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COMPLEX CHERN-SIMONS THEORY
AND THE A-POLYNOMIAL



Quantum Chern—Simons theory

Chern—Simons (CS) theory with complex gauge group G¢ is a 3d topological quantum field
theory — correlation functions are independent of the Riemannian metric of the underlying

closed 3-manifold M — whose classical action 1s
[Witten, 1989]
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where A is the complex gauge field and A is its complex conjugate.
The classical phase space 1s

Mg (Ge,Y) = Hom (71 (X)), Ge) / ~,
where > = OM and ~ denotes conjugation by elements of G.

Quantizing the classical phase space gives an infinite-dimensional Hilbert space Hyx . Every
closed 3-manifold M with > = OM is associated with a state |M) € Hy:.

The classical solutions on M are the gauge equivalence classes of flat G¢-connections on M
and identify a Lagrangian submanifold of Mg, (Gc, %).



Classical and quantum A-polynomials — I

Let M = S® \ K be a hyperbolic knot complement in the 3-sphere and G¢ = SL(2, C).

The boundary ¥ = T* gives the classical phase space

Maai(Ge, T?) = (T¢ x Te) /W,

where T¢ is the maximal torus subgroup of G¢ and
W is the Weyl group.

Let P, X be the complex variables parametrizing the two
copies of T¢. The Lagrangian submanifold identified by the
classical solutions on M is described by

Ac(P,X) =0,

where Ax € Z|P, X] is the classical A-polynomial of the knot.
[Cooper et al., 1994]

In the quantum theory, P, X are promoted to operators P, X acting on Hx and satisfying

PX =q¢XP, q:e%ibz, b? =t'/t.



Classical and quantum A-polynomials — II

A non-trivial quantization of the classical A-polynomial of the knot gives the quantum
operator Ax (P, X, q) acting on the Hilbert space Hsx.

The classical polynomial constraint becomes the Schrodinger-like operator equation
A (P, X, q)xxc(u;h) =0,

where i = 27b? and u is the continuous complex variable defined by X = ™.

[ Garoufalidis, 2003 - Gukov 2003 - Beem et al., 2012 - Dimofte, 2014 - Andersen, Malusa, 2017]

The exact partition function Xx (u; k) is regarded as a wave function in u-space and can be
constructed via a state-integral model from an ideal triangulation of M . It is a holomorphic

function of 7 € C\ (—o0,0] and u € C,
[Hikami, 2006 - Dimofte et al., 2009 - Andersen, Kashaev, 2011]

S-duality exchanges b with b™*, which yields

47‘(‘2 42 27
h'%hpz7, q—qdp =€ h XI%XD:XT,

while the variable v and the wave function Xx (u; ) remain invariant.



Perturbative and non-perturbative wave functions

The classical solutions on M — critical points of the path integral — are described by the
distinct branches P of the classical A-polynomial at fixed X.

Applying the stationary phase approximation at the critical point labeled by a, the
perturbative wave function i1s given by the asymptotic power series

XI(C )’WKB(U; h) = exp <ﬁ5(() )(u) — ——log h + Z S,,(%Jr)l(u)h”> :

where S(()a) is determined by the classical action and S is obtained summing the

contributions of n-loop Feynman diagrams.
[Dimofte et al., 2009]

The non-perturbative wave function should admit a decomposition into holomorphic and
anti-holomorphic blocks as

Xic(ush) =Y Co 8 (X;9) S (Xpian),

where the sum runs over the gauge equivalence classes of flat SL(2, C)-connections on M .
[Beem et al., 2012 - Garoufalidis, Kashaev, 2013 - Dimofte, 2014 - Garoufalidis et al., 2020]



THE STRUCTURE OF THE WAVE FUNCTION



General conjectures — I

Let a denote a fixed non-abelian branch of the classical A-polynomial.

The WKB perturbative wave function XI(C @), WKB (u; h) can be resummed at all orders in h and

order by order in X = ™.

o 1 « 87 o
X WEB (42 ) = exp (#é ') + 5\ (x) + ¢ )’WKB(X;Q)) 7

where s((f‘l) are R-polynomials in « = log X and

p(), WKB (X:q) Z (a) X”—I—a(a)( ) X"

n>1

The coefficient functions afg (q) satisty

2 (q) = 0 (q)
T (gt = 1)goeEn

where dg_fg(q) € Zl|q] and 04 Z1o — N.



