhX7CoB8hPcE4a8/h0K64TtVt1Go1+Jt4jrtABazQGtpv/igmaUSFJhwpNfDcRAcZkpoRTuclP1U0QWSKxnRgqEARVUG2eGIOT40ygmEsTQkNF+rXiQxFSs0ibDrzE9VPLxf/8gapDhtBxkSSairIclGYcqhjmCcCR0xSovnMEEQkM7dCMkESEW1yK5kQPj+F/5Nu1fHqTr19Xmk2VnEUQRmcgDPggQvQBFegBTqAgFtwDx7Bk3VnPVjP1suytWCtZo7BN1ivH14dl0s=</latexit>

! ! 2! Q

<latexit sha1_base64="PtH9AWHP6mNLQChDYLFYf0DsFaY=">AAACA3icdVDLSsNAFJ34rPUVdaebwSLUTUiLrQU3BTeCmwr2AU0Ik+mkGTqZhJmJUELBjb/ixoUibv0Jd/6Nk7aCzwMXDufcy733+AmjUtn2u7GwuLS8slpYK65vbG5tmzu7HRmnApM2jlksej6ShFFO2ooqRnqJICjyGen6o/Pc794QIWnMr9U4IW6EhpwGFCOlJc/cd3BIPSdCKsSIZZeTcnoGndBH4tgzS7ZVtRu1Wg3+JhXLnqIE5mh55psziHEaEa4wQ1L2K3ai3AwJRTEjk6KTSpIgPEJD0teUo4hIN5v+MIFHWhnAIBa6uIJT9etEhiIpx5GvO/Nj5U8vF//y+qkKGm5GeZIqwvFsUZAyqGKYBwIHVBCs2FgThAXVt0IcIoGw0rEVdQifn8L/SadqVepW/eqk1GzM4yiAA3AIyqACTkETXIAWaAMMbsE9eARPxp3xYDwbL7PWBWM+swe+wXj9AJl6l30=</latexit>

�K(u; ~)



THE SIMPLEST EXAMPLE 



The -knot is the simplest hyperbolic knot. 

Its classical A-polynomial 

 

has two distinct non-abelian branches                            corresponding  
to the two irreducible flat                -connections on                      . 

Expanding                            in powers of                and extracting the coefficients             ,                
we obtain                      ,                              ,                , and the non-trivial    -polynomials 
  

          

41

<latexit sha1_base64="vNs5MDTGvVLfk/UA5m2gpKa10c0="></latexit>

A41 (P, X ) = P! 1 + P ! (X 2 + X ! 2 ! X ! X ! 1 ! 2)

<latexit sha1_base64="a7OELbK7O9predeF1TnGZ4rsyw0="></latexit>

D (geom)
1 (q) = q ,

D (geom)
2 (q) = q ,

D (geom)
3 (q) = q2 ,

D (geom)
4 (q) = q3 ,

D (geom)
5 (q) = q3(1 + q) ,

D (geom)
6 (q) = q4(1 + 2q) ,

á á á

<latexit sha1_base64="CJcVjWaZBndKgJlgkEyAuBSBToQ="></latexit>

D (conj)
! 1 (q) = q ,

D (conj)
1 (q) = 0 ,

D (conj)
2 (q) = ! 1,

D (conj)
3 (q) = ! 1,

D (conj)
4 (q) = ! 1,

D (conj)
5 (q) = ! 1 ! q ,

á á á

The figure-eight knot — I
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1Readallintroductionarticlestocreateabroadpicture Bae we and i dad I2swayallintroductionarticlestofileinthedetails

Filipe
REREADOURNOTES
MAKEA BIGRECAPt makesurethere are nosubstantial

gaps
MOVEFORWARD

WRITING ALONSIDEDETAILS ONLYIFREASONABLYFAST

TODAY FRIDAY 20 10 write part I following notes andrefs
SATURDAY 21 10
SUNDAY 22110

write part I following notes

MONDAY on finish details on part I and write

ƒ<latexit sha1_base64="LQtZ6Ad7g/4WiB1/+Blo66hb9ho=">AAACDnicdVDLSgMxFM3UV62vqks3wVJwIcOM2NqNUHDjsoJ9QDuUTJppY/MYkoxQhn6BG3/FjQtF3Lp259+YPhSfBwIn59zLvfeEMaPaeN6bk1lYXFpeya7m1tY3Nrfy2zsNLROFSR1LJlUrRJowKkjdUMNIK1YE8ZCRZjg8m/jNa6I0leLSjGIScNQXNKIYGSt188UOYvEAwVPY4cgMFE/7RPLx4ecXS3E17uYLnnvkVUqlEvxNfNebogDmqHXzr52exAknwmCGtG77XmyCFClDMSPjXCfRJEZ4iPqkbalAnOggnZ4zhkWr9GAklX3CwKn6tSNFXOsRD23lZEn905uIf3ntxESVIKUiTgwReDYoShg0Ek6ygT2qCDZsZAnCitpdIR4ghbCxCeZsCB+Xwv9J48j1y2754rhQrczjyII9sA8OgA9OQBWcgxqoAwxuwB14AI/OrXPvPDnPs9KMM+/ZBd/gvLwDzvKcoA==</latexit>

! = geom, conj
<latexit sha1_base64="0UV/X2Rye+PKVO8VEyvaVpjYBK8=">AAACBnicdVDLSsNAFJ34rPUVdSnCYBEqSEiKrV0WunHhoqJ9QBPKZDpph04ezEyEErJy46+4caGIW7/BnX/jJK3g8zADh3Pu5d573IhRIU3zXVtYXFpeWS2sFdc3Nre29Z3djghjjkkbhyzkPRcJwmhA2pJKRnoRJ8h3Gem6k2bmd28IFzQMruU0Io6PRgH1KEZSSQP9wPaRHAsvubpIy5UTaKuXKa6bNNPjgV4yjYpZr1ar8DexDDNHCczRGuhv9jDEsU8CiRkSom+ZkXQSxCXFjKRFOxYkQniCRqSvaIB8IpwkPyOFR0oZQi/k6gcS5urXjgT5Qkx9V1XmS//0MvEvrx9Lr+4kNIhiSQI8G+TFDMoQZpnAIeUESzZVBGFO1a4QjxFHWKrkiiqEz0vh/6RTMayaUbs8LTXq8zgKYB8cgjKwwBlogHPQAm2AwS24B4/gSbvTHrRn7WVWuqDNe/bAN2ivH8VRmAs=</latexit>

SL(2, C)
<latexit sha1_base64="5hHqVWLv0brKQ3lqF/AS1VBujYg=">AAACDnicdVDLSsNAFJ34rPUVdelmsBRclaS2tRuh4MaNUNE+oIllMp20QyeTMDMRSsgXuPFX3LhQxK1rd/6Nk7aCzwMXDufcy733eBGjUlnWu7GwuLS8sppby69vbG5tmzu7bRnGApMWDlkouh6ShFFOWooqRrqRICjwGOl449PM79wQIWnIr9QkIm6Ahpz6FCOlpb5ZzJ+fOAFSI89LLtPrI0cSFVAeSzhT/aSS9u2+WbBKZaterVbhb2KXrCkKYI5m33xzBiGOA8IVZkjKnm1Fyk2QUBQzkuadWJII4TEakp6mHAVEusn0nRQWtTKAfih0cQWn6teJBAVSTgJPd2Y3yp9eJv7l9WLl192E8ihWhOPZIj9mUIUwywYOqCBYsYkmCAuqb4V4hATCSieY1yF8fgr/J+1yya6VaheVQqM+jyMH9sEBOAQ2OAYNcAaaoAUwuAX34BE8GXfGg/FsvMxaF4z5zB74BuP1AwpvnCE=</latexit>