General conjectures — 11

Additional structure 1s expected to occur after resummation.

The resummed perturbative wave function X,<C @), WKB (u; k) has the integrality property of an

admissible series in the sense of Kontsevich—Soibelman.
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where DY) (q) € Z[g].

The holomorphic block S'®)(X; q) in the decomposition of the exact wave function xx (u; 72)
must reproduce its WKB perturbative expansion around the classical solution labeled by «.

Thus, it can be 1dentified with the resummed perturbative wave function

SOXs0) = exp (7 (0) + 517 (0) + 91V (X))

Our conjectural statements simplify in the case of the geometric branch.



Cancellation of singularities

The exact wave function Xx (u; i) is well-defined for i € C \ (—o0, 0]. Yet, the resummed
perturbative series ! (! )"WKB (X - q) is singular at the rational points
_ ih _ 2w L& -
g=e"=e"e, P (QE Ly coprime.

A cancellation mechanism takes place in the sum

P WEB (X1 q) + o WEB(Xpqp),

leading to a finite answer for the full non-perturbative wave function.

Non-trivial constraints on the coefficient functions a(i r? (g) follow from the conjectured
integrality structure and guarantee the cancellation of apparent singularities.

+SQ(q)q "I+sQ = k2D+k(1)—C+S). Z, sl Z.p.
K|s

A similar mechanism occurs in the ABJM matrix model and the TS/ST correspondence.
[Hatsuda et al., 2012 - Kallen, Marifo, 2013 - Grassi et al., 2014 - Wang et al., 2015]



The wave function in the rational case

After the cancellation takes place, the exact wave function at rational points is expressed in
: . : : |
closed form in terms of the new integer invariants CE_L S) ,S! Zso.

Recall that I shifts X into gX and X acts by multiplication.

Specialized to the rational case ! ! 2! Q, the y-difference equation encoded in the quantum
A-polynomial, that 1s,

R (B0, )t (W (u;ny =0,

produces a quasi-periodic structure that can be solved recursively in matrix formalism.

Independent tests are performed for the non-abelian branches of the knots 4, and 5, using:

(a) the explicit decomposition of Xx (u; i) into holomorphic/anti-holomorphic blocks;
[Beem et al., 2012 - Dimofte, 2014 - Garoufalidis et al., 2020]

(c) the corresponding second- and third-order y-difference equations.

The enumerative interpretation of the new integer invariants in terms of BPS counting in the

dual supersymmetric theory remains to be understood.
[Dimofte et al., 2011]



THE SIMPLEST EXAMPLE



The figure-eight knot — 1

The 4,-knot is the simplest hyperbolic knot.
Its classical A-polynomial

Ay, (P,X)=P' 1+ P (X2+ X' 21 X1 X"11 2

has two distinct non-abelian branches ! = geom, conj corresponding
to the two irreducible flat SL(2, C)-connectionson M = S*\ 4;.

Expanding ! ¢ )"WKB (X :1)in powers of X, X ' *and extracting the coefficients afg(q),

we obtain ! geomn =0, ! conjn = n?/8 ,n! Zsq, and the non-trivial Z-polynomials
D™ (q) = q, D™ () = g,
DY () = q, DM (g =0,
D™ (g) = ¢, DX (g =1 1,
D™ (@) = ¢, DY (g =1 1,
DF™ (@)= @+,  DFV (=11,
D™ (g) = of(1+20), DV (g=111 q

AAA AAA



The figure-eight knot — 11

The sequences of integers CE_L!S) , S1 Zs o, numerically match

sl 2" o T o
: sl k sl k! 1
clgeom) — + =1,5 10 21 51 122 295 725,. ...
S K k! 1
k=0
C!(ccsmj) =1, Cgconj) -1 1 Cggeom) _

They satisfy the relation

Cg!):. C!(!S)’ S | Z>0,

which is also observed in the example of the 5,-knot.

Evaluating the state-integral invariant for the 4,-knot at the rational points ! | 2! Q allows
us to study its functional profile, which shares important features with the groud state wave

functions in the spectral theory of quantum mirror curves.
[Marino, Zakany, 2016 - 2017 - Zakany, 2017]

This suggests that the wave function could be interpreted as a ground state for an
appropriate spectral definition of the quantum A-polynomial.
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