M = S3 \ 41

<latexit sha1_base64="khdy7+OJ0J4/KcQZR0+0XYsWvik=">AAACEXicdVDJSgNBEO2JW4xb1KOXxiAkIGESTAx4CXoRvEQwC2TGUNPpZJr0LHT3CGGYX/Dir3jxoIhXb978GzuL4Pqg4PFeFVX1nJAzqUzz3UgtLC4tr6RXM2vrG5tb2e2dlgwiQWiTBDwQHQck5cynTcUUp51QUPAcTtvO6Gzit2+okCzwr9Q4pLYHQ58NGAGlpV42b4Uuu47zFvDQhcIhtjxQrvDi9sVpkuB85wRbrgOi0MvmzGLZrFUqFfyblIrmFDk0R6OXfbP6AYk86ivCQcpuyQyVHYNQjHCaZKxI0hDICIa0q6kPHpV2PP0owQda6eNBIHT5Ck/VrxMxeFKOPUd3Tu6VP72J+JfXjdSgZsfMDyNFfTJbNIg4VgGexIP7TFCi+FgTIILpWzFxQQBROsSMDuHzU/w/aZWLpWqxenmUq9fmcaTRHtpHeVRCx6iOzlEDNRFBt+gePaIn4854MJ6Nl1lrypjP7KJvMF4/AMSFnFc=</latexit>

! ( ! ) ,WKB (X ; ! )
<latexit sha1_base64="QDxpeMGBX8chrduonjD6HW6qRbQ=">AAAB9HicdVDLSgNBEOyNrxhfUY9eBoPgIS67wcQcA148RjDJQrKG2ckkGTI7u87MBsKS7/DiQRGvfow3/8bJQ/BZ0FBUddPdFcScKe0471ZmZXVtfSO7mdva3tndy+8fNFWUSEIbJOKR9AKsKGeCNjTTnHqxpDgMOG0Fo8uZ3xpTqVgkbvQkpn6IB4L1GcHaSL6HiqhTRN5teuZOu/mCY5ecarlcRr+JaztzFGCJejf/1ulFJAmp0IRjpdquE2s/xVIzwuk010kUjTEZ4QFtGypwSJWfzo+eohOj9FA/kqaERnP160SKQ6UmYWA6Q6yH6qc3E//y2onuV/2UiTjRVJDFon7CkY7QLAHUY5ISzSeGYCKZuRWRIZaYaJNTzoTw+Sn6nzRLtluxK9fnhVp1GUcWjuAYTsGFC6jBFdShAQTu4B4e4ckaWw/Ws/WyaM1Yy5lD+Abr9QOtIZDA</latexit>

X, X ! 1
<latexit sha1_base64="OkPFHtez9LvEmrDoXiIzMc4X9Ws=">AAACAHicdVDJSgNBEO1xjXGLevDgpTEIyWWYBBNzDHjxGMEskIyhptOTNOnpGbt7hDDMxV/x4kERr36GN//GziK4Pih4vFdFVT0v4kxpx3m3lpZXVtfWMxvZza3tnd3c3n5LhbEktElCHsqOB4pyJmhTM81pJ5IUAo/Ttjc+n/rtWyoVC8WVnkTUDWAomM8IaCP1c4dwnRR6wKMRFNN+0osCLNLCTbGfyzt22alVKhX8m5RsZ4Y8WqDRz731BiGJAyo04aBUt+RE2k1AakY4TbO9WNEIyBiGtGuogIAqN5k9kOITowywH0pTQuOZ+nUigUCpSeCZzgD0SP30puJfXjfWfs1NmIhiTQWZL/JjjnWIp2ngAZOUaD4xBIhk5lZMRiCBaJNZ1oTw+Sn+n7TKdqlqVy9P8/XaIo4MOkLHqIBK6AzV0QVqoCYiKEX36BE9WXfWg/Vsvcxbl6zFzAH6Buv1AzJelic=</latexit>

a(↵)±n(q)
<latexit sha1_base64="I+K+xiZXIL4YiIsgOQVpzm5kVVs=">AAACA3icdVC7SgNBFJ2Nj8TEx6qdaQaDYCFhN5CYRgjaWEYwD0jCMjuZJENmZpeZWSEsCzZ2foeNhSK2/oSdv2Ft4SRR8HngwuGce7n3Hj9kVGnHebFSC4tLy+nMSja3ura+YW9uNVUQSUwaOGCBbPtIEUYFaWiqGWmHkiDuM9LyxydTv3VBpKKBONeTkPQ4Ggo6oBhpI3n2TlfRIUdeHHclh0MS8OQAigQeQcezC06x5FTL5TL8TdyiM0Ohln89Tueu3+qe/dztBzjiRGjMkFId1wl1L0ZSU8xIku1GioQIj9GQdAwViBPVi2c/JHDPKH04CKQpoeFM/ToRI67UhPumkyM9Uj+9qfiX14n0oNqLqQgjTQSeLxpEDOoATgOBfSoJ1mxiCMKSmlshHiGJsDaxZU0In5/C/0mzVHQrxcqZW6hVwRwZkAe7YB+44BDUwCmogwbA4BLcgDtwb11Zt9aD9ThvTVkfM9vgG6ynd04lmkc=</latexit>

! geom,n = 0
<latexit sha1_base64="l7mECXbsJnJK3x7O30Ov1lJgGFk="></latexit>

! conj ,n =
!
n2/ 8

"
<latexit sha1_base64="7fdqiJPiTCAEV7ZuCnHm6YsNWoA=">AAAB/nicdVDLSgMxFL1TX7W+RsWVm2ARXA3TYmtXUnDjsoJ9YDsMmTRtQzOZIckIZSj4K25cKOLW73Dn35hpK/g8cOFwzr3k5AQxZ0q77ruVW1peWV3Lrxc2Nre2d+zdvZaKEklok0Q8kp0AK8qZoE3NNKedWFIcBpy2g/FF5rdvqVQsEtd6ElMvxEPBBoxgbSTfPhCox8yEWI+CIL2Z+um5O/XtouuU3VqlUkG/SclxZyjCAg3ffuv1I5KEVGjCsVLdkhtrL8VSM8LptNBLFI0xGeMh7RoqcEiVl87iT9GxUfpoEEkzQqOZ+vUixaFSkzAwm1lM9dPLxL+8bqIHNS9lIk40FWT+0CDhSEco6wL1maRE84khmEhmsiIywhITbRormBI+f4r+J62yU6o61avTYr22qCMPh3AEJ1CCM6jDJTSgCQRSuIdHeLLurAfr2XqZr+asxc0+fIP1+gEHVpWL</latexit>

n ! Z> 0
<latexit sha1_base64="8WdLXSIvW9C9Ee1I7A3gwV6wuuA=">AAAB8XicdVDLSgMxFL1TX7W+qi7dBIvgasi0ttZdwY3LCvZBH5RMmrahmcyQZIQy9C/cuFDErX/jzr8x01ZQ0QOBwzn3knOPHwmuDcYfTmZtfWNzK7ud29nd2z/IHx41dRgryho0FKFq+0QzwSVrGG4Ea0eKkcAXrOVPr1O/dc+U5qG8M7OI9QMylnzEKTFW6vQCYia+n3Tmg3wBu7hSLl2VEXbL2KsWU1IsexiXkOfiBQqwQn2Qf+8NQxoHTBoqiNZdD0emnxBlOBVsnuvFmkWETsmYdS2VJGC6nywSz9GZVYZoFCr7pEEL9ftGQgKtZ4FvJ9OE+reXin953diMqv2Eyyg2TNLlR6NYIBOi9Hw05IpRI2aWEKq4zYrohChCjS0pZ0v4uhT9T5pF16u4lduLQq26qiMLJ3AK5+DBJdTgBurQAAoSHuAJnh3tPDovzutyNOOsdo7hB5y3TyGEkTc=</latexit>

Z



The sequences of integers        ,                , numerically match 

 

 

They satisfy the relation 

 

which is also observed in the example of the -knot. 

Evaluating the state-integral invariant for the -knot at the rational points                 allows 
us to study its functional profile, which shares important features with the groud state wave 
functions in the spectral theory of quantum mirror curves.  
[Mariño, Zakany, 2016 - 2017 - Zakany, 2017] 

This suggests that the wave function could be interpreted as a ground state for an 
appropriate spectral definition of the quantum A-polynomial.

<latexit sha1_base64="a/DQXCt1OJabd7oNOQiOpm36RqQ="></latexit>
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The figure-eight knot — II
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